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Abstract. Every incidence structure J (understood as a triple of sets (G, M,1),I1 C Gx M)
admits for every positive integer p an incidence structure J? = (GP, MP 1?) where GP
(MP) consists of all independent p-element subsets in G (M) and I? is determined by some
bijections. In the paper such incidence structures [J are investigated the J?’s of which have
their incidence graphs of the simple join form. Some concrete illustrations are included with
small sets G and M.
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Definition 1. Let G and M be sets and I C G x M. Then the triple J =
(G, M,]) is called an incidence structure.' If A C G, B C M, then we denote

Al={meM|glmVge A}, B ={g€G|glm Ym e B}.

Moreover, we denote ATt := (AT} BIT:= (BH)T for AC G, BC M.

Definition 2. An incidence structure J;3 = (G1, M1,1;) is embedded into an
incidence structure J = (G,M,1) if Gy C G, M1 C M and I; CIN(Gy x My). If
I, =IN(Gy x My), then [y is a substructure of J.

If we put P = {A C G | A = A}, then the pair G = (G,Pg) is a (lower)
closure space in which X'} is a closure of any subset X C G in G. A set A C G
is independent in G if a ¢ (A — {a})!! for all a € A. In what follows we denote
A, = A—{a}.

Supported by the Council of the Government of the Czech Republic J14,/98:153100011.

! The triple (G, M,1I) is called an incidence structure with regard to consecutive appli-
cations. The name “context” is used more frequently in literature—see [1] where the
notation is taken from.



If A C G, then we put X*(a) := A} — {a}! for a € A. Then X4(a) = 0 iff
Al C {a}!iff a € A]'. Hence the set A is independent in G if and only if X“(a) # 0
for all @ € A. Moreover, m € X4 (a) iff {m}! N A = A,.

Let a non-empty subset A C G be independent in G. Then we put X = {X*(a) |
a € A}. For every choice Q4 = {m, € X4(a) | X4(a) € X} C M from the set X
(which exists according to the axiom of choice) we define a map a: A — Q* by the
formula a(a) = mg. This map is called an A-norming map.

If we put Pay = {B C M | B = BT}, then M = (M, Py) is a (upper) closure
space. A set B C M is independent in M if m ¢ (B — {m})!T = BL! for all m € M.
If m € B, then we put YZ(m) = B}, — {m}!. B is independent in M if and only if
Y B(m) # () for all m € B. Moreover, a € Y Z(m) iff {a}' N B = B,,.

Let a non-empty set B C M be independent in M. Then we put Y = {YB(m) |
m € B}. For every choice Q8 = {a,, € YZ(m) | YB(m) € Y} C G we consider a
map 3: B — QP given by the formula 3(m) = a,,. It will be called a B-norming
map.

Theorem 1. Let A C G, B C M be independent sets in G, M, respectively.
Then each A-norming map A — Q“ (each B-norming map B — QP) is injective
and the sets Q4, QP are independent in M, G, respectively. (See [3].)

Remark 1. If a: A — B is a map norming an independent set A of G, then
a~!': B — A is a map norming the independent set B of M. Moreover, from
a(a) = m, for a € A we get a € YB(m,).

Definition 3. Let us consider an incidence structure J = (G, M,I) and a posi-
tive integer p > 2. Let GP and MP be the sets of all independent sets of G and M,
respectively, of cardinality p. Then JP = (GP, MP,1P) is an incidence structure of
independent sets of J, where A IP B if and only if there exists an A-norming map
a: A— Bfor Ae GP, B e MP.

Remark 2. If A € G?, then X4(a) # 0 for all @ € A and there exists a set
B € MP and a norming map a: A — B. Similarly for a set B € MP?. Hence Al # (),
Bl # (0 in JP for all A € GP, B € MP. If G? = (), then M? = () and J? = (0,0, 0).
For every incidence structure J and for every p > 2 there exists a unique incidence
structure JP.

Definition 4. J = (G, M,]) is said to be an incidence structure of type (p,n),
where p > 1, n > 1 are positive integers, if in JP = (GP, MP,1?) we have GP =
(A0, A"}, MP = {B ..., B" '} and A* I* B iff i = jor i = j + 1 for all
je{0,...,n—1}.
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Remark 3. If 7 is the structure of type (p,n), then the incidence graph of the
structure JP can be drawn in the form

0 1 n—2 n—1
P B B B B

GP:
AO Al A2 Anfl A"

and JP is called a simple join.

Theorem 2. If 7 = (G, M,]1) is an incidence structure of type (p,n), then
(a) |APN AT =p—1forallic{0,...,n—1},
(b) |BiN B =p—1forallie{0,...,n—2}.

