Czechoslovak Mathematical Journal

Milutin R. Dostanié
Exact asymptotic behavior of singular values of a class of integral operators
Czechoslovak Mathematical Journal, Vol. 49 (1999), No. 4, 707-732

Persistent URL: http://dml.cz/dmlcz/127523

Terms of use:

© Institute of Mathematics AS CR, 1999

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/127523
http://dml.cz

Czechoslovak Mathematical Journal, 49 (124) (1999), 707-732

EXACT ASYMPTOTIC BEHAVIOR OF SINGULAR VALUES
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Abstract. We find an exact asymptotic formula for the singular values of the integral
operator of the form [, T'(z, y)k(z—y)- dy: L*(Q) — L?(9) (2 € R™, a Jordan measurable

set) where k(t) = ko((t3 + 3 +...t2)2), ko(z) = 2 'L(L), L — L <a <t and L

2m
is slowly varying function with some additional properties. The formula is an explicit

expression in terms of L and T

MSC 2000: 47B10

0. INTRODUCTION

The asymptotic properties of the spectrum of operators with a convolution kernel
have been considered in many papers [1]-[6], [8]-[11], [14], [15]. The exact asymp-
totics have been obtained under the assumption that the Fourier transform of the
kernel satisfies some conditions concerning the rate of growth.

M. Kac [5] obtained the exact asymptotic of the eigenvalues of the operators with
the kernel o(y)|lz —y|** (0 < a < 1, 0 € Cla,b], 0 > 0 on [a,b]). He used a
probabilistic method and Karamata’s Tauberian theorem.

M. S. Birman and M. Z. Solomjak [1], G.P.Kostometov [6] and S.Y.Rotfeld [11]
considered the asymptotics of the spectrum of operators with a kernel of the form

(*) T(z,y)k(z,y).

They assumed that k is a homogeneous function from the class C*°(R \ {0}) and
that 7" is a function which is smooth of some order.

707



F. Cobos and T. Kiihn [2] treated the problem of estimating the singular values of
operators with a kernel of the form (x) where

(1 + In f[zf|)”
[E R

k(x) =

, YyER zeR™, 0<a<

N | =

They found an upper bound for singular values of such operators and proved its
optimality (in the sense of growth order) in the case m =1, @ = [-1, 1] and
[z —yl* A -z —y)); |z -yl <3,
T(z,y) = )

In [3] we have proved a statement concerning the asymptotic order of singular
values of the operator fox k(z —y)- dy: L?*(0,1) — L?(0,1) in the case when k(z) =
7 1L(1), 0<a< 3.

In this paper we give an exact asymptotic formula for singular values of integral
with a kernel of the form

T(z,y)k(z,y)
acting on L?(Q2) (Q-a Jordan measurable set in R™). Here k(z) = ko((z + ... +
22)%), ko(t) = t*'L(3) (t € R), £ — 2L < < 3, L is a slowly varying function
satisfying some additional conditions and 7' € L*>(Q x Q).
The asymptotic formula gives a direct expression in terms of the functions L and T'.

1. PRELIMINARIES

Suppose H is a complex Hilbert space and T is a compact operator on H. The
singular values of T' (s, (T)) are the eigenvalues of (T*T)'/? (or (T'T*)'/?).

The eigenvalues of (T*T)l/ 2 arranged in the decreasing order and repeated ac-
cording to their multiplicity, form a sequence s1, $2, 3, . . . tending to zero.

Denote the set of compact operators on H by C.

An operator T is a Hilbert Schmidt operator (T € Cy) if

(Sam) =m<m

n>1

If T € Cs is an integral operator on L2(£2) defined by

ww:AMmmmmy
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then

T2 = / / M (z,y)[? de dy.
QJQ

Denote by [, K(z,y) - dy the integral operator on L?(Q2) with a kernel K (z,y).
By an, ~ b, (f(x) ~ g(x), © — xp) we denote the fact that

lim 2% —1 (hm@:1>.

n—oo by, T—T0 g(m)
Let N:(T) be the singular value distribution function
N(T)= > 1 (t>0).
sn(T)2t

A positive function L is a slowly varying function on [a, +00) if it is measurable
and for each A > 0 the equality

lim LO)

=1
z—+oo L(x)

holds. It is well known [13] that for every v > 0 we have

lim 27L(x) = +o0,

r——+00

lim 2«7 7L(z) = 0.

