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Abstract. Let ¢1,...,¢on be real homogeneous functions in C*°(R™ — {0}) of degree
k> 2, let p(z) = (1(x),...,on(z)) and let p be the Borel measure on R?" given by

p(E) = /R Xl pl@) a7 da

where dz denotes the Lebesgue measure on R” and v > 0. Let T}, be the convolution
operator T}, f(xz) = (u* f)(x) and let

Eu={(1/p,1/q): [|Tullp,g < o0, 1< p, g< oo}

Assume that, for = # 0, the following two conditions hold: det(d2¢(z)h) vanishes only
at h = 0 and det(de(z)) # 0. In this paper we show that if v > n(k + 1)/3 then E,
is the empty set and if v < n(k + 1)/3 then E, is the closed segment with endpoints
D= (1

) and D' = (n(flk)’ ﬁ) Also, we give some examples.

__x 1- —2
n(k+1)’ n(k+1)
Keywords: singular measures, convolution operators

MSC 2000: 42B20

1. INTRODUCTION

Let ¢1,..., @, be real homogeneous functions in C*°(R™ — {0}) of degree k > 2,
let o(z) = (p1(2),. .., pn()), let v > 0 and let u be the Borel measure on R?" given
by

n(E) = | el g@) P " da,

Partially supported by CONICET, CONICOR and SECYTUNC.
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where dz denotes the Lebesgue measure on R™. Let T}, be the convolution operator
defined by T, f(z) = (1 * f)(«) and let ||T,||p,q be the operator norm of T}, from
LP(R?™) into LY(R?*"). The type set E,, is the set defined by

11
Eﬂ{(};,§>: ||TMHP,Q<OO’ lép,qgoo},

where the L? spaces are taken with respect to the Lebesgue measure on R?".

Since the adjoint 7} is a convolution operator with a measure of the same kind,
E, is symmetric with respect to the non principal diagonal. The Riesz Thorin
theorem implies that F,, is a convex set. On the other hand, it is a well known fact
that E, lies below the principal diagonal 1/¢ = 1/p. Also, a result of Oberlin (see
e.g. [4], Theorem 1) says that

11 12
(1) Bec{(5:) 122-1)
P q qg P

Thus, by the symmetry of E,,, also

11\ 1_ 1
(12) B, {() _2_}.
paq) q  2p

The type set E, has been studied, for v = 2 and under a suitable hypothesis
on ¢, in [2] covering a wide amount of cases. As there, if p: R — R"™ is a twice
continuously differentiable function, we say that x € R™ is an elliptic point for ¢ if
there exists A = A\, > 0 such that |det(¢” (z)h)| = A|h|™ for all h € R™ (]2], p. 152).

Convolution operators associated with fractional measures on R? supported on the
graph of the parabola (¢,t?) have been studied in [1] by M. Christ, using a Littlewood
Paley decomposition of the operator.

Our aim is to obtain an explicit description of £, for a homogeneous and smooth ¢
as above, under the following assumptions.

1) The first differential de(z) is invertible for all z € R® — {0}.

2) Every z # 0 is an elliptic point for .

To this end we will adapt Christ’s arguments to our actual setting, using some
results obtained in [2].

Finally, we will prove some facts concerning the two dimensional quadratic poly-
nomial case.

Throughout the paper ¢ will denote a positive constant not necessarily the same
at each occurrence.
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2. PRELIMINARIES

Let n be a function in C2°(R") such that supp(n) C {z € R": 1 < |z| < 2},
0<n<land > n(2'z) =1ifx #0. For j € Z, let pu; be the Borel measure on
Jjez
R2" defined by

wo(B) = [ xueplon(@o) o do

and let T},; be the associated convolution operator.
For t > 0, (z,y) € R*" and for f: R*" — C, we set t e (z,y) = (tr,t*y) and

SRICESS
(tef)(z,y)=f(te(z,y)). Soteflly=t [fllg> 1 < ¢ <00, and [[t e flloc =
I fllco- A standard homogeneity argument gives

Lemma 2.1. Let 1 <p, ¢ < oo. Then

o (k+1) n(k+1)
1T, g = 27252252y

for all j € 7. Moreover, if T, is bounded from LP(R*") into LI(R*") then § =
1 y
p  n(k+l)"

Proof. For (z,y) € R?™ a change of variable gives

T2 0 Han) = [ @70 f) e wy - pw)nlw) o " du

= 2j”/ f(2_jx — 2,270k — g@(z))n(sz)\ijP_" dz

=217(277 o T}, f) ().

