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Abstract. Classical analytic spaces can be characterized as projections of Polish spaces.
We prove analogous results for three classes of generalized analytic spaces that were intro-
duced by Z. Frolik, D. Fremlin and R. Hansell. We use the technique of complete sequences
of covers. We explain also some relations of analyticity to certain fragmentability properties
of topological spaces endowed with an additional metric.
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INTRODUCTION

We consider especially the classes of scattered-K-analytic, Cech-analytic and
isolated- K -analytic spaces. We prove several characterizations of them in Section 1,
mainly those which are formulated in terms of projections along the Polish space NV
of some “complete” space, and some internal ones employing complete sequences
of covers. Using these characterizations, we explain some relationships of different
classes of “analytic spaces” in Section 2. The last section is devoted to the notion
of o-fragmentability which was introduced in [11] and which we extend to show
connections to various classes of generalized analytic spaces. Proposition 5 and
Theorem 6, together with Theorem 1 and Theorem 4, improve our [8, Theorems 5
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and 6] and also [11, Theorem 4.1, (c) implies (a) for Cech-analytic spaces]. The proof
of Proposition 5 here is quite straightforward and it needs essentially no reference to
results which are not proved here (except for Lemma 3 ([11], Lemma 4.4]) concluding
the proof).

We should remark that due to our Theorem 1 (the equivalence of (a) and (c)) and
to [15, Lemma 2.3], the result [15, Theorem 5.2] is stronger than our Proposition 5
within completely regular spaces if D stands for scattered families. There is also
a new paper [16] which studies more o-fragmented subsets of C,(K) (the space of
continuous functions on a compact space K endowed with the topology of pointwise
convergence and the supremum metric) than our Corollary below. Many results on
generalized analytic spaces can be found in, or are related to, the outstanding paper
[6] of R. W. Hansell, where the relations to nonseparable Banach spaces play a central
role. Our Section 1 can be understood as a supplement to the results which originate
in [6], or to those which can be found in [5], [8] and [10]. Our aim is to add a few
new characterizations and to present missing proofs of some announced results.

All topological spaces are supposed to be Hausdorff in what follows, mostly they
are regular, but this assumption will be pointed out explicitly wherever it is needed.

1. GENERALIZED ANALYTIC AND COMPLETE SPACES

A collection N of subsets of X is called a network for a collection C of subsets
of X if each C € C equals |J{N € N'; N C C}. Let us recall that a topological
space X has a network N if A/ is a network for the collection of all open subsets
of X.

A compact-valued map f of a topological space X to compact subsets of a topo-
logical space Y is upper semi-continuous if {x € X; f(x) C G} is open whenever
G is an open subset of Y. We write usc-K instead of upper semi-continuous and
compact-valued in what follows.

An indexed family (C,; a € A) of subsets of X is point-countable if |{a; x €
Cu}| < Rg for every z € X.

We introduce first a notion of generalized analytic spaces which generalizes [5, De-
finition 6.7] and [9, Definition 9]. Later on we are primarily interested in special cases
which coincide with the notions introduced first by Z. Frolik in [1], and by R. Hansell
in [6]. Frolik’s “WT-analytic spaces” coincide with Hansell’s “K -descriptive spaces”.
They are called here, in the same way as in [5, Definition 6.7], isolated- K-analytic.
Hansell’s “almost-K-descriptive spaces” are called here, also in accordance with [5,
Definition 6.7], scattered- K-analytic spaces.

In what follows D stands exclusively for particular collections of families from
P(P(X)) for all topological spaces X under consideration.
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Definition 1. Let X be a topological space and D be a collection of families
of subsets of X. The space X is called D-K -analytic if there is an usc-K map f
of a complete metric space M onto X such that the indexed family (f(C); C € C)

is point-countable and {f(C); C € C} has a network A from D,, i.e. N = | N,
neN

with A, € D, for every discrete family C of subsets of M.

A topological space X is D-analytic if there is a continuous map f of a complete
metric space onto X with the same properties as the compact-valued map f above.
(We identify continuous f: M — X with the usc-K map defined by f(z) = {f(z)}
in what follows.

Remark 1. Here and in what follows a family C of subsets of a topological space X
is discrete in X if every point of X has a neighbourhood intersecting at most one
element of C. It is known that the notion of generalized analytic spaces would not
change if we used the discreteness in the metric of M instead of the topological
discreteness of C in the above definition.

We have in mind mainly the following examples of collections D.

Definition 2. Let X denote a topological space. We say that a family C of pair-
wise disjoint subsets of X is scattered if every nonempty subfamily Cy of C contains
an element that is relatively open in | JCy. If S denotes the collection of all scattered
families, we say that X is scattered-K -analytic if it is S-K-analytic and that X is
scattered-analytic if it is S-analytic.

We denote by Z the collection of all isolated families (or, equivalently, relatively
discrete families), i.e. of families £ of subsets of a topological space which are discrete
in €. The Z-K-analytic spaces are called isolated-K -analytic and Z-analytic spaces
are called isolated-analytic.

Another significant class, say O, is formed by relatively open families, i.e. fami-
lies R such that every R € R is open in [JR.

Let us remark that the assumption of point-countability in Definition 1 is not
necessary for the case of scattered- K-analytic spaces (see [10, Theorem 1]). However,
there is a space X which is not isolated- K-analytic and such that there is an usc-K
map f of a complete metric space onto X with {f(C); C € C} having a o-isolated
network if C is discrete in M. We may consider the space X = [J X, U {poo} of
H. Junnila and J. Pelant described in [5, Example 6.22] to show that the implication
(b) = (a) of Theorem 2 below does not hold without the additional assumption
that X is hereditarily weakly 6-refinable. We may notice that f(a) = X, U{pw}, in
the notation from [5], gives an usc-K map of [0,w;) with the discrete metric onto X
and every union of X, U{p} has a o-isolated network consisting of {p.} and some
X,'s.
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We recall the definition of D. Fremlin of another class of “analytic spaces” which
turn out to be closely related with the notion of relatively open families. More
information can be found in [5, Section 5].

Definition 3. A completely regular topological space X is called Cech-analytic
if it is the projection of some Cech-complete subspace of X x NV,

Let us notice that Z = ONS and that every relatively open family has a scattered
refinement. Clearly, isolated families are exactly those which are relatively open and
pairwise disjoint.

We recall now two useful auxiliary constructions related to isolated, relatively
open, and scattered families of sets (cf. e.g. [5, Definition 6.1]).

Associated open sets. If C is an arbitrary scattered family of sets, then we may
choose some well ordering < of C and open sets U(C), C € C, such that C C U(C)
and U(C)N B =10 for C,B € C if C < B. The existence is ensured for example by
Lemma 1 of [10] and follows easily from Definition 2. The family {U(C); C € C} is
called the associated family of open sets in this case.

If C is an arbitrary relatively open family of sets, then we can find open sets U(C)
such that U(C)N{JC = C. Since isolated family is relatively open (and disjoint), we
may and shall use the same U(C') for the associated family of open sets for isolated
families.

Associated Borel sets. If C is a scattered family and U(C), C' € C, form the
associated family of open sets as above, the sets B(C') = C N (U(C)\|{U(E); E <
C'}) are useful. They form a scattered family of sets of the form B(C) = F NG,
where F' is closed and G is open, and we call them the associated Borel sets.

It is also useful to consider the sets B(C') = CNU(C) for elements C of an isolated
family C and U(C) the associated open sets. The “associated family of Borel sets”
{B(C); C €C} is isolated in this case.

Now we point out several properties of collections D of families of subsets of a
topological space which are significant for our further investigation.

Heredity. We say that the collection D is hereditary if for any family £ = {E,; a €
A} from D and any family {F,; a € A} such that F, C E,, a € A, the family
{F,; a € A} is also in D.

