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Abstract. We refer to Krupka’s variational sequence, i.e. the quotient of the de Rham
sequence on a finite order jet space with respect to a ‘variationally trivial’ subsequence.
Among the morphisms of the variational sequence there are the Euler-Lagrange operator
and the Helmholtz operator.

In this note we show that the Lie derivative operator passes to the quotient in the
variational sequence. Then we define the variational Lie derivative as an operator on the
sheaves of the variational sequence. Explicit representations of this operator give us some
abstract versions of Noether’s theorems, which can be interpreted in terms of conserved
currents for Lagrangians and Euler-Lagrange morphisms.

Keywords: fibered manifold, jet space, variational sequence, symmetries, conservation
laws, Euler-Lagrange morphism, Helmholtz morphism
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1. INTRODUCTION

The geometrical formulations of the Calculus of Variations on fibered manifolds
include a large class of theories for which the Euler-Lagrange operator is a morphism
of an exact sequence [1, 11, 17, 20, 21, 22]. This viewpoint allows one to overcome
several problems of the Lagrangian formulations in Mechanics and Field Theories
[19].

We consider the recent formulation by Krupka [11]. This has two main features.
First, it is stated on finite order jets of the fibering, rather than on infinite order jets
like most of the others. Moreover, it is conceptually very simple, because the exact

! Partially supported by GNFM of CNR, MURST and University of Turin.
2 Partially supported by GNFM of CNR, MURST, University of Florence and University
of Lecce.
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sequence, or vartational sequence, is defined as a quotient of the de Rham sequence
on a finite order jet space with respect to an intrinsically defined subsequence, the
choice of which is inspired by the Calculus of Variations.

We show that the Lie derivative operator with respect to fiber-preserving vector
fields passes to the quotient, yielding a new operator on the sheaves of the variational
sequence, namely the variational Lie derivative. This idea has already been exploited
by Vinogradov although in a different formalism [21, 22].

We make use of the representation given in [24] of the quotient sheaves of the
variational sequence as concrete sheaves of forms. In this way, we provide explicit
formulae for the quotient Lie derivative operators, as well as some abstract versions of
Noether’s theorems. Finally, we interpret Noether’s theorems in terms of conserved
currents for Lagrangians and Euler-Lagrange morphisms. In particular we recast,
in a coherent and comprehensive scheme, some results previously found by various
authors in different frameworks [1, 9, 10, 12, 13, 15, 18, 19].

We stress that the algebraic methods used here allow a synthetic and clear un-
derstanding of concepts whose full meaning could hardly be reached by means of
coordinate expressions alone.

Throughout the paper the structure forms on jet spaces [14] as well as the hori-
zontal and the vertical differential [16] will be used as fundamental tools.

Manifolds and maps between manifolds are C°°. All morphisms of fibered mani-
folds (and hence bundles) will be morphisms over the identity of the base manifold,
unless otherwise specified. As for sheaves, we will use the definitions and the main
results given in [26]. In particular, we will be concerned only with sheaves of R-vector
spaces. Thus, by ‘sheaf morphism’ we will shortly mean a morphism of sheaves of
R-vector spaces. Section 2 reviews earlier results, while Sections 3 and 4 contain the
new results. An example is provided in Section 5.

Acknowledgments. Thanks are due to L. Fatibene, M. Ferraris, I. Kolar,
D. Krupka and M. Modugno for useful comments. This work has been performed
in the framework of Nat. Res. Proj. MURST 40% “Met. Geom. e Prob. in Fisica
Matematica” and under the auspices of CNR-GNFM.

2. JET SPACES AND VARIATIONAL SEQUENCES

In this section we recall some basic facts about jet spaces [3, 14, 16] and Krupka’s
formulation of the finite order variational sequence [11, 24].

2.1. Jet spaces.

Here we introduce jet spaces of a fibered manifold and the sheaves of forms on
the r-th order jet space. Moreover, we recall the notion of the horizontal and the
vertical differential [16].
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Our framework is a fibered manifold 7: ¥ — X, with dim X =n and dimY =
n—+m.