So

HTuj ||p7q = 2(—7_ "(k+1) +"(k+1)>

and the first assertion of the lemma follows. On the other hand, if 7}, is bounded
then sup |7}, [y, < 0o and so —y — @ + —n(k;_l) =0. O
jez

Remark 2.2. Let D be the intersection, in the (%, %) plane, of the lines % = %71,

% = % - ﬁ and let D’ be its symmetric with respect to the non principal
. 2 2

diagonal. So D = (1 - n(k7+1)71 — n(k11)> and D' = (n(k—;ytl)’m> Then (1.1),

(1.2) and Lemma 2.1 imply that E, is the empty set for v > n(k + 1)/3 and that,

for v < n(k+1)/3, E, is contained in the closed segment with endpoints D and D’.
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Let vy be the Borel measure given by vo(E) = [ xg(w,¢(w))n(w)dw. Then
Theorem 3 in [2] and a compactness argument imply that (%, %) € By Now T, f <

Ty, f for f >0, thus (2,1) € E,,. Since (1,1) € E,,, the Riesz Thorin theorem

implies that if v < n(k + 1)/3 then D belongs to E,,,. Moreover, for these v, if pp,
qp are given by D = (z%’ q%), Lemma 2.1 says that there exists ¢ independent of j
such that

(2.3) 1T ppsan <€

forall j € 7.

3. LP-L9 ESTIMATES

In order to study £, we will assume in this section that ¢ satisfies the hypothe-
ses 1) and 2) stated in the introduction.

We modify, to our actual setting, Christ’s arguments developed in [1], involving a
Littlewood Paley decomposition of the operator. Decompositions of this kind have
been used also in [6] to study fractional measures supported on curves and in [3] to
study fractional measures supported on the graphs of holomorphic functions of one
complex variable.

Let us consider the Fourier transform jig. For ¢ = (&1,...,&2,) € R?" we put

5/ = (517 e 7571)7 g” — (§n+17 N 752711)7 then
(€)= [ e ) =

For a fixed ¢, let ®(w) = (&', w) + (¢”, p(w)), w € R™. Suppose that ¢ has a critical
n .
point w belonging to the support of 7, then &+ >~ fn+k%;%(w) =0forj=1,...,n.
k=1 !

Now, the jacobian matrix of ¢ is continuous with a continuous inverse, hence there
exist two positive constants ¢y, co independent of £ such that £ belongs to the interior
of the cone Tg = {€ € R*™: ¢1[¢"| < |¢| < ca|€]}.

Let mo be a function belonging to C°°(R?*" — {0}) homogeneous of degree zero
with respect to the Euclidean dilations on R?" such that supp(mg) C T and let
m;(y) = mo(277 e y). Moreover, modifying if necessary ¢; and c2, mo can be chosen
such that {m;};cz is a C°° partition of the unity in R*" minus the subspaces ¢’ = 0,
&" = 0. Let @), be the operator with the multiplier m; and let Cy be a large constant

such that m; = 5. m; is identically one on 27 e I'y. We define ij = > Q.
li—jl<Co li—j|<Co
Let h € C2°(R2") be identically one in a neighbourhood of the origin. Taking account
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of Proposition 4 in [8] p. 341 and of the above observation about the critical points
of ®, we note that

(3.1) fio(1 = h)(1 — 7o) € S(R*").

Let h;(y) = h(277 e y) and let P; be the Fourier multiplier operator with the sym-
bol h;. We will need the following three lemmas. They are proved for the case
n =2 in [3] (Remarks 2.11, 2.12 and 2.13). The same proofs hold, with the obvious
changes, for an arbitrary n.

Lemma 3.2. Let {0,};cz be a sequence of positive measures on R2", and let
T;f =oj* f for f € S(R™). Suppose 1 < p < 2 and p < q < co. If there exists

A> 0 such that sup || Tyllpg < A, | S TR\ <Aand| ¥ T0-P)I-
j€z —J<G<T q —J<G<T

p,

éj) < A for all J € N, then there exists ¢ > 0 independent of A, J and {0;};e7,
P.q
| >

such that
—J<<d
Lemma 3.3. The kernel of the convolution operator

> T, (- P - Q)

—J<G<T

< cA.
P.q

n(k+1)
belongs to weak-L7(++1~7 (R?") with the weak constant independent of J.

Lemma 3.4. The kernel of the convolution operator ) T, P; belongs to
—J<G<T

n(k+1)
weak-L7(:+0~7 (R?") with the weak constant independent of .J.