We may notice that the collections Z, S, Z, or S, are hereditary. Clearly, the
same is not true for O.

Property of unions. The collection D has the property of unions if, given &, € D,

a € A, such that the family {{J€, = E.; a € A} is also in D, then the union |J &,
a€A
is in D.
It can be easily checked that the collections S, S,, Z, Z, and O have the property
of unions.
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However, O, does not have the property of unions. Consider e.g. the intervals
[0, @+ 1) of ordinals as open subsets of the space X = [0,w;) endowed with the order
topology. Put &, = {{8}; B € [0,a+ 1)}. The families &, are countable and thus
in O, but {{5}; B € X} isnotin O,.

Cross-section property. We say that the collection D has the cross-section property
if, whenever &1, & are from D, then the family £;AE = {E1NEy; Ey € &1, E2 € &}
is in D, too.

The collections S, O and 7 have the cross-section property. It follows immediately
that the same is true concerning S,, O,, or Z,.

Trace property. We say that D has the trace property if given any £ € D and
F C X the family {ENF; F €&} isin D.

The key role in our investigation is played by the following notion.

Definition 4. We say that C,, is a complete sequence of covers of a topological
space X if every filter U, with U NC,, # 0 for every n € N, has a cluster point,
ie. {U; UeU} #0.

Remark 2. Let us remark that the notion of the complete sequence of covers
was used by Z. Frolik ([2], Theorem 2.8] and [3, Theorem 9.3]) to characterize Cech-
complete spaces and regular K-analytic spaces.

Notice that, if C,, is a complete sequence of covers of X, then any sequence &, of
covers of X such that &, refines C,, is also complete.
If X is a regular space, then the completeness of the sequence C,, of covers of X
is equivalent to the following property.
For every (respectively, for every centered) sequence of elements C,, € C,,
the sequence cin...nC, converges to a (respectively nonempty) compact set
oo

K = (N Cin...NC,, ie. for every open G D K there is an ng such that
n=1

KcCin...nC, CG forn>ng (see e.g. Proposition 1 from [10]).
It follows from the above property that the map f: [] C, — X defined by the

n=1

o0 n
equality f((Cr)22,) = () () Ck is an usc-K map of the complete metric space
n=1k=1

(oo}
I] Cn, defined as the countable product of C,’s endowed with the discrete metric,
n=1

onto X.
We want to make clear the relations of our “generalized analytic” spaces to the
projections of spaces which are “complete” in an appropriate sense.

Definition 5.
(a) A topological space X is D-K -complete if there is a complete sequence of covers
from D.
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(b) The space X is D-complete if there is a complete sequence of covers C,, from D
such that () C1N...NC, is a singleton for an arbitrary centered sequence of
neN
sets C,, with C,, € C,,.

Remark 3. We should mention that scattered-K-complete spaces, i.e. S-K-
complete spaces, in our present terminology are called “cover-complete” e.g. in [7]
or “scattered-complete” in [5, 6.17]. Their projections along NN are called “cover-
analytic” in [7]. Also isolated-K-complete spaces are called “hypercomplete” or
“partition complete” (see [5, 6.17]).

The O-K-complete completely regular spaces coincide with the Cech-complete
ones ([2, Theorem 2.8]). We have introduced our terminology to cover several related
situations simultaneously.

We are going to summarize some characterizations of scattered-analytic, scattered-
K-analytic, Cech-analytic, isolated-analytic and isolated-K-analytic spaces. We be-
gin with an implication proved implicitly in [10, Lemma 2], where only scattered-K-
analytic spaces were investigated.

Proposition 1. Let X be a regular D-K-analytic, or even D-analytic, space and
let D, have the property of unions, the trace property, and the heredity property.
Then X is D,-K-complete, or even D,-complete, respectively.

Proof. Let f: M — X be a parameterization from the definition of D-K-
analytic spaces, or D-analytic spaces, respectively. The statement can be checked
by following word by word the proof of Lemma 2 in [10] considering any complete
sequence U, of o-discrete covers of M by sets of diameter less than 1/n and substi-
tuting D for scattered. In fact, Lemma 2 of [10] gives additional information on the
possibility to consider other than (o-)discrete families in M in the definition of the
parameterization f. O

Now we are interested in special continuous maps, the projections along NV. We
investigate the preservation of the relevant properties by such projections in the
following two assertions.

Lemma 1. Let X be a topological space and S be a topological space with
a countable network N'. Let C be a family of subsets of X x S from D, where D
stands for T, O, or §. Then {n(C); C € C} has a network from D,, where 7 is the
projection of X x S onto X. Moreover, if D =7 or D = S, then (n(C); C €C) is
point-countable.

Proof. Let U(C), C € C, be the associated family of open sets for C in any of
the three cases. For N € N and C € C there is the maximal open set Go(N) C X
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such that Go(N) x N C U(C). We define Dgo(N) = n(C N (X x N)) N Ge(N).
Notice that 7(C) = | D¢(N) (the inclusion “C” follows because U(C') is open, it
NeN

contains C, and N is a network; the inclusion “2” follows since Do (N) C 7(C) by
the definition) and it is not difficult to check that the family {Dc(N); C € C}, for
every N € N, has the property Z, O, or S, respectively, with the associated family
of open sets {G¢(N); C € C}.
Let us explain the last claim for each of the three cases in more details.
Firstly, let D = O or D =Z. We will prove that Do(N) = |J Dc/(N)NGe(N).
creC

The inclusion “C” follows from the fact that Do(N) C Go(N). Let ¢ € Do (N) N
G¢(N) for some C’" € C. Then there is a y € N such that (z,y) € C'. Asy € N and
xz € Ga(N), we have that (z,y) € U(C). So C'NU(C) # 0 and we conclude that
(z,y) € C. If C was disjoint, then so is {Dc(N); C € C} for every N € N.

Secondly, let D = S. Let < be the well ordering and the U(C) above be the
corresponding associated open sets for C. Let C < C’ be two elements of C. We
want to show that Go(N) N Der(N) = 0 and so the sets Go(N) form an associated
family for {Dc(N); C € C}. Let € Go(N)N Des(N). Then there is a y € N such
that (x,y) € C'. However, as Go(N) x N C U(C), we have (z,y) € U(C)NC’ which
is a contradiction. Notice that {Dc(N); C € C} is disjoint for every N € A in this
case.

So the claim follows. Also the assertion on point-countability follows using the
supplements on disjointness of the families {Dc(N); C € C}. O

Remark 4. Compare with [8, Lemma 5], [6, Lemma 7.1]. The proof of Lemma 6.9
in [5] seems to be not completely correct. It is not clear at all why the families N, (a)
and N, (b), a # b, from that proof of part (b) should be disjoint. It seems however
that this shortage could be circumvented by refining the proof.

Proposition 2. Let P C X x NV and X = 7(P) be a regular space, where T is
the projection of X x NV onto X.
(a) If P is O-K-complete, or even O-complete, then X is O,-K-complete, or even
O,-complete, respectively.
(b) If P is Z-K-complete, or even IT-complete, then X is Z,-K-complete, or even
I,-complete, respectively.

Remark 5. Analogical result holds also for scattered- K-analytic spaces but we
derive it, using other arguments, in Theorem 1 below.