For r > 0 we are concerned with the r-jet space J,.Y'; in particular, we set JoY =
Y. We recall the natural fiberings 7l : J.Y — J, Y, r > s, 7": J,Y — X, and,
among these, the affine fiberings 7] _;. We denote by VY the vector subbundle
of the tangent bundle T'Y of vectors on Y which are vertical with respect to the
fibering 7.

Charts on Y adapted to 7 are denoted by (2,y%). Greek indices A, y,... run
from 1 to n and they label base coordinates, while Latin indices i, j, ... run from 1
to m and label fibre coordinates, unless otherwise specified. We denote by (9x, 9;)
and (d*, d") the local bases of vector fields and 1-forms on Y induced by an adapted
chart, respectively.

We denote multi-indices of dimension n by boldface Greek letters such as a =
(o1,...,a,) with 0 < o, 4 = 1,...,n; by an abuse of notation, we denote by
A the multi-index such that o, = 0if p # A, a, = 1if p = A, We also set
laf == a1+ ...+ oy and al i = aq!. .. ayl.

The charts induced on J,Y are denoted by (z*, %), with 0 < |a| < 7; in partic-
ular, we set y§ = y’. The local vector fields and forms of J,Y" induced by the above
coordinates are denoted by (0%) and (d.,), respectively.

In the theory of variational sequences a fundamental role is played by the contact
maps on jet spaces (see [3, 11, 12, 14]). Namely, for > 1, we consider the natural
complementary fibered morphisms over J,.Y — J,._1Y

I: JY )>2 TX —-TJ,1Y, 9: J.Y J X v TJ..1Y = VJ._1Y,
r—1

with coordinate expressions, for 0 < |a| < r — 1, given by
N=d @I =d" @Oy +yl,,0F), 0=, 00 =(d) -yl d") 205
We have

(1) LY % T*Jr,lY:(J,«Y X T*X)@imﬁ:,
Jr,»le Jr—lY

where ¥: J, Y x V*J,_1Y - JY x T*J._1Y.
JT_1Y Jr—ly

If f: J,Y — R is a function, then we set Dyf := (I)xf, Da+rf := DaDalf,
where D) is the standard formal derivative. Given a vector field Z: J,.Y — TJ.Y,
the splitting 1 yields Zon" ™ = Zy + Zy where, if Z = 270, + Z¢,0, then we have
Zy = 2Dy and Zy = (Z}, — Yo, 27)05.

The splitting 1 induces also a decomposition of the exterior differential on Y,
(W,f“)*od = dg + dy, where dy and dy are defined to be the horizontal and the
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vertical differential. The action of dy and dy on functions and 1-forms on J,.Y
uniquely characterizes dy and dy (see, e.g., [24] for more details).

A projectable vector field on Y is defined to be a pair (Z,Z), where Z: Y —
TY and Z: X — TX are vector fields and = is a fibered morphism over E The
coordlnate expression of a projectable vector field is then Z = 220, +Z'0;, E = 220,
where Z* will depend only on coordinates on X. If there is no danger of confusion,
we will denote a projectable vector field (Z,Z) simply by =.

A projectable vector field (Z,=) can be conveniently prolonged to a projectable
vector field (j,.Z, =), whose coordinate expression turns out to be

er = E)\a)\ + (DQEZ - Z %Dﬁauy;+;t> azaa
Bty=a
where 3 # 0 and 0 < |a| < r (see [10, 14, 16]); in particular we have the expressions
(4rE)i = E*Dy, (jrE)v = Da(Ev)'0® with (Ev)* = E — yi=*. From now on, by
an abuse of notation, we will drop the parentheses in (5,2)y and (j,-Z)y and write
simply .25 and j,.Zy .