Tr—+00

Denote by €2 the Lebesgue measure of the set @ C R™. In what follows we need
some lemmas.

Lemma 1. Let a > 0 and suppose L is a slowly varying function such that
o(x) =27 *L(z) and Y(x) = 2*L(x) are monotone for x > xy and

o f L@@

=1.
T—+00 L(x)

Then

3 L -1/« 1/
¢1<y>~(—<y )) oy

Y
_1 N y )1/04
where =1, are the inverses of ¢ and ).
Proof. Follows directly from (0) by substitution. O
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Observe that the functions L(z) =

S
1=

(Ing,, )% (In, x =Inln...lnx) satisfy the

1
m

conditions of Lemma 1.

Lemma 2. Suppose the operator H € Cy, is such that for every ¢ > 0 there
exists a decomposition H = H. + H! (H], H! € C ) with the following properties:

1° there exists tliré1+ (W)l/a/\/} (H.) = ¢(HY) (c(H.) is a bounded function in
a neighborhood of the point € = 0),

20

[e3

m —— s, (H") < .
A Ty enlHE) <

Then there exists lim c¢(H!) = ¢(H) and

e—0

. t 1/
Jim (Frmey) M) = ()

(L is a slowly varying function satisfying the conditions of Lemma 1).

Lemma 3. Let H' H" € Coo and H=H' + H". If

t

i (W)WM(H ) = el

and

sn(H'") = 0<L(n))

na

then

P e

Proof. Lemmas 2 and 3 can be proved by a slight modification of the proof of
the Ky-Fan theorem [1], [4]. O
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2. MAIN RESULT

Suppose 2 C R™ is a bounded Jordan measurable set with a diameter d. Let

L be a (positive, nondecreasing) slowly varying function, L € C*[%, +00) such that

T xLL'((;)) is a decreasing function for z large enough and IETOC xLL'((;)) =

Consider integral operators

A LA(Q) — L*(Q),
B: L*(Q) — L*(Q)
define by
Af(@) = [ kla =) f(0)d.
Q
Bf(@) = [ T(w.o)h(e — 1)) dy
Q
where
k(t)=ko((t] +t3+...t2)7), teR™,
ko(z) = kf’HLe), a>0, z€R TeL®NxQ).
Let e
d(m,a) &%) Le3) 1

p(eil) T+ )

Theorem 1. If % — ﬁ < a< % (m > 2) and the function L satisfies the
conditions of Lemma 1, then

1) 5n(A) ~ d(m, a)|) - 2

nOé

Theorem 2. If £ — ;- < a < 3 (m > 2) and the function T € L*(Q x () is
such that it is continuous in a neighbourhood of the diagonal y = z, T'(x,z) > 0 on
Q) and L satisfies the conditions of Lemma 1, then

L(n)

nOé

(2) sn(B) ~ d(Tﬂ,Oz)(/ﬂ(T(x,x))l/a dx>a.

Observe that in [2] a special case of Theorem 2 is considered, namely L(z) =
(1+ %|ln \a:H)’Y
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PRrROOFS
Before proving Theorems 1 and 2 we prove a number of lemmas.

Lemma 4. [2] For an integral operator [, T(z,y)q(|z—y|™)- dy (z,y € Q@ C R™,
Q a bounded domain) where T € L>=(Q x Q), ¢ € L*(0,00), ¢ > 0 and q € L*(a, )

for every a > 0, the following estimate holds:
a 00 1/2
o [T matie= o an) < 1zl [Caar e a2( [T war) .
Q 0 a

(The constant C' depends only on ).
From the proof in [2] it can be concluded that one can take C' = 0, + /0, - Vol Q

where o,,, is the volume of the unit m-dimensional ball.
L ﬁ <a< % and a = % in the previous

If we put g(z) = 2* ' L(L) (= ko(x)), 3 —
lemma (L being positive, nondecreasing slowly varying function) we obtain

o[ T talle =1 a)
¥ <C|Tloo (/Ol/n t“‘lL(%) dt +n~1/2 </1: tQ‘*_QLQ(%) dt).

Having in mind

1/n 1 [es) 1
/ t“_lL(—) at = / Az ~ — 2
0 t n  xotl a ne

oo 1 " L2 (z) 1
thHLZ(—) dt = / da ~
/1/n t 0 2@ YY1 oanzet (n = +00)

from (3) we get
L(n)

@ s [Tkl @) <GITIEE @)

(C1 is a constant depending only on ).