Proof. (a) Since A, A”"1 1P B for all i € {0,...,n — 1}, there exist norming
mappings o;: A* — B, 3;: B* — Al and ;0 A" — A"t is a bijective mapping
of the sets A?, A1, We put a;(a) = ma, Bi(ma) = a’ for each a € A’. Since the
inverse mapping «; ': B' — A’ in which a;'(m,) = a, is also norming, we get
a,a’ € YB' (mg) for each a € A'.

Let us suppose that there exist two distinct elements by,by € ATt — A’ Then
there exist distinct elements a1, as € A’ such that B;ai(a1) = by, Biai(az) = ba. It
is obvious that a1, b1 € Y5 (mg,) and ag, by € YB' (my,). If we put A’ = Al U{bi},
then |A’| = p and A’ # A', A1, We obtain a € YB'(m,) for all a € Al . The set A’
is independent in G and a: a — m, for all a € Afll, b1 — myg,, is a norming mapping
of the set A’ to B*. Hence A’ I? B'. However, this contradicts A’ # A?, A**1,

(b) It can be proved similarly to (a).

Notation. Since |[A'N A =p—1, we can put R® = A'N AL A" = {al} URY,
Al ={a; 1 }UR for alli € {0,...,n—1}. In a similar way we put Q* = B‘N B!,
B! = {m;} @] Qi, Bt = {mi+1} U QZ

Remark 4. In Theorems 3-7 we suppose that an incidence structure J =
(G, M,1) of type (p,n) is given, where GP = {A°,... A"}, MP = {B°, ..., B" 1},
and all former notation is respected.

Theorem 3.
1. {a}' N B = {ais1} N B! foralli € {0,...,n— 1},
2. {m/ PN A = {my PN AT for alli € {0,...,n — 2}.

Proof. 1. There exist norming maps a;: A* — B, §;: B* — A" for each
i € {0,...,n — 1}, where B;a;: A® — ATl is bijective. If a € A?, then we put
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Biai(a) = Bi(ma) = @, where a,a € YB' (mg,). Assume that a € Ri. If a # @, then
a,@ € A" and a,a € Y5 (m,) implies a contradiction to the independence of AL,
Hence a = @, B;c;(R') = R* and B;ci(a}) = a;41. This yields a/,a;11 € yB' (ma)
and thus {a/}' N B’ = {a;41}' N B' = Bfnfl-'

2. Since A™! IP B B**! for each i € {07 ...,n — 2} by Definition 4, there exist
norming mappings f;: B' — A, a1 A7 — Bt where a;,13;: BY — Bit!
is bijective. If we put a;116i(m) = air1(a,) = m for m € BY, then m,m €
XA (ay,). Similarly to 1 we can show that m/,m; 1 € XA (am:). Thus {mj} N
AFL = Im g M N AL = AL

Theorem 4.

L aj e {mi}t < a} ¢ {mip1}t,

2. mj € {aj 1} <= mi & {air2}!
for alli € {0,...,n —2}.

Proof. 1. There exists a norming mapping a;: A — B? because A* I B'.

Since m! € BY, there exists an element a’ € A’ such that a;(a’) = m.. Then

i . . /L4
m; € XA (a') and {m/}} N A" = Al,. If we put a;(a) = m, for a € A?,, then
ma € XA (a) and Q' = B'N B! = {m, | a € A% }.

Let us assume that a; € {m/}!, {mi11}' or @} ¢ {m!}', {m;41}". From Theorem 3
we obtain {m/}'NA™*! = {m;;1}' N A and thus (by assumption) {m; 1} NA? =
{m}} N A" = Al,. Hence m;y1 € XA (a’). From B+ = {m;;;} U Q" it follows
that @’ — m;41, a — m, for a € A, is a norming mapping of A* onto B**!. Thus
At TP B! Tt is a contradiction.

2. There exists a norming mapping 3;: B* — A*! because A**! IP B*. Since
aj, € Ai_“, there exists an ele.mentlm’ € B such that §;(m’) = a;_s_l; Then
ai,, € YB'(m') and {a},,}' N B" = B ,. If we put 3;(m) = a,, for m € B! ,, then
am € YB' (m) and R = A N A2 = {q,, | m € B ,}.

Let us assume that m) € {a/ifl}T,{ai+2}T or m/ ¢ {a;1}", {ais2}". From The-
orem 3 we obtain {aj,;}' N B! = {a;12}' N B and thus (by assumption)
{ai2}' N B' = {a;s1}! N B* = B ,. Hence a;y2 € Y5 (m'). From A*? =
{a;+2} U R it follows that 8: m) — a;42, m — a, for m € B!, is a norm-
ing mapping of B® onto A“*2. Thus A**2 I? B, It is a contradiction. O

Remark 5. Since a; € {m/}! iff a} ¢ {m;1}', we obtain m/ € {a}}! iff m;11 ¢
{ai}!. Similarly a},, € {m}}! iff a;yo ¢ {m[}'.