2.2. Variational sequences.

We will be now concerned with some distinguished sheaves of forms on jet spaces
[3, 11, 12, 16, 24]. Notice that we will consider sheaves on J, Y with respect to the
topology generated by open sets of the kind (71'6)_1 (U), with U C Y openin Y.
This is due to the topological triviality of the fibre of J, Y — Y.

i. For » > 0 we consider the standard sheaves /Ii,« of p-forms on J,.Y.

ii. For 0 < s < r we consider the sheaves 71'){@5) and 71'){7~ of horizontal forms,
i.e. of local fibered morphisms over 7} and 7" of the type a: J, Y — /P\T*JSY and
6: .Y — /P\T*X, respectively.

iii. For 0 < s < r we consider the subsheaf g(r,s) C 7131(7"78) of contact forms, i.e. of

P P
sections a € H(, 5) with values into A(im 97, ;). We have the distinguished subsheaf

PP P P
Cr C C(p41,r) of local fibered morphisms o € C(;.41,) such that a = A ¥}, ;0&, where

p
& is a section of the fibration J,11Y x AV*J.Y — J,.11Y which projects down
Y

onto J,. Y.

P
According to [24] the fibered splitting 1 yields the sheaf splitting H(r+1 r =

p p—t

@ “c (r+1,7) N 'H,»_H, which restricts to the inclusion A C EB C A 'HTH, where

=0 t=0

P

HE o= h(A ) for 0 < p < n and h is defined to be the restriction to A,« of the
projection of the above splitting onto the non-trivial summand with the highest
value of t. We also define the map v :=id —h.
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We recall now the theory of variational sequences on finite order jet spaces, as it

was developed by Krupka in [11].
By an abuse of notation, let us denote by d ker h the sheaf generated by the presheaf

dker h (see [26]). We set O, := ker h + dker h.
In [11] it is proved that the following diagram is commutative and that its rows

and columns are exact:

|1 I
l |
0—=0 0 o, 4 -4 ¢ N S S —0
l l
0—>R—> A, —° zlxl,« ¢ f\l,« d d f\i,« L S T
0—>R—>er—gﬁjl\jéri>/2\jér&_>. .i;ljl\jérilxilrL...%o
Lol |
0 0 0 0 0 0

Definition 2.1. The top row of the above diagram is said to be the contact
sequence, and the bottom row is said to be the r-th order variational sequence asso-
ciated with the fibered manifold Y — X.

Notice that, in general, the highest integer I depends on the dimension of the
fibers of J, Y — X.

Remark 2.2. If 0 < p < n, then dkerh C kerh, and o € kerh if and only if

p
(jro)*a = 0 for every section o: X — Y; this partly shows the relation of 0, to
the Calculus of Variations [3, 6, 10, 19].

2.3. Representation of the variational sequence.
Isomorphisms of the quotient sheaves with suitable sheaves of forms can be given

by means of decomposition formulae.
The sheaf morphism h yields the isomorphisms [23, 24]:

p p
(2) L 8,/6, = H s o]~ hla),  O<p<n.

1 n
Let 0 € C A Hﬁ-&-l' Then there is a unique pair of sheaf morphisms [3, 6, 9, 10,
21, 22]

1 n 1 n
(3) b, € C(2r70) A\ H’er-',-l’ F, € C(gmn) A H’er-',-l’
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such that (m fi"{l)*a = E, — F, and F, is locally of the form F, = dgp, with
n—1

Pa eC(2r -1 A H oo
The above formula yields the isomorphism

n +1 n+41 n+1
(4) Inyi: A/ O — Vo] = By

n+1
See [24] for the expression of V ,

n+1 ~ 1
Let n € V ,. It has been proved [24] that there exists Hg, € C(ari1,2r41) ®

1 n

C(ar+1,0) N Harp1 such that, for all vertical vector fields ¥: Y — VY, we have
E;[n = Hdn(j2r+1 ¥), where Eﬁ := jor+12%|dn. Hence there is a unique pair of sheaf
morphisms