Let £ € R™ and

K= / k() dt = /R e So([[¢]™) dt
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= (according to [12], p.358) =

m

(2r)%

(J,, is the Bessel function with the index v).
Let

o0 = B [ koot a5 00d0 Ao
Then
K@© =K1 €= (6. bm), €7 =60 +E+
Lemma 5. If 5= 5m <a< 1 then the asymptotic formula
ma m
(5) KN~ zmar(”ﬁ(i j)) HA) A oo
holds.

- / Fo(e™) - 0% Tz 1 (oll€l]) do
0

Proof. Substituting Ap = % in the integral defining KC, after a simplification

we get KC(A) = (2r) F A" [ 2% ~me2L((Az)™) Ty (L) da.

Put

7n

K(A) = (2n)2
where

m

1 1
) = T—ma—2 m VYLO™2™) d
K1(X) /0 x Jm 1(3&) (Az™) dex,

+00 1
ICz()\)z/ I P (E)L(/\ma:m)dx

1

AT KA + K2 (V)

where 1 is the reciprocal value of the smallest positive zero of the function Jz= _s.

(It is known that for every m € N the smallest positive zero of Jm

than 1; s0 0 < 21 < 1).
Since

0 Loty =rsna()

we obtain (for A = 3 — 2)

_g is greater
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Applying partial integration and having in mind that

n 1
lim ﬂ—mJ%_2(;) —0  (0<a<1/2)

r—0

and 1
Tg-a(5;) =0
we obtain
Ki(A) = — /m 222 2(1) (> L(Am2™)) da.
0 2 x
So

m

Ty 1
_ -2 1-ma m,.m
Ki(A) = (ma72)/0 x? J%,2<;>x L(A™2™)dz
Ty 1
_ m_2 m - m_l1+m—magr//\m_ m
/0 x? JT_2<$)mx\ x L'(A™a2™) dx

and therefore

(7) 10 = (ma —2) /0371 x%_ma_lg]%,g(i)w dz

LOw) Lo
T ey (L) 000 L)
| Ta-2(3) = Tomam Lo

By the asymptotic formula

we get

J%_z (i) ’ dzr < ©

T1
/ x%fmafl
0
L'(z) l

and from (7), the Lebesgue Dominated Convergence Theorem, the fact that = @)
0 and 0 < z1 < 1 it follows that

@) Ki(\) = LOA™) ((ma ~9) /Ox pF MO, (i) do + o(1)>, A = +oo.

Applying (6) once more we obtain

x1 - 1 1 m 1
[y (Bar [t (3
Pl 2
0 z 0 *
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and from (8) we conclude

) ICl(/\):L()\m)[/Ozlx? ma2y, 1( ) e+ o(1 )}, A oo,

Let us now estimate the asymptotic behavior of the function Ks. Since

l—ﬂ—2k 11— -2k
Jﬂ‘l() Zk'rk+ A

we obtain f x'zT —me—2

Jm_1(1)dz < oo provided

oo
m _ _1_
/ xz M 21720 g < o0,
xr

1

But this is true, because we have supposed that a > % .

%.
Since Ka() - N )
2 _ %Lfmoz72 " ). mx™
L) _/xl v ‘]T1<x) L)

Theorem 2.6 [13] yields

(10) KQ(A)ZL(Am)U:Ox’S me=2 g, 1( )dx—i—o( )}, A — .

1

From (9) and (10) we obtain (after a simplification)

(11) KO = (27)F A= LA™ (/Ooo w ey () det 0(1)), A oo,

Since
/ Q'BJ,,(Q) do = 2BI‘<V +0+ 1)/F< ﬂ + 1) (Veber integral)
0
we get
/ rT 2 +m°‘J%L,1(x) dx = 27"“*7%
0 (=)

and (11) yields

K(\) = 2man%r(mo‘)/r( m(l - a ) : LA(::) (1 +0(1)) A — +oo.
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1 1
2m 27

D=

Lemma 6. If L is a slowly varying nondecreasing function,
€ >0 and m > 2 then

L(emramr)™) [
S :/ /’ (@1EY1) 2+ (T E£Ym) - dzdy < oo,
o.emxoemJ | (@1 £y1)2+ .o+ (Tm £ ym)?) 2 7Y

= (x1,22,...,Tm),

y:(yl,y2a"'aym)

where all combinations of + and — are possible, except the one with all —.