Proof. Let &,, n € N, form the complete sequence of covers of P with the
corresponding property from (a) or (b).
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We use N(kyi,....k,) ={veNV; (v1,...,vn) = (k1,..., kn)}, (k1,. .., kn) €N,

to denote the Baire intervals of order n. We shall construct families C,,(s1, ..., s,)
of subsets of X, forn € N, s1,...,s, € S= |J N* such that
keN

(i) Cn:=U{Cn(s1,.--,5n); S1,...,8, €S} is a cover of X;
(ii) each Cp(s1,...,8y) is relatively open (and disjoint if &, is disjoint);
(iii) each {{JCn(s1,-..,5n); Sn € S} is disjoint;
(iv) UCns1(s15--+,8n,8n11) CUCn(s1,...,5,); and
(v) if C € Cp(s1,...,8n), then

C c w([X x N(s1,...,52)] N P)

and
there is an E € &, such that [C' X N(s1,...,s,)]NP C E.
Here N(s1,...,8,) = N(s1"..."s,), where 51" ... s, is the concatenation of
the sequences s1, ..., S,. O

We claim that the C,,’s (from (i)) form the required sequence of covers of X if (i)
to (v) hold. Using (i) we get that they are covers. Due to (ii) and the fact that S
is countable, they are o-relatively open (or o-isolated). Let C,, € C,, be centered.
By (iii) and (iv) there is a unique sequence s, € S such that C,, € Cp(s1,...,5n).
From the first part of (v) we get that [Cy, X N(s1,...,8,)] NP, n € N, is centered
and from the other part of (v) that each [C), Xx N(s1, ..., $,)]NP is contained in some
E, € &,. Thus E; N...NE, converge to a compact set K x {s}cPCXx [\
It follows that Ci N...N C, converge to a compact subset of K in X and C, is
complete. Moreover, in cases of O-complete and Z-complete spaces, K x {s} is a
singleton and so K is also a singleton in X.

It remains to construct C,(s1,...,8,) for n € N and $1,...,s, € S such that
(i) to (v) hold. Let us first describe Ci(s) for s € S. For an E € & and

o0

s € S = U N we may find the maximal open set Gg(s) such that (Gg(s) x
k=1
N(s)) N P C E. Further, we define Dg(s) = n(E N (X x N(s))) N Gg(s). We
choose some well ordering < of the set S and we define, by induction over s € S,
Ci(s) ={Cr(s) = De(s) \ UUC(1); E €&}
t<s

Now C1 = J{Ci(s); s € S} is a cover of X because &; is relatively open and so,
for every x € E € &, there are an s € S and an open U such that z € U x N(s) and
(UxN(s))NPCE.

The families C1(s) are relatively open due to the fact that they are traces, to

the complement of |J Ci(t), of the families {Dg(s); E € &} that are relatively
t<s
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open since Gg(s)N | Dg(s) = Dg(s). Indeed, the inclusion “D” is obvious and
E'e&
we check the validity of the other one. Let © € Gg(s) N Dg/(s). Then there is a

y € N(s) such that (z,y) € E' since x € Dg/(s). Then (z,y) € P and, as z € Gg(s),
(z,y) € F and so x € Dg(s).

As S is countable, the family C; is o-relatively open, and if & was disjoint, then
C1(s) are also disjoint and C; is o-isolated.

The sets |JC1(s), s € S, are pairwise disjoint since they were defined inductively
by subtracting the previously constructed sets | JC1(t) with ¢ < s.

Finally, for E € &, we get Cg(s) C Dg(s) C 7[EN(X xN(s))] C n[PN(X xN(s))]
and (Cg(s) x N(s))NP C (Ge(s) x N(s)) NP C E.

So the points (i), (ii), (iii), (v) are satisfied and (iv) says nothing for n = 1.

Put moreover X;(s) =JCi(s) and Pi(s) = PN (X(s) x N(s)).

Let us suppose that we have constructed

Cn(s1y...y80) ={CE(s1,...,8,); E €&},
Xn(s1,...y8n) = UCn(sl,...,sn),

and
Po(s1y...y8n) = Poo1(s1,. oy 8n—1) N (Xn (81, -+, 8n) X N(81,...,8n)),

where Py(s1,...,50) = P. We define the same objects for n + 1 so that (i) to (v) are
satisfied similarly as we did for n = 1 above.
Let Gg(s1,...,Sn+1) be the maximal open set such that

[Ge(s1,- -y Snt1) X N(s1,- -y Snt1)| N Pu(s1,-.-,8n) C ENPy(s1,...,5n)
for each F € £,1. Further, put
Dgr(s1,-- ySnt1) = T[(ENPo(s1,.-.,80)) N X (81, ., 82)] NGE(S1, .-, Snt1)-
Finally, we define

Cn+1(81,...,5n+4) :i{(jE(Sl,...,Sn+1)
=Dg(s1,-.,8n+1) \ U UCnH(sl,...,sn,t);EGEnH},

t<Sp+1

and for the next construction needed
Xnt1(81, -+, 8ng1) = UCn_H(sl, ey Sntl)
and
Poy1(s1,. -y Snt+1) = Pu(s1,. -y 8n) N (X (81,3 Snt1) X N(S15. -y 8nt1))-
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Now (i) to (v) follow by the facts that firstly |J Cnt1(S1,.-.,5n,s) has the
s€S
properties analogical to (i), (ii), (iii), (v) with respect to the sets X, (s1,...,8n),

P,(s1,...,8,) which can be verified similarly as the corresponding properties of

J Ci(s) with respect to X, P above, and secondly, the families
sES

{Xn(s1,...y8n-1,8); s€S} and {P.(s1,...,8,-1,8); SE€S}

are disjoint covers of the sets X,,_1(s1,...,8,-1) and P,,_1(s1,...,8n—1), respec-
tively. O

We need an extra covering property to study the Z,- K-complete spaces in Propo-
sitions 3 and 4. We formulate it in a more general setting because we are going to
use it in Proposition 5 below in that form. Notice that the respective property is
fulfilled automatically if D from the definition coincides with S or with O, and it
means “hereditarily weakly #-refinable” if D coincides with Z.

Definition 6. Let X be a topological space and D be a collection of families of
its subsets. We say that X has the property of D, refinements if every family U of
open subsets of X has a refinement C from D, such that |JC = JU.

In what follows we want to show the respective analyticity from the existence
of corresponding complete sequence of covers. The first part (a) of the following
Proposition 3 concerns the cases of D,-K-complete spaces for D = S, and D =7
under the assumption that X has the property of D, refinements.

The part (b) is a partial result concerning the case of O-K-complete spaces which
we don’t apply later and we introduce it just for completeness. The statement (c)
shows that, in a very special case of Z- K-complete spaces, we can easily deduce the
7Z-K-analyticity even if no additional covering property of X is supposed.

Proposition 3.

(a) Let X be a D,-K-complete, or even a D,-complete, regular space. Let D = S
or D =7, and X have the property of I, refinements in the latter case. Then
X is D-K-analytic, or even D-analytic, respectively.

(b) Let X be an O-K-complete, or even an O-complete, regular space. Then there
is a discrete metric space I' and an usc-K map f of TN onto X, or even a
single-valued map of a closed subset F C T™ onto X respectively, such that
{f(B); Be€®B}ecO, with

‘B:{{’yEFN; Y1y eesvm) = (01,...,0n)}; n N, (d1,...,0n) GFN}
the canonical base for TN,
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(¢) Let X be Z-K-complete, or even I-complete. Then X is Z-K-analytic, or even
T-analytic, respectively.

Proof. (a)In fact, we use the following properties of the collections D here.
e D has the cross-section property;

e D has the heredity property;

e D has the following “property of regular refinements”:

Let C € D. There are He(C) for every C € C such that

H(C) = |J He(C) € Do, | JHe(C) = C, {U{F; HeMeC)}; Ce c} eD,.

cecC

We verify first that the preceding properties of D are fulfilled in both cases con-
sidered.

The first two properties are satisfied by S and Z as we already mentioned.

We shall verify the latter property. Let C be scattered or isolated in X and B(C),
C € C, form the family of “associated Borel sets”. Since they are differences of open
sets and X is regular, it is easy to realize that for every C' € C there is some relatively
open cover H(C) of C with H' C B(C) for every H' € H(C). Now we choose any
D, refinement H¢(C) of Hi.(C) which exists because the property of D, refinements
is obviously hereditary to subspaces for D = 7 and it holds even in any space for
D =S. Since U{H; H € Hc(C)} C B(C) for every C € C and the collections S
and Z have the heredity property, the family {U{F, H € He(C);C € C} is in D.
Using this fact, the property of unions and the fact that each Ho(C) is in D,, we
conclude that H(C) is in D,. So the properties hold for D =S and D =7.