1 1 n 2 n
(5)  Hap € Clar+1,2r+1) N Clars1,0) N Harv1,  Gay € Clarg1,2r41) A Harg1,

such that (w5 11)*(dn) = Hay — Gay and Hg,y = %A(ﬁdn), where A is the skew-

symmetrisatlon map. Moreover, Gy, is locally of the type Ga;, = duqa,, where
n—1

Qan € C4,« A H 4. We recall that Hch7 = 0 if and only if Hg, = 0. Remark that, in
general, the sections p, and ¢q, are not uniquely characterized (see, e.g. [3, 9, 24]).
n+1 n+2 n+2
Moreover, we have the isomorphism I, y2: Ep41(V ) — V ., where V , is the
n+1 n+l1 n+2
image of the injective morphism &,11( A »/ © ;) — V ;.2 [da] — Hyg,,-
By means of the above isomorphisms I, 0 < p < n+2, we obtain a representation
of the ‘short’ variational sequence [24], namely

0 & 1 & En Ml Enpr nA2 Engo
0 R VY, VY T Vo, V.,

Notice that the morphisms &, can be read through the above isomorphisms. In
particular, &,(h(a)) = h(da) f 0 < p<n—1.
We can interpret the above sequence in terms of the Calculus of Variations (see
[3, 6, 9, 16, 24]).
n
A section A € V), is just a Lagrangian of order (r 4+ 1) of the standard litera-
n+1
ture; £,(N\) € V , is the standard higher order Euler-Lagrange morphism associated
with A. Due to the exactness of the above sequence, if A is variationally trivial (i.e.,
n—1
&, (A) = 0 holds), then (locally) A = dye, withe e V .
n41 1 n n+1
Let o € A ., ie h(a)€C, /\Hf}_H. We call Ej, o) € V » an Euler-Lagrange type
morphism; it is defined on Ja,11Y. We say pj(o) is a momentum associated with

Eh(a) .
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+1

Let n € nV r. We call £,41(n) = Hay, the Helmholtz morphism associated with n;
it is defined on Jy411Y. Again, the exactness of the sequence implies that, if 7 is
locally variational (i.e. , £,41(n) = Hay = 0 = Hyg, holds), then (locally) 7 = £,()\)

n
with A € V,..

P P p p
Remark 2.3. Let s < r. Then the inclusions Ay C A, and ©; C O,. yield the
PP PP
injective sheaf morphisms (see [11]) x7: (As/©,) — (A,/O:): [o] — [x7*a], hence
the inclusions

p

p
(6) kL Ve — V,

S

for s<r.

3. VARIATIONAL LIE DERIVATIVE

In this section we give a representation of the Lie derivative operator in the vari-
ational sequence. We consider a projectable vector field (£,Z) on Y and take into
account the Lie derivative with respect to the prolongation j,.= of =. In fact, such a
prolonged vector field preserves the fiberings 7, 7"; hence it preserves the splitting
1. So, we shall prove that the operator L; = passes to the quotient, yielding an
operator on the quotient sheaves of the sequence. Moreover, we give the expression
of this operator on the representations of the finite order variational sequence.

3.1. Representation of Lie derivative.
Let L; = be the Lie derivative operator with respect to the r-th prolongation j,.2

of a projectable vector field (Z,Z) on Y.
As a consequence of earlier results due to Krupka [10], we show that the operator

_ p P
L;, = defines an operator L;, = on the quotient spaces A, /©,. First we prove a lemma.

Lemma 3.1. We have

Lj=: Kr/(gr — Xr/ér: [a] — L;,=([a]) = [Lj,za].

(1

p p *

Proof. We have to prove that L; =(0,) C ©,. Werecall that ©, = ker h+dkerh
and that a € dkerh if and only if, locally, a = dB, where 8 € ker h. Moreover,
it is evident that L;=(dkerh) = d(Lj=zkerh). So, we have only to prove that

L; =(ker h) C ker h. To see this, let us consider the inclusion

9 p—t t
kerhc@ CrANH,
t=0
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whereg=p—1if0<p<n,andg=p—n—1ifp>n.
1 1
The above inclusion, together with the standard result [10, 16] L; =(C,) C C,,
p p—n n
shows that L; =(ker h) has no components in H' ; if 0 <p <n,orin C , AH"
if p > n. O

This allows us to prove

P p
Proposition 3.2. Let [a] € A,/O,. The isomorphisms I,, enable us to represent

_ P
the map L; = on V, as follows:

If we set h(Lj =) = &, then we have

I,([o]) = h(a) — & if 0<p<n,
Ip([a]) = Eh(a) — E@ if p=n + 1,

Iy([da]) = Hug, y— Hap, if p=n+2.