Proof. It is enough to prove the statement in the case ¢ = 2. As L is a
nondecreasing, the expression under the integral sign is largest when one sign is +
and all the other signs are —. To be specific, let the sign + be in the last term. We
have

2 2
S:// dz,, dym/ / dzy ... dow,— 1/ /
0Jo

2

(((961 —y1)2+.. (a: Ty )2)
= ™ dyl...dy 1.
’((331 —y1) +...+(xm+ym) )7(1704) m
Let
Uz_xz:tz, i:1’27._.’m_1,
and let
Si( / /da:1 dxml/ml
H (—z,2—x;)
L) %) 2
‘ .2, tu G b

(2 +... +12,_ +u2)570-2)

It is enough to prove that

2 p2
/ / S1 (fm + ym) dz,, dym < o0
0J0

and therefore it is enough to prove that

2 42
(12) / / h(Zpm + Ym) dzpm Ay, < 00
0Jo

716



2 2
h(u) = / .. / dzy...dzm—1 %1—1
0 0 IT (0,24)
=1

‘ Mot ™) P
(t%++tfn71+u2)%(1_a) 1.-- m—1-
Since
m—1 m—1 m—1
(0,2;) C {t ERMT: YD a4l =R< 4(m—1)}
i=1 =1 =1
we get
22 L)) |2
h(u)g/.../ dxl...dxm,l/ A e D dty . b
o Jo e<rl (B 4.+t +u?)E0
Let )
0 = L(Gramymr)
¥o (2 +u2)3(-a) |
Then

2 2
h(u)g/ / dxl...dxm_l/m,l oIl
0 0 Sl e g
=1

i=1

According to the formula

/ ol at
5SS arep
i=1 =1

2531/¢?f?m2 Ugpepr) [P,
=l A (Ve HEC
[12] we obtain
m—1 1
L((92+u2)nz/2) 2

9 9 m—1 S a2
oM~ 2 P i
h(u g/ / dzy...ds,, , —— / = gme2
( ) o o 1 z F(le) 0

m—1
Since > 2? < 4(m — 1) < 4m we conclude that

(02 +u2)%(1—a)

i=1
mrt 1y o2
hu) <27 /WWM do.
L) Jo (0% + u2)3 ()

do.
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After the substitution ¢ = uv, v € (0, @) we obtain

m—1 2vm LZ( 1 )
T2 Y —m—142ma M2 (u?(14v2))m/2

et o (40?0

(13)  h(w) <2™

Since the function L is nondecreasing and fooc v™2(1 + 0?) "0 dy < oo, we
obtain for m > 2 and « < 1/2 from (13) the inequality

h(u) < const "~ (L(i))Q

um

where const. does not depend on u.
To prove (12) it is enough to prove (by virtue of the previous inequality) that

(af-i-y w)
// @ty 2madxdy<oo

(% — ﬁ <a< %, L is a slowly varying function).
By direct calculation we get that this integral is finite provided

2 L)
0 ym mao

Since

2 [2(L 1 [ L%z
/ T(fémi dy=— (+3 dz,
oY m Jo-m x 2a

the integral (14) is finite if 2o + % > 1, e a > % — ﬁ, which is true by the

assumption. O

Now, we perform a modification of the function L. Let

by = [ r>a (a> 1),
¢ L'(a)(x —a)+ L(a); 0<z<a

and kq(z) = 2 'Ly (), 3 — 5= < a < 1.

We introduce an operator
A,: LA(Q) — LA(Q)
(© being a bounded, Jordan measurable set in R™), defined by
Auf (@) = [ ullle = ") 1) .
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Let
Ka(f):/ ek (t)dt (€, € R™)

and

2n)% [
’Ca(/\):()\m)_z/o ka(@™)o? Jm_1(No) do.

2

Clearly K, (¢) = K.(||€]]), € € R™ and so Lemma 5 implies K, (A) ~ A" L(A\™)n % -
27 T (o) /D( ).

Lemma 7. If a is a fixed number large enough, then the function IC,(\) is
monotonicaly decreasing for \ large enough.