Now let C,, € D, form a complete sequence of covers of X. Let us define a new
sequence of covers &, € D, so that & = H(C1), and having &, already defined, we
put Ent1 = H(Cry1 AEn).

We consider now the sets &,, endowed with the discrete metric and we define the

compact-valued map f: [] &, — X by f((En)2y) = ({En; n € N} i (B,)32, €
n=1

F C ] &n, where (E,,)22, € F if there are H,, € Hg, (£,) such that E, 1 C H,(C
n=1
E,) for every n € N. Otherwise, we put f((E,)22 ) = 0.
The map f is usc-K since &, form a complete sequence of covers in the regular

o0
space X (see Remark 2) and F' is a closed subset of [] &,. The map f maps the

n=1

base B of [] &, formed by sets of the form {(E;L)flo:l € [Ié&; (Bl,...,E}) =

n=1 n=1

n
(Eq,... ,En)} with (E1,...,E,) € J] & to families from D, because
k=1

BN (B By = (Bre . E)Y) C |HH; H € He, ()}
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It suffices to use the fact that {J{H; H € Hg,(En)}; En € &,} is in D, by our
assumptions and that D, has the heredity property.
(o)

Let £ be a discrete family of subsets of F' C [] &, in the product metric. Then
n=1

there is an n € N such that, for £ € £,
Ec{Be€®B,; BNE+#0} = Bg,

where B, = {{(E})2,; E{ = E\1,...,E], = E,} for some E, € &1,..., E, € &,}.
We know that {f(B); B € %8} is in D,, and thus it is also point-countable. Since
{Bg; E € &} is disjoint, the family {f(Bg); E € £} is point-countable. By the
heredity property of D, we finally get that {f(B)Nf(F); B € B,,E € EBNE # (I}
forms a D, network for {f(F); E € £}. The family {f(E); E € £} is point-
countable because {f(Bg); E € £} is point-countable and f(F) C f(Bg).

The case of D, -complete spaces can be treated in the same way and we arrive at
a continuous map f of F' onto X.

(b) Let C,, form a complete sequence of open covers of X by open sets. Similarly
as in (a), we define a complete sequence of covers &,. Put & = C; and let &, be
already chosen. We choose for every C € &, A C,41 an open family He(n + 1) such
that (J{H; H € Ho(n+1)} = C. We define &1 = U{Hc(n+1); C € EACpyi1}-

Let F' C [] &, be the closed set of sequences (E,,)S2 ; such that F,, 11 C E,. Clearly
n=1

F is closed and the map f defined similarly as in (a) is usc-K and f(B) is an open
set for every B € B,, defined as above.
Again, if £, is a complete sequence of open covers from the definition of O-complete

[ee]

spaces, then f is a continuous map on F. Obviously, [] &, is a closed subspace of
n=1

some complete metric space of the form I'V desired in (b).

(c) Let C,, form the complete sequence of isolated covers. Define & = C; and
Ent1 = En ACpy1. Now put f((Cr)2%;) = {En; n € N}. This gives the desired
correspondence because the sets F,, € &, are clopen in this case.

If C,, comes from the definition of Z-complete spaces for X Z-complete, then f is
a continuous map. O

The crucial step to obtain a description of analyticity by projections along NV
seems to be the following Proposition 4.

Proposition 4.
(a) Let X be a regular S,-K-complete space. Then there is an S-K -complete space
P c X x NV such that 7(P) = X.
(a') Let X be a regular S,-complete space. Then there is an S-complete space
P c X x NN such that 7(P) = X.
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(b) Let X be a regular I,-K-complete space having the property of o-isolated
refinements. Then there is an I-K-complete space P C X x NV such that
m(P) = X.

(b") Let X be a regular I,-complete space. Then there is an I-complete space
P C X x NV such that 7(P) = X.

(¢) Let X be a regular O,-K-complete space. Then there is an O-K -complete space
P C X x NV such that 7(P) = X.

(¢') Let X be a regular O,-complete space. Then there is an O-complete space
P c X x NV such that 7(P) = X.

Proof. Cases (a), (a’), (b), and (b’). Let us suppose that C,, = |J Cp(k), n €
keN
N, form a complete sequence of covers of X and C,(k) are scattered (or isolated,

respectively). Due to the heredity and to the cross-section properties of S, and Z,,
we may suppose without loss on the generality that C,’s are partitions and that C,, 41
refines C,,.

Let U, x(C), C € Cn(k), be the associated open sets. Notice that if X is an
Z,-complete space, then the elements of the covers of the complete sequence of
covers from the definition of Z,-complete spaces form a network and so X has the
property of Z, refinements. Due to the regularity (and moreover the property of
o-isolated refinements in cases (b) and (b’), respectively), by another refinement
made inductively in n, we may achieve that, if D € Cp,41, there is some C € C,, (k)
such that D C C and D C U, x(C). We put

Colki, ... k) ={C €Cplky); ACIZ! CCCiy CreCilky), i=1,...,n—1},

where k1, ..., ky, are arbitrary natural numbers. The sets U, i, (C) for C € C,(ky)
described above will be denoted by Uy, .., (C) if C € Cp(k1, ..., k). Thus we have
D C Uy,....k, (C) whenever C € Cyp(k1,... k), D € Cpy1(k1y.. ., knykni1)-

Now we define the set P C X x NV. We use the notation N(ky,...,k,) for the
set of all (infinite) sequences of natural numbers such that k1, ..., k, are the first n

of them. Let us put

P= U |UCNUk. k()5 CECulhr, ka)}] X Nl k).
neN (ki,...,k,)EN™

o0
Obviously, every z € X belongs to the projection of P along NV because z € () C,,
n=1

for some C,, € Cp(k1,...,kn), n € N, and we have C,, N Uk, x, (Cy) D Cp. So
m(P)=X.
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‘We shall show that the families
E, = {Pﬂ[(@ﬂUklw,kn(C))><N(k:1,...,kn)]; CeCplks,...,kn),(k1,... ., kn) eN"}

form a complete sequence of scattered (or isolated) covers of P. It is obvious from
the definition of P that all £,’s are covers. Every &, is scattered (isolated) because
{X x N(k1,...,kn); (k1,...,kn) € N} is discrete and thus isolated and scattered,
and for a fixed (k1,...,ky), the system

{(CNU,.. 5, (C) x N(k1,...,kn); C€Cplky,... kn)}

is clearly scattered (or isolated) due to the fact that the open sets Uy, . ,(C) are
the associated open sets for C,(k1, ..., k).
It remains to show that the sequence {&€,} is complete. Let

E,=Pn {[O_nm Ukl(n),...,kn(n)(cn)} X N(kl (TL), cey kn(n))}

be a centered sequence of sets and C), € C,(k1(n),...,k,(n)). It is enough to show
that this sequence converges to some compact set (see Remark 2 above). Since
(En)22, is centered, it is obvious that ki(n),...,k,(n) are initial sequences of one
and only one infinite sequence (ki,k2...) € NV. The sets C,, N Uky,... 5, (Cn), Cp, €
Cn(k1,..., k), are pairwise disjoint and we claim that C,, C C,_;. Namely, for
every Cp € Cp, thereis a C/,_; € Cp—1(k1,...,kn—1) such that C,, C C}_;. If C,

is not a subset of C,_1, then [C],_, NU(C],_)]N[Cph—1 NU(Cr-1)] = 0. However,

E,cC,xNV C[C_,nUC,_)]xNN and E,_1 C [Crm1 NU(Cp—1)] x NV which
is a contradiction with the fact that E, is centered. Thus the sequence (C,)5%; is

also centered in X. Thus the sequence of sets C,, converges to a compact set P
in X and also the sequence of sets C, N Uk,....k, (Cy) converges to P, because

Crt1 C Uk, ..k, (Cy) due to our choice of the systems C,, (k1, .. ., k). Since obviously

P ¢ (VI HCNUk, ..k, (C); CECulk,... . kn)},

neN

the sequence (E1N...N E,)5,; converges to Ps X {(k1,k2,...)} in P. (Let us
notice that C,, > C, NU(C,) D Cry1 D P and so Py x {k} C E1N...NE, C
Cp x N(k1,... kn).)