(a

Definition 3.3. Let (Z,Z) be a projectable vector field. We say that the map

L; = defined in the above theorem is the variational Lie derivative.

3.2. Noether’s theorems.

Variational Lie derivatives allow us to calculate infinitesimal symmetries of forms
in the variational sequence. In particular, we are interested in symmetries of La-
grangians and Euler-Lagrange morphisms (up to horizontal forms or divergencies).
However, the representation in the above theorem is not very useful in concrete cases;
here, we provide formulae for calculating symmetries of such morphisms which gen-
eralize Noether’s theorems. ,

The inclusions & give rise to new representations of L; = on V,. We will distin-
guish between the following cases:

L0g<psn—1.

ii. p =n, which is of great importance for the Calculus of Variations. In fact, the
representation yields the classical Noether’s theorem.

iii. p = n 4+ 1, where the representation yields a formula for the symmetries of an
Euler-Lagrange type morphism.

Let again L; = be the Lie derivative operator with respect to the r-th prolongation

e

jrZ of a projectable vector field (Z,Z) on Y. We start with a technical lemma.
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Lemma 3.4. Let r < s. We have

s __ T s -1
oK, = IpoLjrgeroIp .

-,

(11
(1

kyoLj,
Proof. In fact we have £; = = IpOergolp_l, Ky = Iyoxsol t.

Then the following two results hold true (for p < n).

P
Proposition 3.5. Let 0 < p < n —1 and I,([e]) = h(a) € V,.. Then we have

KoL 2(h(0)) = di(E]h(a)) + E)dih(@) + jrs2Zy |dy h(a).

Proof. The proof can be easily performed by means of the splitting 1, which
yields j,Z ot = j,25 + j,Zv, (7't *a = h(a) +v(a) and (7 +1)*d = dg + dy.

We have

kR0 L) =(h(e)) = h(Lj,za)
= h((dg + dv)(Jr+1Em + jry18v) ] M)

+ h((jr+2EH + Jr+28v) [ (dr + dv)h(a))
=dy(Jr+1Z28 ] M) + Jr+220 |dah(a) + jri2Ev |dvh(a).

Theorem 3.6. (First Noether’s theorem) Let p = n and I,([«])
Then we have (locally)
Ky oLy z(h(a)) = Ev]E(W(a)) + du (GrEv [Payn(a) + EJA(a)).

Proof. We make use of the same techniques used to prove the above proposition,
together with the decomposition 3. We have
ry oLy z(h(a)) = h(Lj,.,zh(a)))
= du(jr+1Eu (@) + h(jr2Ev Jdvh(a))
= dy (E]W(@)) + h(2r+1Ev | (Eay hia) + Fayno)))-

Since Fyyn(a) = dHPdy h(a) at least locally, because of 3 we obtain (locally)

ke oL =(h(@)) = Ev]E(h()) + du (jrEv [pay nia) + EJ(@).
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Since we are also interested in the case p = n + 1, we first prove another technical

lemma.
P
Lemma 3.7. Let I,,([a]) € V, with p > n. Then we have (globally)

k2oL 2l ([0]) = [di (E]h(e) + dv (jr1Ev | h(a)) + jr2Bv Jdyv h(a)).
Proof. We can easily prove the lemma by making use of the decomposition 5

and of the isomorphisms I,,. We find

k3oL 2l([a]) = [h(Lj,z0)]
= [M((dr + dv)(Gr1ZH + jraBv) | h(a))
+ W((Gr+2Bm + Jr2Bv) [(dr + dv)h(@))]