Proof. Differentiating the function I, by A, after a simplification we obtain

K;()\) :(QTE)EL/\_maL()\m)[_mOK/ .’137; maoe— 2Jm 1( )d.’I)
0

® m oo Az)™ L ((Ax)™
o [ty (5). S e

Since - . (1
[ a2 () fr (20
0 X

it is enough to prove that if a is a fixed number large enough and A is large enough
then

(15)

® 1\ (a)" Ly ()™ e (%)
o —ma—2 m_ . a \ Q2Mmoe— 2
/0 v I 1(95) T.om)

Since (for x > 1)
A DO
A—00 La(()\l') ) ’

it follows from Theorem 2.6 [13] that

~ La((A2)™)

1 li n—ma—2 m —
(16) Jim s x2 Jm 1(x)(/\x) Lo (O0)™) dz =0
Now, consider the integral fo T2 Jm 1(L)- ()\w)m%% dz. If we suppose

A > %/a then the integral can be sphtted in the following way:

1 a/A 1
Ld Lo
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Since A™ > a and z < \){E < 1, we have A"2™ < ¢ and L, ((Ax)™) = L/(a) and
hence

[F g (d) pa B,
Therefore
A G e

From the asymptotic behavior of the function Jm _;(¢) (¢ — o0), having in mind
that A™ > a and o < %, we obtain by direct calculation

N om 1
/ x?—ma_QJ%_l (—) (Az)™ dz| < const.a
0 X
where const. does not depend on A and a.
So
(17) / - xTme2y (l) (Ax)mwdw < const al/(a)
0 LRV La(A™) h " L(a)

Since the function a — aLL(/((;;) tends to zero when a — +o00, the integral on the

left hand side of (17) can be made arbitrary small for a large enough.
Now we estimate

1
m 1

R - L P (—)(/\x)
X X

m La((Az)™)  L(A™a™)
Lo(Amzm) L)

dz.

Applying the Bonnet Mean Value Theorem to the monotone increasing function
Lo((Ax)™) we obtain

R= LX) /jﬁma%}m1(&)@@’”7%((”)7”; dz

La()\m) 2
where WT\/E <& <1
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Applying once more the Bonnet Mean Value Theorem to the nonincreasing func-

tion x — (Ax)m% we obtain

where & < & <

1.
Since (A1)™ > a and the function x +— z™ Ly@™)

Lo (z™)

is nonincreasing we get

Ll (a) & o —ma— 1
‘R| < aLa(a) . ‘/ X 2 ZJ%_l (;) dx
a 1

Having in mind that L/ (a) = L'(a), Ls(a) = L(a) and the fact that the integral
I° 227 m 2 Jm (1) dx is convergent we conclude that

L'(a)
L(a)

(18) |R| < const. a

where const. does not depend on a.
Since the function a — aL(—(s)) tends to zero (when a — 400), R can be forced to
be arbitrary small by choosing a large enough and A\ > %/a.

The statement of Lemma 7 follows from (15), (16), (17) and (18). O

m

Lemma 8. Consider all numbers Y. n?, where n, € NU{0}, k = 1,2,...,m.
k=1

If we arrange these numbers in the nondecreasing order \; < X, < A\, < then

-2 2
A, ~ Chr, /m . n% where

Crn = n%/yﬂr(l + %)

Proof. This is easily deduced from [7], p. 330. O

Let us now consider a special case of the domain 2. Namely, we assume Q = I
where I = (—1,1). Then

A LA(I™) — L*(I™),
Af@) = [ kollz — ™) f () dy (z ux—wﬂwd@.

I’"L I"L
1 1 1
Lemma 9. If57%<a<§,m>2then

o [ oo =™ ay) ~ om0 )
.
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where c(a,m) = 2men# (17T (22) /D(2E-2) - (D1 + 3))°.

Proof. As we do not know in advance whether the function /C(\) is monotone
for A large enough, we consider instead of A the asymptotics s,,(A4,) where

Ay LA(I™) — L*(I™),
Auf@) = [ Hallle = o™)1 ) o

‘We shall show that

L(n)
$n(Ag) ~ c(a,m) o
and L my. g
o sl oz —yl™) - dy)
n—o00 Sn(Aa)
for a fixed and large enough.
Let hy(t) = ko (J|E||™), t € R™.
Introduce functions hg 1, ha,2,. .., ham—1, Hq is the following way:

ha,l(th o 7tm—1)

= > [halts, o 1, Zm = Y + A1) = Ba(tr, - b1, T+ Y+ A0+ 2)],
nm €7

ha72(t1, . 7tm_g)
= Z [ha,l(th ey tm—2, Tm—1 — Ym—1 + 4N —1)
Nm—1€7Z
- ha,l(tl, e ,tmf2axm71 + Ym—1 + 47/Lrnfl + 2),

ha,mfl(tl)