Cases (c) and (¢’). Let C, = |J Cn(k) form a complete sequence of covers of X
keN
and C,(k), k € N, be relatively open. We define D,,(k1,...,kn) = C1(k1) A ... A

Cn(ky). Further, we put Dj(k) = Di(k) for k € N, and when D} (ki,...,kn)
are already defined for some n € N, using the regularity of X we find relatively
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open refinements D | (k1,...,kny1) of Dypyi1(k1,. .., kny1) such that for every D €
D} 1 (k1,...,knt1) there is a set C € D (ki,...,k,) such that D C Uy, x, (C)
and D C C. Here Uy,,. 1, (C) is the corresponding associated open set for C' €
D:(k1,...,kn). We define

P= U  [UCNUk.sl©)i CEDylhr,. o ka)}] X Nlhrs. o )

neN (ki,...,kn)ENT

similarly as in (a) above.
Now, the projection m(P) of P along NV is X because C N Uk, x,(C) D C and

U Di(ki,...,kn) is a cover of D} _;(k1,...,kn—1)UDn-1(k1,...,kn-1), and
kn €N
D;(0) = X.

‘We define collections
En={PN([CNUky,. 5, (C)] x N(k1,...,kpn)); (k1,...,ky) € NV,
Ce DZ(kl,...,kn)}.
Obviously, each &, is a cover of P.
Each &, consists of open subsets of P. Let E, € &,, ie. E, = PN ([CN
Uky,... 5 (C)] X N(k1, ..., ky)) for some C € D} (ki,....ky), k1,...,k, € N. Namely,

the inclusion C'NUy, ...k, (C) C C for every C,C" € Dk (kq, ..., ky) holds and implies
that

COUpy,.., (C) = Uy, (C) TN Uy, (C)5 € €Dl hn)}

,,,,

for every C € D} (k1,...,ky). Therefore

U0 Uk, 4 (C) x N(ka, ... k)] = POV(C N Uk, ok, (C)] X Nk, k).

n

It remains to show that &£, is a complete sequence. Let
By =P ([CoNUsy(n),... ko () (Cn)] X N(E1(n), ..., kn(n))) € En

form a centered sequence. Then, by the definition of the Baire intervals N (kq, ..., ky),
there is a unique sequence k& € NV such that (ki(n),...,k,(n)) = (ki,..., k) for
every n € N. Obviously, it suffices to study the centered sequence Pj, N [C,, N
Uky,... 5, (Cp)], where P, = {z € X; (x,k) € P}, C,, € D} (k1,...,kyn). We realize
first that the following inclusions hold for every n € N:

PN Uk1 (01) n...N Ukl,wk"(Cn)
c Dk, k) N U (C1) N N Uk, -k, (Ca)

c| Dk, k) N UL (C1) NN Uy, (Co) CCLO L A C
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We used that Uy, ..., (C;) are open for the second inclusion.
It follows that the sequence (C,,)22, is centered in X and from the completeness
of (C,,)22; and the definition of D} we obtain that Cy N...N C), converge to some

n=1

compact set K C X. Moreover, we see from the above inclusions that

P.NCiNUg(C1)N...NCrNUpy,.. 1, (Cn) CcC1N...NC,

and so we get that

Pk00_10Uk1(01)ﬁ...ﬂc_nﬁUklw,’k"(On) cCin...nC,

converge to some compact L C K C X. Finally, we have that

L=()PNCiNUk,(C1)N...NCpNUs,,.x,(Cn) C [ C1N
neN neN

However, by our assumptions there are D,,_; € D*(k1,...,k,_1) such that

Lc()CGin...NCpC () DuNUs,.. k. (Dn) C Py
neN neN

So we have that the sequence &,, is complete in P. O

Now we formulate theorems containing characterizations of scattered-analytic,
scattered- K-analytic, isolated-analytic, isolated- K-analytic and Cech-analytic spaces
which follow from Propositions 1 to 4 above. Notice that the classes of scattered-
analytic and scattered- K -analytic spaces allow characterizations by both the projec-
tions and the complete sequences of covers without any restriction.

Theorem 1. Let X be a regular Hausdorff space. Then the following asser-
tions (a), (b), and (c) are equivalent.
(a) X is scattered-K-analytic;
(b) X is Sy-K-complete;
(c) X is the projection of an S-K-complete subspace of X x NV.
Also the assertions (a'), (b'), and (') are equivalent, where
(a’) X is scattered-analytic;
(b") X is Sy-complete;
(¢) X is the projection of an S-complete subspace of X x NV,

Proof of Theorem 1.
The implications (a) implies (b) and (a’) implies (b’) follow from Proposition 1
above because o-scattered families satisfy the assumptions on D, of Proposition 1.
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Due to Proposition 3 (a), (b) implies (a) and (b’) implies (a').

Now, let the space X be the projection 7(C) of a scattered-K-complete or
scattered-complete space C C X x NV. By definition, we know that C' admits a
complete sequence of scattered covers and, by the implication (b) implies (a), or
(b’) implies (a'), we get that C is scattered-K-analytic, or scattered-analytic, if it is
regular. Really, it is regular as a subspace of X x NV. Finally, the projection of a
scattered- K-analytic, or scattered-analytic, space C' along NV, i.e. X, is scattered-
K-analytic, or scattered-analytic, by Lemma 1. Namely, we may compose m with
the parameterization f of X from the definition of the respective analyticity.

To finish the proof of Theorem 1 it is enough to prove the implications (b) implies
(c) and (b’) implies (c’). However, this follows from the statements (a) and (a’) of
Proposition 4. O

Remark 6. The equivalence of (a) and (b) is proved in [10, Theorem 1], (a) < (d).
Another proof in [5, Theorem 6.18] uses [5, Lemma 6.9] the proof of which needs
some correction as indicated in Remark 4 above.

Instead of Lemma 1, we might use e.g. [8, Lemma 5 or its corollary] in this case.

Let us notice that there are other characterizations. In [5, Theorem 6.18] it is
stated that scattered-K-analytic spaces are images of Cech-complete spaces by con-
tinuous maps taking scattered families to families that are countable unions of fam-
ilies having a scattered refinement. Another characterization says that a completely
regular space X is scattered- K-analytic if and only if it is the result of the Souslin op-
eration applied to sets which are elements of the smallest o-algebra containing Borel
sets and closed to the unions of scattered families in some (or every) compactification
of X (see [10, Theorem 2]).

The statement [1, Theorem 1] claims that X is Z,-K-complete if and only if X is
isolated- K-analytic. This is not correct as was shown by H. Junnila and J. Pelant
(their example can be found in [5, Example 6.22]). A modification of Frolik’s state-
ment under a supplementary restriction is stated in [5, Theorem 6.19] and it is covered
by Theorem 2 below. We use Definition 6 with D standing for isolated families now.