= [du(E]h(a)) + dv (jr41Ev ] h(a)) + jr2Ev Jdy h(a)],
O

where we have used dg (j,+1Z5 | h(a)) = dg(Z|h())
Remark 3.8. As for the case p = n+ 1, we remark that an Euler-Lagrange type

morphism can be given in two ways:
n+l n+1
1. as [a] € A,/ © ., which yields the morphism Ej(4);

n+1
2.asne V,.
In principle, the two ways are equivalent. But in practical calculations it is very

n+1
hard to find an o € A . such that n = Ej,(,) holds.

n+1
Theorem 3.9. (Second Noether’s theorem) Let p =n+1 and « € A .. Then

we have
ki oLy 2l ([a]) = E(rEv [ h(@)) + Hag, ., (j2r+18v).

Proof. By the above lemma we have
koL 2l ([0]) = Lt ([EG-Ev ] (@) + jrs2Ev |dvh(a)])
= [E(rEv]M(@)) + jor+1Ev]dv Ep(a)]
= E(JrEv M) + Hag, ., (Jor+1Zv).
O

n+1 n+1
r C V 2r41. Then we

Remark 3.10. Let p=n+1and I,11(n]) =n € V

have
Koy i10L5,2n = E(Ev |n) + Han(jor+1Ev)-
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3.3. Noether’s theorems and variational sequences.

Here we summarize the above results on symmetries in the finite order variational
sequence.

Theorem 3.11. Let (£,Z) be a projectable vector field on Y and r < s. We
have the commutative diagram

= Is defined as follows:

where L;,

p
(1) f0<p<n—1andpu€V,, then s =r+ 3 and

Lj,=(p) = du(Z|p) + Eldap + jr2Ev | dv p;
(2) ifp=nand X € ]7}7«, then s = 2r + 1 and

L;=(A) =Ev]EN) +du(jrEv pay + E]N);

n+1
(3) ifp=n+1landa€ A ,, thens=4r+1 and

L;.=(Ep(a)) = EGrEv |h(a)) + Hag,,.,, (jar+15v ).

4. RELATIONS WITH THE CALCULUS OF VARIATIONS

In this section we analyse some consequences of Noether’s theorems. In particu-
lar, we find the relationship between abstract Noether’s theorems and some standard
concepts of the Calculus of Variations. The above theorems play an important role
in mathematical and physical applications concerning “variationally relevant” sym-
metries of Lagrangians and Euler-Lagrange morphisms.

Definition 4.1. Let (£,Z) be a projectable vector field on Y. Let A € V, be a
n+1
Lagrangian and n € V ,. an Euler-Lagrange morphism. Then E is called a symmetry

of A (of n) if £;, .= A = 0 (respectively, L;, ., =1 =0).
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Remark 4.2. Due to ££;, = = L£; =€, a symmetry of a Lagrangian X is also a
symmetry of its Euler-Lagrange morphism E) (but the converse is not true, see e.g.
[10, 13, 18]).

n+1
Let nown € V , be an Euler-Lagrange morphism and let 0: X — Y be a section.

We recall that o is said to be critical if o jo,410 = 0.

n —
Remark 4.3. Let A € V, be a Lagrangian and (Z,2) a symmetry of A\. Then,
by theorem 3.6, i.e. the first Noether’s theorem, we have

0=2y|EN) + du(jrEv |payr + EJN).

Suppose that the section o: X — Y fulfils (jory10)*(Ev |E(A)) = 0. This condition
holds for all critical sections, but it is not equivalent to the evolution equations since,
in principle, it can hold also on some non-critical sections. Then the (n — 1)-form

_ 1
€= Jjr2v |payr + EJA of nV or fulfils the equation
(8) d((j2r0)* (3rEv Ipayx + EJN)) = 0.