= Z [ha,m—z(tl,xz — Yo+ 4na) — ham—2(t1, T2 + Y2 + 4na + 2)]7
no€”Z

Hq(x,y)
= Z [ha,m—l(xl —y1 + 4711) — ha,m—l(l'l +y1 + 4dn, + 2)]

ni1€Z
By direct calculation we obtain

N1T N9l N, T

Ha(%y)%@nmz...nm (ZU) dy = Ka<77 o T)@nlnzmnm (x)
I7n

where @y n, . (2) = ] sin 220529 s an orthonormal base of L(I™). According

i=1
to Lemma 6 the operator

/m (Ha(,) = ka(llz = y|™) - dy: L*I™) — L*(I™)

722



is a Hilbert Schmidt operator; hence
19 sa( [ (ot = alle = ™) - @) = o772

L
—o(H) (0<a<l).
n% 2
The singular values of the operator [ m Ha(2,y) - dy are

n1imT Na2T NmT T
sn1n2...nm :Ka<7,7,...%) :]Ca<§ TL%++7’L%L)
Arrange the sequence Sp,n,...n,, t0 the nonincreasing sequence s’1 > 5’2 > ...
According to Lemma 7 the function IC,(\) is decreasing for a fixed and large
enough and for X\ large enough. Hence

2. 2
(E’Ca 1(Sn1nzwnm)) = n% + n% +...+ nfn

(K;! is inverse function of K,), i.e. (2K, (s, ))2 =n2+...+n2 (forni...nm,n

n’va n
large enough).

By Lemma 8 we obtain (2K, (s/,))? ~ Cr2/™n2/m and therefore

The function K, behaves (when A — 4o00) as a regularly varying function
(Lemma 7) and so

s ~ K (EC’*U’”n%)
n a 9 m .

Having in mind the asymptotic behavior of K, (A) when A — +00 we get from this
asymptotic relation

and

L(n)

ne -

(20) o [ ot ay) ~ et

From (19), (20) and the Ky-Fan Theorem [4] we obtain

L(n)

ne -

sn(Aq) ~ c(a,m)
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Let So = {z: [|lzf| < 53z}, 02 L2I™) — L2(I™), Pf(z) = xs,f(2), Q=J — P
(J—the identical operator).
Then
Ay = (P + Q)Aa(P + Q) = PAP + QAP+ PAQ + QA.Q
and similarly
A=(P+Q)A(P+Q)=PAP + QAP + PAQ + QAQ.
Since PA,P = PAP, we have

(21) A=A, +Q(A— AP+ P(A—A4,)Q + Q(A — A,)Q.

Having in mind that A — A, € Cy (Hilbert Schmidt) we get

Since s,(Ag) ~ c(a,m)L(n) the statement of Lemma 9 follows from (21), (22) and

ne

the Ky-Fan Theorem [4]. O

Remark. From the previous lemma (by substituting) we get the following result:

If A is a cube with edges parallel to the coordinate axes, then

(23) Sn </A k(x —y) - dy) ~ \A\O‘d(m,a)LTEZ) (% - % <a< %)

Lemma 10. Suppose A; and As are two cubes of the same size in R™ having
no common internal points and with the edges parallel to the coordinate axes. Then

for } — = <a<j
/ / |k(z —y)|? dedy < co
A JA,

2m

holds.

Proof. If A; and Ay have no common boundary points, then inf l|lx—
(z,y)EA1 XAz

y|| > 0 and the statement is trivial.
If A; and Az have some common boundary points, then repeating the procedure
as in Lemma 6, the statement of Lemma 10 is obtained under the condition %— ﬁ <

1

724



Let Q1,5 C R™ be bounded measurable sets and let ; C ;. Let F;: L?(Q;) —
L?(%;), i = 1,2 be compact operators defined by

Fif@) = | M) ) d.

Lemma 11. The singular value distribution functions of the operators F; (i =
1,2) satisfy the inequality

Ni(F) < Ni(Fs) (¢ 0).

Proof. Let P: L?(Qy) — L?(£2;) be the orthoprojector (Pf(x) = xq, (z)f(z)).
Since Fy = PF5P, we have
sn(F1) < sn(F2)

and hence

Ni(F1) S Ni(F).
O

Lemma 12. Let Q = |J Q; where Q; are cubes such that QY N Q? =0,i#j
i=1
(VO-the interior of the set V) and with the edges parallel to the coordinate axes.