Theorem 2. Let X be a regular space. Then the following assertions (a), (b),
and (c) are equivalent if X has the property of o-isolated refinements.
(a) The space X is isolated-K -analytic;
(b) the space X is Z,-K-complete;
(c) the space X is the projection of some Z-K -complete subspace of X x NV,
The implications (a) implies (b) and (c) implies (a) do not need the property of
o-isolated refinements for X to hold.
Also the assertions (a'), (b’), and (¢') are equivalent, where
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(a’) The space X is isolated-analytic;
(b") the space X is Z,-complete;
(c') the space X is the projection of some I-complete subspace of X x NV,

Proof.  The implications (a) implies (b) and (a’) implies (b’) follow from
Proposition 1 because Z, has the property of unions, the trace property and the
heredity property.

By Proposition 4 (b) and (b'), we get that (b) implies (¢) and (b’) implies (c¢’).

Finally, using Lemma 1 and Proposition 3 (a), we get (c¢) implies (a) and (c’)
implies (a’). O

The following characterization of Cech-analytic spaces was announced by Z. Frolik
in [4, Theorem 1]. The proof can be found in [5, Theorem 5.7, the proof of (a) is
equivalent to (c)]. (Notice that the statement (b) of Theorem 5.7 in [5] is formulated
a little stronger than the one which is really proved, as R. W. Hansell remarked later.)
We prove the analogous equivalence for a slightly more general class of not necessarily
completely regular spaces. Since we do not use the embedding of the space admitting
a complete sequence of o-relatively open covers into a compactification K and we do
not use the characterization of Cech-analytic spaces as spaces that are the results
of the Souslin operation applied to Borel subsets of K, our proof is rather more
straightforward. Since we have no analogue of the characterization (a) of Theorem 1
by a parameterization for Cech-analytic spaces, we have to prove the existence of the
complete sequence of covers directly from the description by a projection as described
by Proposition 2.

Theorem 3. Let X be a regular space. Then the following are equivalent.
(a) The space X is the projection of some O-K-complete subspace of X x NV.
(b) X is O,-K-complete.
Also (&) and (V') are equivalent, where
(a’) The space X is the projection of some O-complete subspace of X x NV,
(b") X is Oy-complete.
Proof. It follows from Propositions 2 (a) and 4 (c) and (¢’). O
Let us remark that we don’t know if there is some natural characterization of
Cech-analytic spaces X in terms of an usc-K map f: M — X of a complete metric
space M onto X. E.g. the assumption that (f(C); C € C) is point-countable and has

a o-relatively open network for C discrete cannot be fulfilled for every Cech-analytic
space as the following example shows.

Example. The interval [0,w1) of ordinals less than w; endowed with the order
topology is Cech-analytic but there is no usc-K map of a metric space M onto
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[0,w1) such that {f(C); C € C} has a o-relatively open refinement for every discrete
family C of subsets of M and {f(C); C € C} is point-countable. In particular, [0,w;)
is not O-K-analytic.

Proof. Let there be such a parameterization f: M — [0,w1). Since every
compact set in [0,w;) is contained in a countable open set and f is usc-K, there is
a subfamily {I,; a € A} of a o-discrete base for M such that f(I,) is countable for
every a € A and f(I,), a € A, form a cover of [0,w1).

The family {f(I,); a € A} of countable sets is point-countable because {I,; a €
A} is o-discrete. So we may find a partition By, b € C, of A to countable subsets

such that the family {f(Jy); b € C} is disjoint, where J, = |J I,.
a€ By

Moreover, the family {f(J,); b € C} has a o-relatively open refinement and being
pairwise disjoint it has a o-isolated refinement. We thus obtain a o-isolated cover of
[0,w1) by countable sets.

We realize that the complement to the union of any isolated family {S,; a € A}
of countable sets in [0,w;) contains a closed uncountable subset. It is immediate
if the family is countable. If not, choose s, € S,, a € A, and consider the set
F={sq; a€ A}\ U {sa}- The set F is closed and uncountable.

acA

Let C,, be the isolated families of countable sets such that |J (JCp = [0,w1). Let

neN
o0
F,, be some closed unbounded subset of [0,w1) \ |JC,,. Then the intersection () F,
n=1
is nonempty which is a contradiction to the assumption that |J C, is a cover of
neN
[0, wl). O

2. SOME SUBCLASSES OF SCATTERED-K-ANALYTIC SPACES

We begin with a result containing our [8, Theorem 1] that can be now derived
easily from our knowledge of complete sequences of covers.

Theorem 4. Every completely regular isolated-K -analytic space is Cech-
analytic and every Cech-analytic space X is scattered-K -analytic.

Proof. The first part follows by the implication (a) implies (b) of Theorem 2,
using the fact that the property of o-isolated refinements is not needed for it, and
by the implication (b) implies (a) of Theorem 3.

The other part follows from the implication (a) implies (b) of Theorem 3 and the
implication (b) implies (a) of Theorem 1. O

809



Now we shall characterize those scattered-K-analytic spaces which are scattered-
analytic or even analytic, i.e. continuous images of some complete separable metric
space.

Theorem 5.
(a) A regular Hausdorff space X is scattered-analytic if and only if it is scattered-
K-analytic and has a o-scattered network.
(b) A regular Hausdorff space X is analytic if and only if it is scattered-K -analytic
and has a countable network.
(¢) A regular Hausdorff space X is isolated-analytic if and only if it is scattered-K -
analytic and has a o-isolated network.

Proof. (a) If X is scattered-analytic, then there is a complete sequence of
o-scattered covers C,, of X with the property (b) of Definition 5. For simplicity we
shall suppose that C,, 1 refines C,. This is possible due to the heredity property and
the cross-section property of scattered families. If x € X, then there is a sequence

n

of sets C,, € C,, such that x € [ C,. So the sequence C,, is centered and () Ch
neN k=1
converges to {x}. In particular, for every open neighbourhood G of xz, there is an

n € N such that z € C,, ¢ C,, C G and thus \J C. is a o-scattered network for open
neN
sets in X.

Let X be scattered-K-analytic. Due to Theorem 1 there is a complete sequence
of o-scattered covers C,, of X. As above we may suppose that C,, are disjoint and

that Cp41 refines C,,. Let N = |J N, be a network for the open sets of X and N,
neN
be scattered.

We may put N} = N,, U{X \ UN.,} and then &, = N7 A ... AN AC,. AsCy,
form a complete sequence of covers of X, also &, form a complete sequence. As N
is a network for X, the families N, are disjoint, and X is regular, the sequence of
covers &, of X is a complete sequence, which proves that X is scattered-analytic.

(b) If X is analytic, then there is a continuous map f of a separable complete
metric space M onto X. The metric space M has a countable basis and the images
of elements of such a basis form a network for the open sets in X. Since every discrete
family in M is countable, the map f fulfils the assumptions on f of the definition
of the scattered-analytic space and X is scattered-analytic and also scattered-K-
analytic.

If X is scattered- K-analytic and if it has a o-scattered network for open sets, then
according to (a) above X is scattered-analytic. Hence there is a complete sequence of
o-scattered covers C,, of X which has the property from Definition 5 (b). Every scat-
tered system of sets in a space that has a countable network is at most countable and
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so C,, is a complete sequence of countable covers which fulfils ’ N Cin...N Cn| =1
neN
for every centered sequence C,, € C,,. This is sufficient for the analyticity of a regular

space (see e.g. the proof of [3, Theorem 9.3] or Remark 2 above and notice that the
images of the corresponding usc-K map f are singletons if we construct it using our
complete sequence of covers).

(c) If X is isolated-analytic, then it is clearly isolated-K-analytic, and hence also
scattered- K-analytic. It can be easily verified that X has a o-isolated network formed
by the elements of the covers from the complete sequence of covers the existence of
which is ensured by Theorem 2, (a') implies (b’).

Let X be scattered-K-analytic and let X have a o-isolated network. By (a) above,
X is scattered-analytic. By Theorem 1, (a’) implies (b'), it is S,-complete. The
covers of the corresponding complete sequence of covers can be refined by o-isolated
covers due to Lemma 3.5 of [6]. In this way we obtain that X is Z,-complete and
using Theorem 2, (b’) implies (a’), we have that X is isolated-analytic. O

Remark 7. We used, in (a), only the existence of a o-scattered system N sep-
arating points in the sense that, for z,y € X, x # v, there is an N € N which
contains exactly one element of z,y.