Theorem 5. Let m), | = m;y1. Ifal, | = a;41, then o} € {mj}! iff a} ¢ {m; 2}
Ifal,, = aiy2, then m} € {a }1 iff m} ¢ {aiy3}".
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Proof.  Accepting the former notation we have B' = {m/} U Q!, B! =
{mit1} U Q" = {m } UQ™, B = {m;12} UQ". Moreover, Q" = Q"' and
B2 = {m;;2} U Q" because of m/ ; =m;;1.

a) Let us assume that a’,; = a;4+1. Then R* = R*! and A2 = {a;12} U R".

) i+1 + +
By Theorem 3 we obtain {m}}!' N Al = {m; 1} N AL hence {m/}! N R =
{mit1}* N R*. Moreover, {m} ,}} N A2 = {m;2}} N A2, Since R* C A2 we
obtain {m/,}* N R" = {m;;2}} N R’ and the equality m/,, = m;;1 implies that
{7’71;}l NR = {7’TLH_2}l N R

Let us assume that either a} € {m/}!, {mii2}! or @} ¢ {m!}!, {m;i2}'. Since
= {a/} UR!, A2 = {a;10} UR?, we get {m/} N A" = {m;1o}' N A%, Since
{ i ’ + ) g % +

A'TPBY, there exists a norming mapping «;: A — B Let a;(a’) = m}, ai(a) = my,
for a € Al,. Then a;(A,) = Q. From {m.} N A" = A!, it follows that m}, m; 2 €
XA (a'). Hence a’ — mjy2, a — m, for a € A?, is a norming mapping of the set A’
onto B2 = {m; 42} UQ", ie. A'TP B2, Tt is a contradiction.

b) Let us assume that a},, = a;12. Then R = R and A3 = {a;43} UR™™.
By Theorem 3 we obtain {a},,}' N B! = {a;2}' N B!, hence {a/,,}' N Q" =
{ai42}' N Q' Moreover, {a] ,}' N B2 = {a;43}' N B2, Since Q' C B2,
we obtain {a},,}' N Q" = {ai43}' N Q" and the equality a},, = a;42 implies that
{ai 1} NQ" = {airs}' NQ".

Let us assume that either m} € {a] 1}, {aiy3}" or m} ¢ {a}, 1}, {aiy3}'. Then
{a] 1 }"NB* = {a;43}'NB". By assumption A"™! I? B?, where A" = {a/ ,}JUR™"!.
Hence there exists a norming mapping 3;: B* — A", where §;(m’) = a},, for a
certain m’ € B' and B;(m) = a,, for m € B! ,. Then 3;(B!,) = R From
{a}, 3" N B = B!, = {ait3}! N B we get a},;,a;13 € YB' (m'). From A™3 =

ai+3} U R we obtain that m’ — aijr3, m — a,, for m € B!, is a normin

+ + m g
mapping of the set B onto A3, i.e. A3 1P B, It is a contradiction. O

Theorem 6. If 0 < i < n— 2, then aj # ajt1,a], 1, Git2, G o

Proof. Let usrecall that A" = {a]} UR', A" = {a;41 }UR' = {a},,} UR"!,
A2 = {a; 0} UR™M = {a] ,} UR™2,

1. If @} = a;41, then A""1 = A%, This is a contradiction.

2. Let aj = aj, ;. If aj41 = aj, |, then a] = a;11, a contradiction. If a;11 # aj,q,
then aj , € R' and aj € R'. This is a contradiction again.

3. We prove that a; # a;i2. Since A® I? B, there exists a norming mapping
a;: A* — BY, where a;(a) = m, for a € A%

a) Let ai41 # ajyy. From aj # aj; we obtain mg # my;, . Hence mq; # m;
or Mgy, # m}. First assume that May, | # m}. This yields Mmay, | € Q" and
Mgy, € B = {m;y1} U Q" From m,, € XA (a}), My | € X' (al, ;) we obtain
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a; Img;, , and aj,y Jmg . By Theorem 3 {aj,1}T N B = {a42}" N B, thus
Aito Ima;+1~ Since a; I My, , We get aiyo # a;. If mg; # mj, then we can proceed
similarly.

b) Let a;+1 = a},,. First we assume that m] € {a}}'. According to Theorem 3,
{a;}! N B* = {a;11}" N B, which implies m} € {a;+1}! and m} € {a/,,}'. From
Theorem 4 we get m, ¢ {a;12}'. Hence a’ I m}, a;12 ¥ m} and thus a} # a;4o. If
m! € {a}}7, then we can proceed similarly.