Then

Proof. A= [ k(z—y)-dy: L*(Q) — L*(),

Pi: L*(Q) — L*(); Pif(z) = xq.,(x)f(z), i=1,2,...,s.

Hence . . . .
A= <ZPZ»>A(ZPZ> = ZP,»AH + ZHAPj.
i=1 i=1 i=1 i#j
Since, according to Lemma 10, P,AP; € C; for i # j, we have Z P,AP; € C5 and
hence .
(24) Sn (i: PZ-APJ-) =o(n"Y?) = o(Ln(Z)) (a < %)

i#]
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By (23) we have

sn(P;AP;) ~ |Qi|ad(m,a)iz) (n — o0)
and hence

-1/« a
N(PiAP) ~ (#)1/ Qi (d(m, @)V, £ — 0+

S S
Having in mind N;(Y_ P,AP;) = > N;(P,AP;), we obtain
i=1 i=1

(25) i ()6 (X PR = (atm. ) (0

i=1

From (24), (25) and Lemma 3 we obtain

i (Frmy) AA) = (dm, )0,

Putting ¢ = s,(A4) and puy, L (5,(A))~Y in the previous equality, after a simplifi-
cation we get
o ne
L ~N— — Q).
Hn L (pin) d(m, a)|Q> (n )

Applying Lemma 1 to this asymptotic relation we conclude that

1

: " ()
~ . —
f ™ dmoa)@e L) T
i.e.
L
sn(A) ~ d(m,a)\ma%.
O
Proof of Theorem 1.

Let Q be a bounded Jordan measurable set. Let

Qy C O C Qn where the sets Qy and Qx are the unions of equal cubes (with
disjoint interiors) such that

m(Q) = (4],
m(Q) = (4],

m(Qy) —
m(Qy) — N — 400

(m is the Lebesgue measure).
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Let Ay and An be linear operators acting on L2 (Qy) and L?(Qy) defined by
Ao / k(@ — y)f (y) dy.
Anf(z) = | k(= —y)f(y)dy,
Qn

respectively.
According to Lemma 11 we get

Ne(Ay) < Ni(4) < Ni(4y)

and
(zamm) | M) < (zm) M) < (i) Mol >0

Next, we get

t t

. 1/« 1/«
i (Tm) - Nitdw < Jim (mrm) 4
t

< I (zmmy) | M

,_.

t—0+

- t 1/a _
< &%&(m) Ni(A).

Since there exist hm (W) *N:(Ay) and hm (L(t 1/Q))l N (A,) and as they
are equal (accordlng to Lemma 12) to (d(m,a))l/a\QN\ and (d(m,a))Y/*|Qx|, re-
spectively, (26) implies
t /e
1/«
(dm, )V *10y] < im (Frmry) M)

t—0+

If N — +oco then we obtain

t

L (L(t—_l/a))l/a/\/t( ) = (d(m, @))V/*|Q.

Putting here t = s,(A), by Lemma 1 we obtain
sn(A) ~ d(m,a) - |Q* Ln)
n bl na ’

which proves (1). O
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Lemma 13. Let Q = |J Q; where Q; are equal cubes in R™ such that Q?HQ? =0
i=1
(i # j) and with the edges parallel to the coordinate axes. Let a function T €

L>(Qx Q) be continuous in a neighborhood of the diagonal y = x and let T'(z,x) > 0
on . If a function L satisfies the condition (0), then for the operator B defined on
L*(Q) by

Bf(x) = / T(x,)k(z — y)f(y) dy

the asymptotic formula

sn(B) ~ d(m, o) (/ﬂ(T(m))““ dw)aL(”) (G-am<a<3)

na
holds.

Proof. Divide the cubes @; (1 < ¢ < s) in equal smaller cubes so that their
number in © in N. Denote these cubes by A; (1 < 7 < N) and denote by z; the
midpoint of A;. Let operators

i=1,2,...,N,

AN L2(Q) — L*(Q)
— L i,j=1,2,...,N

Aij: LA(Q) 2(€)

bl
bl

be defined by

AN (@) = [ Ko = ) (o)) (o) 0) iy
@) = [ Ko = yxa(oxs, G @) f) v, i 45
Let N
Ay =) AV
Then -

N
B=Ay+> A+ By,
i#£]
where By is the operator defined by

By f(x) = /Q ko — 1)Cx (2, y)f(y) dy.