If X is regular and Hausdorff, then X is analytic if and only if it is K-analytic
and has a countable network and also if and only if X is Cech-analytic and has
a countable network. This follows from the fact that both K-analytic spaces are
scattered- K -analytic by the definitions and Cech-analytic spaces are scattered-K-
analytic by Theorem 4, and from Theorem 5 (b).

For K-analytic spaces this assertion is contained in [13, Theorem 5.5.1]. Our proof
could be also done with the use of usc-K maps. The procedure which decomposes
our proof to the parts (a) and (b) of Theorem 5 causes that the proof of Theorem 5,
which is similar to the proof of [13, Theorem 5.5.1, (h) = (a)], is in a sense “more
straightforward”. This is, roughly speaking, due to the fact that open subsets of a
K-analytic space need not be K-analytic, but they are scattered-K-analytic.

For Cech-analytic spaces this assertion was shown to me by C. Stegall using es-
sentially different arguments.

It should be noted that the assumption that X has a countable network is equiva-
lent to the assumption that X is a continuous image of some separable metric space.
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3. FRAGMENTABILITY BY A METRIC

In what follows we have in mind mainly the following examples. The space X =
C(K) of continuous functions on a compact space K or the space X = Cy(T) of
bounded continuous functions on a topological space T. In these cases we consider
the uniform metric and the topology of pointwise convergence.

For most of the following results it is essential that one of the topologies is (com-
pletely) metrizable by a metric ¢ that is lower semi-continuous with respect to a
weaker topology 7.

Our [8, Theorem 5 and Theorem 6] were based on the use of results that were not
published yet or which were published in a different form ([12] and [6]). We give
a different, perhaps more straightforward proof, and we improve the statements to
include more general situations. Another characterizations of o-fragmented spaces
and sets are contained in [15] and [16]. Using Theorem 1, our Proposition 5 restricted
to scattered- K-analytic completely regular spaces follows from [15, Theorem 5.2].

We formulate our propositions below for general collections D although the main
examples are S and Z. We hope that the reasons of the validity of Theorem 6 become
more transparent.

Definition 7. Let D be a collection of families of subsets of a topological space X
and o be a metric on X. Then X is called D-fragmented by the metric o if, for any
€ > 0, X has a cover from D by sets of p-diameter less than ¢.

We say that X is fragmented by the metric p if it is scattered-fragmented, i.e.
S-fragmented, by p.

Remark 8. The notion o-fragmented means o-scattered fragmented, i.e. S,-
fragmented, and was introduced in [11].

We prove the following crucial proposition first.

Proposition 5. Let D be a collection of families of subsets of a regular topolog-
ical space X such that D has the property of unions, the property of cross-sections,
the trace property, and the heredity property.

Let X have the property of D, refinements, let X be D,-K-complete, and ¢ be
any lower semi-continuous metric on X.

If every compact subset of X is fragmented by o, then X is D,-fragmented by o.

Remark 9. It is proved in [11, Corollary 3.1.1] that every compact (or even
every hereditarily Baire) space K with the topology 7 is o-fragmented by a lower
semi-continuous (with respect to 7) metric g if and only if K is fragmented by o.
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Notice also that the claim of Proposition 5 assumes the fragmentability, and not
D-fragmentability, of compact subsets of X.

Lemma 2. Let the assumptions of Proposition 5 be fulfilled. If there is no cover
from D, of the topological space X by sets of p-diameter less than e, then there are
distinct xg,x1 € X such that no open set containing at least one of xg, x1 has a
cover from D, by sets of o-diameter less than ¢ and o(xg,x1) > €.

Moreover, there are open neighbourhoods Uy and U; of xy and x1 such that
distg(ﬁo, Uy) > €/2 and both Uy and U; cannot be covered by a family from D,
of sets having o-diameter less than ¢.

Proof. Let us consider a subspace Xy of X obtained by omitting all points
having a neighbourhood which has a cover from D, by sets of p-diameter less than €.

Now every point of © € X \ Xy has a neighbourhood U, that has a cover C,
from D, by sets of p-diameter less than ¢.

Since X has the property of D, refinements and the cross-section property, there
is a D, cover £ of X \ Xy that is a refinement of {U,; = € X \ Xo}.

Now every element E of £ is a subset of some U,. By the trace property, the
family Hg = {ENC; C € C,} is in D, and it covers E. So, using the property of
unions, the family | J{Hg; E € £} is in D,, covers X \ Xo, and its elements have
o-diameter less than e.

Therefore Xy is nonempty and every its nonempty open subset has no cover
from D, by sets of p-diameter less than e.

Therefore there are zg, 21 € X such that o(zg,z1) = £ and no open subset of X
which contains at least one of xg, 1 has a D, cover by sets of p-diameter less than .

Since p is lower semi-continuous, we find neighbourhoods Vg, Vi of zy, 1 such
that o(yo,y1) > €/2 if yo € Vp and y1 € V1. We choose neighbourhoods Uy and Uy
of xyp and x; such that their closures are contained in V) or Vi, respectively. Here
we use the regularity of X. O

Proof of Proposition 5. Let C, be a complete sequence of covers of X from D,
such that every cover in this sequence refines the preceding ones. This is possible
due to our assumption on D. Let us suppose that X is not D,-fragmented by the
metric p. Then there is a positive ¢ such that there is no cover of X from D, by sets
of p-diameter less than €. We fix such an ¢ for the rest of our proof.

Using induction, we find, for (i1,...,4,) € {0,1}", n € N, sets C;,.. ;
open sets U;, ... ;, C X such that:

(1) Uiy,.oosinsings € Uip,ins
(i) dist(Uiy,....in.00 Uiq,...in1) = €/2;
(111) Cil’m’i”’i”Jrl C Oil,...,i";

€ C, and

n
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(iV) Ci1,~~~,in N Uil,...,i
than .

., does not have a cover from D, by sets of p-diameter less

To this end we proceed as follows. Using Lemma 2, we find Uy and U;. As C; is
in D, we may find by the trace property and the property of unions some Cy, C; € Cq
such that C;; NU;, has no cover from D, by sets of diameter less than e for i; = 0, 1.
In the next steps we proceed similarly, with the difference that instead of X we
consider Cy, .. ;, NU;, . to get Ciy....i0,0,Ciy,inaand Uy a0, Us
Lemma 2, such that (i) to (iv) are satisfied in the corresponding form.

We consider the set K = |J () Ci,..4, NUi, ... i, Due to the fact that
i€{0,1}" neEN
the sequence C,, is complete and Cj, .

cyin in, 1,-00yin,1y USINE

NU;
empty sets, we know that C;, ., NU;y, . s
o0

.....i, is a monotone sequence of non-
bl sfn

converge to a compact set K(i) =

in

n

N Ci,...i. VU4, for every i € {0,1}N. From (i) we get that K(i) C Uj, . i,
1

n=
for all n € N. According to (ii) we get that dist(K (i), K (")) > ¢/2 for i # ¢,
i,i" € {0,1}N. Thus we may define a map p: K — {0,1}" by the prescription

p(z) =i if » € K(i) and p is a continuous map of K onto {0,1}". The map which
assigns K (i) to i € {0,1}" is usc-K since, for every open set U containing K (i), there
is an n € N such that K (i) C Cy, .. 5, NUi,...45, CU. Thus K(j) C U if jln = i|n.
So K is compact as the image of the compact space {0,1}" under an usc-K map.

We finish the proof of Proposition 5 using the following lemma. O

Lemma 3 ([11], Lemma 4.4). If there is a continuous map p of a compact
space K onto {0,1}N such that dist(p~1(i),p~1(i’)) = & for some positive § and all
pairs of distinct i,i' € {0,1}V, then K is not fragmented.