Theorem 3.5. If v < n(k+1)/3 then E,, is the closed segment with endpoints D
and D'.

Proof. Taking into account the considerations stated in the introduction, it is
enough to check that D € E,. Lemmas 3.3, 3.4 and weak Young’s inequality imply
that there exists A independent of J such that

‘ j{: thfy

—J<i<d
By virtue of (2.3), Lemma 3.2, and of the fact that 7,,f < > T, f for f > 0, the
Jjez

< A

pPD,9D

<A and ‘

> T, -P)(I - Q)

—J<i<T

PD,4D

theorem follows. O
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Now we consider a local version of the problem, that is to say the study of the
type set corresponding to the convolution operator T, with the Borel measure given
by

o(E) = / vl @) o 7

with v > 0.

Theorem 3.6. If v > n(k + 1)/3, then E, is the triangular region with vertices
(2,1),(0,0) and (1,1).

Ify < n(k+1)/3 then E, is the closed polygonal region with vertices D, D', (0,0)
and (1,1).

Proof. E, C E,. Since E, is a convex set symmetric with respect to the non
principal diagonal and since o is a finite measure, (1,1) and (0,0) belong to E,. On
the other hand, the constrains (1.1) and (1.2) hold for E,. Moreover, Lemma 2.1
implies that if (%, %) € E,, hence % > % - ﬁ Thus the case v < n(k+1)/3
follows from Theorem 3.5.

If v > n(k +1)/3, (2, 1) lies above the line % = Il] - n(++1) and we have noted in
Section 2 that (2, ) belongs to Ey,, so Lemma 2.1 implies that (2, 1) € E,. O

Example 3.7. Let us consider R?> ~ C and R* ~ C? via (x1,22) — 21 + iz and
(21,9, x3,24) — (x1+1x2, x3+124), respectively. Let a € C—{0} and let ¢: C — C
be given by ¢(z) = az¥, k > 2. So dp(2)w = kaz*~lw and d?¢(z)(w,w) = k(k —
1)az*~2ww for w,w € C. So ¢ satisfies the assumptions 1) and 2) in the introduction.
So, Theorem 3.5 says that for 0 < v < 2(k + 1)/3, E, is the closed segment with

o

endpoints (1 — s L — 11F) and (% 2(1@11))'

4. QUADRATIC FUNCTIONS IN R?

As in [2], we consider quadratic functions ¢: R? — R? given by ¢(z) = ®(x,z)
where ®: R? x R?2 — R? is a symmetric bilinear function. Two such functions ¢
and @ are equivalent if there exist linear authomorphisms «, 8 such that ¢(z) =
a(@(B(x))). Thus equivalent functions yield to the same E,,. It is pointed in [2] that
each equivalence class contains exactly one of the following canonical forms:

D) () = (0,0),

H) 90(1") = (%x%,O),
) p(z) = (322 + 123,0),
IV) ¢(z) = (2122, $23),



V) (@) = (323, 323),
VI) o(z) = (3(2% — 23),z1(az1 + 22)), 0< a < 1.

In each case we have, as in Remark 2.2, that E,, = () for v > 2. In the first three
cases, the support of the measure is contained in a hyperplane, so F, reduces to the
empty set. In the fifth case, from [2] we obtain that (2, %) € E,, = E,,. Lemma 2.1
implies that {7}, }jc7 is a sequence of operators uniformly bounded on D. Thus we
can proceed as in the proof of Theorem 3.5 to obtain that, for 0 < v < 2, E, is the
closed segment with endpoints D and D’. In the sixth case, a computation shows
that ¢ satisfies the assumptions 1) and 2) stated in the introduction and so E,, is the
same closed segment. In the fourth case, since (.’131.’1)2, %x%) is equivalent to (x%, r1%2)
we will assume that ¢ = (1:%,1:1332). In the local case we can obtain for this ¢ the
following result:

Theorem 4.1. Assume p(r) = (22, x122).

a) If v > 3/2, then E, contains the closed triangular region with vertices (0,0),
(1,1) and (8, 3).
non principal diagonal.

Moreover, the point (2 is the lowest point of E, lying on the

g 8)

b) If 0 < v < 3/2, then E, contains the closed polygonal region with vertices
(0,0), (1,1), (1 - %7, 1-— %y) and (15—27, %7). Moreover, the point (% + &, % - 17—2)
is the lowest point of E, lying on the non principal diagonal.