Here

Gn(x,y) = ZXm(w)XAi(y)(T(% y) = T(xi,2;)).
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It follows from the continuity of the function 7" in a neighborhood of the diagonal y =
x that for an arbitrary ¢ > 0 and for N large enough we have |T'(z,y) — T (z;, ;)| < €
for (z,y) € A; x A;;i=1,2,...,N.

Hence for (z,y) € Q x Q we have

‘GN(x,y)‘ <e.

This inequality and Remark after Lemma 4 give

L(n)

na

(27) Sn(BN) <(Ci-e-

where the constant C; does not depend on n and e. Since for ¢ # j, A;; € Ca (by

Lemma 10 in the case 3§ — 5~ < a < 1), we have
N
ZAZ'J' € Cy
i#5

and
N
nli)n;o n'/?s, <Z Aij) =0.
i#j
Combining this with (27) and using the properties of the singular values of the sum

of two operators we obtain that for every € > 0 there exists a positive integer N such
that

[e3

N
—n
28) T (i# Aut i) <

Since the operator Ay is the direct sum of the operators AY we obtain
N

(29) Ni(Ax) = S N(AN).
i=1

Theorem 1 implies

. i 1o Ny _ /o 1/a
Jip (pmmy) - AHAY) = (T (o) (dlm, o)A
and (29) gives

) i () ALY = (dm,a)) e ST (e AL

t—0+
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From (28), (30) and Lemma 2 we conclude
: t Ve 1/ al 1/«
A (Grey)AUB) = Jim (dm ) 3o ) U

= (d(m,a))/ . (/Q(T(x,x))l/“ dx).

Putting here ¢t = s,,(B) and (s,,(B)) "% = p,,, after a simplification we obtain

(31) ux L) ~ T;— where (g = d(m, ) </ (T(z,z))" dx) .
0 Q
Applying Lemma 1 to (31) we conclude
n “ L(n)
e L) and  s,(B) ~ d(m,«) </Q( (x,x)) dx) e

O

Proof of Theorem 2. Let us extend the function 1" to a bounded function
T in some neighborhood 2 x € so that it is continuous in a neighborhood of the
diagonal y = x.

Let Q2 be a bounded Jordan measurable set in R™.

Let Oy CQ C Qn where the sets Q, and Q. are the unions of equal cubes (with
disjoint interiors) such that

m(y) — (9],
m(Qy) — |9, N — oco.

Let By and By be operators acting on L*(Q,) and L?(Qy) defined by

By f(2) = /Q T, y)k(z — y) /() dy,

B f(x) = /ﬁ T, y)k(z — v)f () dy,

respectively.
It follows from Lemma 11 that NV;(By) < Ni(B) < Ni(By) and (W)

(Bn) < (g7 l/a))l/a/\ft( ) < (L(t 7ay) VeaN,(By), t > 0 and therefore

l/a./\[t

. t 1/a ) t 1/a

Jim (o) M) < i () M)
- t 1/

(32) <tgr(gl-f-(L(tfl/a)) Ni(B)
- t 1/

<t£r51+<L(t_1/a)) Nu(Bx)
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Since tgr&(ﬁ)l/o‘/\/}(ﬁj\,) and tl_i)r&(ﬁ)l/aj\/}(ﬁzv) exist and as they

are equal (according to Lemma 13) to

(dm. ) [

Qy

(T(%x))l/a dx and (d(m,@))l/a/Q (f(x’x))l/a du,

respectively, (32) implies

(dm, )V [ (T2 <t (ﬁ)”awm

QN t—0+

- t 1/a
s t1_1>%1+<L(t*1/a)) N(B)

< (d(m, a))/® / (F(z, )/ da.

Qn
Letting N — +o00 we get

Jimn (Frm) | AB) = (lm. e [ (o)) d

Putting here t = s,(B), it follows by Lemma 1 that

“L(n)

ne

sn(B) ~ d(m, ) ( /Q (T(z, )"/ da:)

which proves (2). O
Remark. The condition % — ﬁ <a< % is used indirectly in the proof of Lemma
13. It is an open problem whether Theorems 1 and 2 hold in the case 0 < o < 1/2.

But if m = 1 it appears that Theorem 1 and 2 are also true, i.e. they hold in the
case 0 < o < 1/2 (their proofs have to be slightly modified).
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