Proof. The proof of this lemma is easy. It is enough to consider p: Ky —
{0, 1}N, where K is some minimal compact subset of K with respect to the inclusion
for which p(Ko) = {0,1}". Any nonempty open subset of Ky must then contain the
preimage of some nonempty open subset of {0, 1}, O

Using Lemma 3, we see that K is not fragmented which is a contradiction to our
assumptions, and this also finishes the proof of Proposition 5. O

Notice that, due to the characterizations by complete sequences of covers that we
gave above, the preceding proposition can be applied to special classes of generalized
analytic spaces.

First of all we draw our attention to the question which D,-fragmented spaces are
D-K-analytic (or D,-K-complete).

Remark 10. Let us recall that the following properties of a metric space X are
equivalent (discrete means discrete in the metric of X).
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(a) X is a Souslin subset of its completion;
(b) X is o-discrete-complete;

(¢) X is Sy-complete.

It can be verified e.g. as follows.

Let (a) be fulfilled. By [10, Theorem 2], mentioned already in Remark 6 above,
X is S-K-analytic. Due to the metrizability of X there is a o-discrete, and so o-
scattered, network and the space X is S-analytic by Theorem 5 (a). Theorem 1 ((a’)
implies (b")) shows that X is S,-complete. So (a) implies (c).

Assume now that (c) holds. Notice that every family of subsets of X from S, is
point-finite and has a o-scattered network (or “base” in the terminology of [8]). Such
a family is “sbg-o-decomposable” in the terminology of [8] by [8, Lemma 2], and as
such it is discrete o-decomposable in the metric space X by [8, Lemma 3]. Thus it
has a o-discrete refinement. Replacing now each element of a complete sequence of
covers from S, by its o-discrete refinement, we get the validity of (b).

Finally, every o-discrete-complete metric space is Z,-complete since every discrete
family is isolated. Using Theorem 2, (b’) implies (a’), X is Z-analytic. By Theorem 4,
X is Cech-analytic and so it is in Souslin (Borel) in some compactification of its
completion and thus X is Souslin in its completion, and we have proved that (b)
implies (a).

Proposition 6. Let D fulfil the heredity property and the cross-section property.
Let (X, T) be D,-fragmented by the metric . Let the metric topology defined by g be
finer than 7 and (X, o) be Souslin in its completion. Then (X, 7) is D,-K-complete.

If ¢ is moreover lower semi-continuous in 7, then (X, T) is D,-complete.

Proof. Due to Remark 10, there is a complete sequence of o-discrete covers H,,

of the metric space (X, p). Thus we can write H,, = |J Hn(k), where H, (k) is e, (k)-
keN
discrete in (X, ), with £,(k) > 0. As X is D,-fragmented, there are partitions

Cn(k) € D, of (X, T) to sets of p-diameter less than e, (k). Thus the family C, (k) A
H, (k) is a refinement of C,, (k) such that for every element N of the partition Cy, (k)
there is at most one nonempty element of C, (k) A H, (k) which is a subset of N.
Therefore C,, (k) A Hy, (k) is D, in 7. Hence, the collection &, = |J Cn(k) AHy,, (k) is

keN
in D,.

Let now F be a filter containing some E,, € &, for every n € N. Then (] F° #0
FeF
because H,, form a complete sequence of covers of (X, p). Since the 7-closures contain

the g-closures, we have obviously that () F # () and the sequence &, is a complete
FeF
sequence of D, covers of (X, 7).
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We may suppose that each element of H,, has o-diameter at most 1/n. If p is
lower semi-continuous in 7, the 7-closure of each H € H, has p-diameter at most
1/n. So, obviously, H,, form a complete sequence of D, covers of X, witnessing that
(X, 7) is Dy-complete. O

Now we show that the assumption on X to be Souslin in its completion in Theo-
rem 6 below is necessary.

Proposition 7. Let (X, 7) be a regular topological space. Let g be a lower semi-
continuous metric on (X, ) and let the topology induced by ¢ on X be finer than 7.
Let D™ be a collection of families of subsets of (X, ) and D? a collection of families
of subsets of (X, p) such that both D™ and D? satisfy the cross-section property and
D™ C DO. Let (X, 7) be DI-K-complete and let (X, 7) be DI -fragmented by . Then
(X, 0) is D2-complete.

Proof. As (X,7)is DI-K-complete, there is a complete sequence of DI covers
&y of (X, 7). As (X, 7) is D] -fragmented, there is a sequence of D] covers C,, of X
such that diam,C' < 1/n for each element C of C,,. Now P, = &, AC,, € D7 since
D™ has the cross-section property. The covers P, of X form a complete sequence
of (X, 7) since they refine the covers &, that form a complete sequence of covers
of (X,7). Let us consider a centered sequence of elements P, € P, and denote
Q. = P N...NP, for each n € N. By the completeness of P,, in the regular
space (X, 7) we get that the sequence of @,’s converges to the compact set K =

n Q, "

that diam, Qn(X’T) < diamQP_n( < diam, P, < 1/n. Hence K = {z} C X for
some x € X. Now diam, @(Y’Q) < diam, @, < diam, P, < 1/n where (Y, ) is a

C X in (X, 7). Using that g is lower semi-continuous in (X, 7), we deduce

X7

completion of (X, g). Since m(y&) form a decreasing sequence of closed nonempty

Y,0),

subsets of the complete metric space (Y, 0), and the diameters of @( s tend to

zero, we have ﬂ Qn(Yg = {y} C Y and the sequence of m(y’g)’s converges to {y}
n=1
in (Y, 0). As diam, Qn(y ) U Qn(X ™) tends to zero and {z,y} C Qn(y’g U Qn(XT

for every n € N, we get that v = y € X and P,, form a complete sequence of covers
of (X, o) which shows that (X, g) is D2-complete because D™ C De. O

Remark 11. We consider also the case of collections D¢ of countable families of
subsets of a space in the following theorem. Hence, the cases of K-analytic, analytic,
and “countably fragmented” (i.e. D¢-fragmented) spaces are included. The property
of D¢ refinements of X is thus equivalent to X being hereditarily Lindelof. Notice
that D°-fragmentability by a finer metric gives that X has a countable network.
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Theorem 6. Let every compact subset of (X, 7) be fragmented by a lower semi-
continuous metric ¢ giving a finer topology than the regular topology 7. Let (X, T)
have the property of D, refinements, where D = S, or D = Z, or D°. Then the
following are equivalent.

(a) (X,7) is D-analytic.
(b) (X, ) is D-K-analytic.
(¢) (X,7) is D,-fragmented by ¢ and (X, p) is Souslin in its completion.

Proof. By Theorems 1 and 2, and [3, Theorem 9.3], with the same proof
for analytic instead of K-analytic, (X,7) is D,-(K-)complete if and only if it is
D-(K-)analytic.

Obviously, (a) implies (b). Let (b) be satisfied. Then (X, 7) is D,-fragmented due
to Proposition 5. Using Proposition 7, we get that (X, ¢) is D2-complete, and so it
is Souslin in its completion due to Remark 10 above. Finally, using Proposition 6,
we conclude that (c) implies (a). O

In the particular case of spaces C(K) of continuous functions on a compact space,
where the Namioka theorem [14, Corollary 4.2] says that every compact set with
respect to the topology of pointwise convergence is fragmented by the supremum

norm, we get

Corollary. Let X C C(K), where C(K) is the set of all continuous functions
on a compact space K, T, be the topology of pointwise convergence, and o be the
supremum metric on C(K). Then the following are equivalent.

(a) (X, 7) is scattered-K -analytic.
(b) (X, 7) is scattered-analytic.
(¢) (X, p) is a Souslin subset of its completion and (X, T) is o-fragmented by .
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