If o is a critical section the above equation (8) admits a physical interpretation as a
conservation law along critical sections for the density associated with .

n
Definition 4.4. Let A\ € V,. be a Lagrangian and = a symmetry of \. Then a
sheaf morphism of the type

n—

_ 1
€= (erVdev)\ + EJ /\) V o

is said to be a conserved current.

Remark 4.5. In general, a conserved current is not uniquely defined. In fact,

it depends on the choice of pg, . Moreover, we could add to the conserved current
n—1
any form 3 € V 5, which is variationally closed, i.e. such that &,_1(8) = 0 holds.
n—2

Furthermore, 3 is locally of the type 8 = dgy, where y € V 9,41.

In the sequel we give some preliminary examples for the first and second order
Lagrangians making use of the coordinate expressions given in [24].

n n
Remark 4.6. Let r = 1 and A € H; C V;. Then we have the coordinate

0
expression A\ = Lw, where L € A;. Hence we have the following expression for the
conserved current:
e=(E"—4E")0'L 4+ E"L)w,.
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Remark 4.7. Let r = 2 and A € Hys C V3. Then we have the coordinate

0
expression A\ = Lw, where L € A;. Hence we have the following expression for the
conserved current:

e=((E' -9 E")(0'L — D,d!""L) + D,(E" — y.E")0" L + E*L)w,..
Similar considerations can be made for the Euler-Lagrange morphisms.

n+1
Remark 4.8. Letn € V , andlet = be a symmetry of 5. Then, by Remark 3.10,
we have

0= EEvn) + Hay(jar+1Zv).

Suppose that 7 is locally variational, i.e. Hg,, = Ijld,7 = 0; then we have
(9) E(Ev]n) =0.

This implies that Zy |7 is variationally trivial. Zy |7 is locally of the type Zy |n =

dy 3, where 3 € n]/l,«H.

Suppose that the section o: X — Y fulfils (jory10)*(Ev |n) = 0. Then we have
d((j2r0)*B) = 0 so that, as in the case of Lagrangians, if o is a critical section, then
(3 is conserved along o.

n+1
Definition 4.9. Letn € V , be an Euler-Lagrange morphism and = a symmetry

n—1
of n. Then a sheaf morphism of the type 8 € V 41 fulfilling the conditions of the
above remark is called a conserved current.

Remark 4.10. As in the case of Lagrangians, a conserved current for an Euler-
Lagrange morphism is not uniquely defined. In fact, we could add to Ey |n any
variationally trivial Lagrangian, obtaining different conserved currents. Moreover,
such conserved currents are defined up to variationally trivial (n — 1)-forms.

Remark 4.11. In general, it is difficult to find a conserved current [ of the
above type. A possible way to find [ is the following one. If 7 is locally variational,
it is possible to find a (local) Lagrangian A such that £(A) = 7. Then the conserved
current is found with the same procedure as for Lagrangians. We notice that the
problem of finding the Lagrangian (inverse problem) is rather difficult (see [11, 12,
17, 24)).
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5. AN EXAMPLE OF PHYSICAL RELEVANCE

In this section we will consider as an example of application the case of the grav-
itational field interacting with an external “matter” field [4]. We shall show how
the formalism developed here enables us to obtain in a very straightforward way
well known results about conserved quantities in General Relativity in presence of
“matter”.

Let Y be a natural bundle (see e.g. [7] for a review of naturality). The geometrical
framework concerning natural symmetries will be developed in detail in a forthcoming
paper [5]. Here it is enough to recall that the Lie derivative of a section of Y (see
e.g. [4, 7]) can be locally written as

Ley' =yi & — 2],

where a is a multi-index of length || = k (the order of the natural bundle) and
Zi* € C*°(Y'). Moreover, in this case —Zy is just the Lie derivative of sections of
the bundle Y.

The following coordinate expressions hold:

dy\ = (dv)\);xﬂfl N w, Eq,\ = 5(/\)119Z Nw, Pdyr = p(/\)?uﬂfl ANwy.