Proof. We take a rectangle R C {z € R?: |z] < 1} of the form [—1, 1] x [a, b],
a > 0. We define the measure ur(F) = fR XE(x1, 22, p(z1,22)) dzy dze and denote
by Tr the corresponding convolution operator. We now define t o (z1,...,24) =
(tz1, v, t?x3,txg) and to f(x) = f(tox). It is easy to see that for f > 0 and j € N,
Trf(2ox) < 29Tr(270 f)(x), and so if Tk is bounded from LP(R*) into Lq(R4) then
% > Il] — i. Now, for f > 0, Trf(z) < ¢yT5f(x), hence E, C {(%, é) = > Il) - 4}

Lemma 2.1 implies that E, C {(%, %): % > % - %}

We consider the Borel measure v on R* given by
v(E) = /XE(.Zl,.ZQ,l’%,1'11’2)‘11(1'1,1'2) dzq dao

where ¥(z1,2) is a function in C2°(R?) satisfying 0 < ¥ < 1 and ¥(z) = 1 for
|z| < 2. We will check now that (2, 3) belongs to E, .
A direct application of Corollary to Proposition 5, p. 342 in [7] gives, for £ =

(51,52,53354)5

Cc

(42) IR EEk

581



On the other hand, let U, ¢, € S'(R?) be given by
<U§37547 f> = /eii(gsz?r&mzz)f(xly .%‘2) dxy dxs.

Now, &323 + 42122 is a quadratic form in (21, z2), so (753754 is a locally integrable
and explicitly computable function (see e.g. [5], p. 349). Moreover,

N c c

U, <—F—775 =—

| 53,54(51352)‘ \det(A)|1/2 |£4‘

with ¢ independent of £, where A is the symmetric matrix defining the quadratic
form 53.%% + &4x122. Now

D()] = |(PUgy e,)" (€1, 2)] = (U * Ugy ) (€1, &)

~ o~ s c
SN # Vg s lloo < W11 Ues ¢4 llo0 < Tl

From this inequality and (4.2) we obtain

Cc

Now, for z € C, we consider the analytic family of distributions I, which for

Re(z) > 0 are given by I.(t) = 13(;—2//22)|t\z_1, teR Let J, =0006101 &1,

hence jz =1®1®1_,®I;_,. We define the analytic family of operators given by
T.f =vxJ,xf, f € S(R*). It is easy to show that if Re(z) = 1 then ||T%||1,00 =
[V J:]loe < c.. Also, for Re(z) = —3%, (4.3) implies that [|T%[2,2 < 19T |lso < c,.
Now we apply the complex interpolation theorem (see [S-W], p. 205) in the strip
—% < Re(z) < 1. Since Ty = ¢T,, it follows that (%, %) belongs to E,,.

To prove a) it remains to check that (%, %) belongs to E,. Now, if v > 2 and
f =0, then T, f(z) < T, f(x) and so in this case a) follows. For 3/2 < v < 2, we use
Christ’s argument as in Section 2. In fact, we observe that T),, f(x) < ¢T, f(z) and
then (2, 2) belongs to E,,. Lemma 2.1 implies that {7}, },cz are uniformly bounded
operators from L% into L8/3.

To prove b) we proceed as in the case % < v < 2. Since 7 < % we interpolate

between (2, 2) and (1,1). The Riesz Thorin theorem implies that (1—1v,1—37) €
E,,. We invoke again Lemma 2.1 to obtain that {7),;};c7 are uniformly bounded
operators from L? into L9 if Il] =1- %7 and % =1- 15—27. So we obtain that

(1-371—35v) € Es,. O
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Now, we return to the global case IV). We have

Theorem 4.4. Assume ¢(r) = (z3,z122) and v > 0. Then E, = () for v > 3

2
%, E,, is a segment that contains the closed segment with endpoints

(1— 71— 57) and (157, 37)-

and, for v <

Proof. E, C E;, and (%,%) € E, implies % > %*% (see the proof of
Theorem 4.1), and by Lemma 2.1, (%,%) € E, implies % = % — %, so the case

v > 3/2 follows. If v < 3/2, then, as before, {T),;},c7 are uniformly bounded
operators from LP into L9 if 11—) =1- %7 and % =1- %7. Now we can proceed as in
the proof of Theorem 3.5 in order to see that (17 17, 1- %’y) € I,,. Finally, the proof
of the theorem follows by the convexity and symmetry of £, and by Lemma 2.1. [
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