It is known (see e.g. [9]) that the decomposition formula 3 when applied to dy A

gives

(10) (dv N =pNP* Bru=a,laf=r,

(11) (dv N =pNP* + Dyp(N® Bru=a,lal=r -1,
(12) (dy N = ENZ + Dyp(N)® | =0.

Furthermore, E(\); = > (—1)!® Dy (dy \)e.

led<r

Let us now take Y = Lor(X) x F, where Lor(X) is the bundle of Lorentzian
X

metrics over the space-time X and F is a natural bundle of “matter” fields [4]. Let
us consider the natural Lagrangian A defined on the bundle J>Y:

(13) A= )‘(gﬂuaf)ﬁwRuV’@Aa(pi})

(14) = )\H(guy,Ruu) +)‘M(guy,73y3991\,90//:)

(15) = A (j29) + Am (J19; J1)s

where A\ = f%\/ﬁgaﬁRaﬁ is the Hilbert Lagrangian, R,g is the (formal) Ricci

tensor of the metric g given by Rag := R 5 = Dyves — Devh, + 57k — VsV
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with 'yfﬁ = %g”"‘(D,,gﬁa — Duogup + Dggar) the (formal) Levi-Civita connection of

g, V9 = +/|det(g")|, k is a constant and Aps(j1g;j1) is the “matter” Lagrangian
describing the dynamics of “matter” fields ¢ interacting with the gravitational field.

Then the index 4 stands for the set of indices {uv, A} with u,v =1,...,dim X and
A=1,...,dimF.

By a direct computational method, we can compare Equations 10-12 with results
already obtained e.g. in [4]. In fact, let us make the substitutions

(dv\)a = fa + PE75.08 257,
(dv )iy = (V)i = ph,

1
(dv Mg = 5(Pan 25 + PasZi%) = Ay,

2
1
([dvA)ap = =5 -v99ap = P(Nas,
1 1 1
(dV)\);w = §t;w - EX/E(RMV - ERg;w)a
where R = g*®R,p is the Ricci scalar curvature and we set p¥” := p? for the

convenience of notation.

It is easy to verify that equation (8) with the above mentioned substitutions gives

1
g% = — ﬂ\/ﬁgaﬁfsufw + T, £eg™ + piLe™ — €A
1
+ Vaulgp (Ve = V)]

+ EJEY + EJMV 8 = T8 + TV " + (dy A)g€”.

nv

Here ug 3 =775 — %[52%’/’,3 +0%70al; Voot = D™ + Z(/X"B(go)’ygu and T, is defined
in terms of pf by means of 11 and 12 in the following way:

2T, = —2[p8 Z() + PAGEN ] — [PAv 207 + PanZ))]
= 247, — A7, = p(V)],.

The tensor density T}, is related by 12 to the so-called Hilbert stress tensor density
Ty = ty — VoT7, [4]. Furthermore, the tensorial coefficients £ and EJH are
defined by

ES = (dyA)§ Ve — 65,  ESH = —(dvAm)R 20" (p),

and are called energy-momentum tensors of the theory.
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Remark 5.1. This approach shows clearly that the density 77, expresses the
coupling of the matter field with the derivatives of the metric, because it defines

the relationship between the momentum p(A)?, “associated” to the gravitational

o
nv
g«

Lagrangian and the momentum p(\)g “associated” to the matter Lagrangian.

6. CONCLUSIONS

The introduction of the variational Lie derivative enables us to collect a wide
range of concepts and coordinate formulae. Namely, we obtain a natural framework
from the idea that Lie derivatives with respect to prolonged vector fields preserve
the contact subsequence.

The representation of the variational sequence yields explicit formulae for the
variational Lie derivative. Moreover, we obtain expressions for the conserved currents
in a straightforward way. Furthermore, our approach enables us to know which is
the degree of arbitrariness [19] when we deal with conserved currents (see Remarks
4.5 and 4.10).

Making use of this natural framework, in a forthcoming paper [5] we shall give
a geometrical interpretation of the superpotentials in natural field theories (see [4]
and references quoted therein). An extension to gauge-natural field theories will be
considered in [2].
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