4. We show that a} # a’i+2. If aj, 5, = ait2, then a] # aj , according to 3. Let
i o # aiso. Then a),, € R If a;41 = al,, then a} = a,, implies a] = a;41.
This is a contradiction to 1. Hence aj11 # aj,,. From a} , € R we obtain
aj,, € R" and thus a} # a} ,. O

Remark 6. In an incidence structure of type (p,n) the case a; = a;+3 is possible,
as is shown in Fig. 5.

Theorem 7. If 0 <i < n— 3, then mj # mi 1, M), 1, Mip2, M), .

Proof. Analogous to Theorem 6. |

Theorem 8. Let J = (G, M,1) be an incidence structure and p > 1 a positive
integer. Let A" C G, |A| = p fori € {0,...,n} and B* C M, |B'| = p for
1€{0,...,n— 1}, where n > 1. Let the following conditions be valid:

1. The sets A°, B° are independent in G, M, respectively, and there exists a

norming mapping ag: A° — BY.

2. |[A'N A =p—1, |B'N B =p—1 for all possible i.

3. (a) {a}}TNB = {a;11}'NB,ie€{0,...,n—1}.

() {mH N AT = {m 1 PN AT i€ {0,...,n—2}
with respect to the former notation.
Then all sets A?, B* are independent in G, M, respectively, and A* IP B/ for i = j,
i=4j+1,7j€{0,...,n—1}.

Proof. Let all the assumptions hold. If A® € GP, B € MP for a certain
i € {0,...,n — 2} and a norming mapping «;: A® — B’ exists, then A1 € GP,
B+l € MP and there exist norming mappings 3;: B® — Al ;1 ATl — Bt
We have A* = {a}} U R, A = {a;4,1} UR!, R® = A" N A"l with respect to our
notation. If we put a;(a) = my, for a € A, then a € Y2 (m,) and {a}' N B’ = B}, .
According to 3(a), {a/}' N B = {a; 11} N B = Bfna, and thus a},a;41 € Y8 (my).
Since a € Y5’ (mg) for a € R, the set A**! is independent in G and 3;: m, — a
for a € R', mg — ai1 is a norming mapping of the set B* onto A**'. Hence

AL 1P Bt Moreover, mq € XA (a) for a € R* and My € XA (i)

14



If we put B* = {m/} U Q!, B! = {m;11} UQ", where Q" = B* N B**!  then
a;(a') = m! for a certain a’ € A’. According to 3(b) we have {m/}} N A+l =
{mip1 3t N A = Afjl, which implies m}, m;11 € XAHl(a’). Let o’ € R*. Then
Qit1: av>mg fora € R, a’ v myiq, ajpq — Mg is a norming mapping of the set
A1 onto B! and B**! is independent in M. If @’ = a;1, then a; 1: a +— my,
for a € RY, aj11 — m;y1 is a norming mapping of A1 onto B! again. Thus
Ai+1 1P Bi+1.

By assumption 1 we get A° € GP, B € MP and A°I?PB°. Hence A' € GP,
B! € MP and A'I?BY, B'. This yields A2 € GP, B2 ¢ MP?, A2 I? B', B2 and so
on. O

Remark 7. Let the assumptions from Theorem 8 be valid. If we put G} =
{A% .. A"}, MY = {B°...,B" '} and A" I} BJ iff i = j, i = j + 1, then the

incidence structure J¥ = (G}, M? 1)) is embedded into J7.

Theorems 2—-7 can be used to construct incidence structures of type (p,n), as is

shown in the following example.

Example. Let us construct the incidence tables of some incidence structures
of type (3,3). Let J = (G, M,I) be an incidence structure of type (3.3). Then
G3 = {AY Al A% A3}, M3 = {B° B! B?}, where A; C G for i € {0,1,2,3} and

2

. 3 . .
B* C M for i € {0,1,2}. In what follows we suppose that G = |J A", M = |J B".

1=0 1=0
From Theorem 2 we obtain A = {a{}UR", A = {a; }UR® = {a| }UR!, A% = {as}U
R ={a4}UR?, A3 = {a3}UR? and B = {m{}uQ°, B! = {m1}uQ° = {m}}uQ?,
B? = {mg} @] Ql.

Moreover, we will assume that the following conditions are satisfied:
(P1) R°# R' #+ R* # R,
(P2) Q° # QY
(P3) as # ag), a1 # ab.

According to (P1), (P3) and Theorem 6, a}, a; are distinct elements for all possible
i, j. From R # R! and R' # R? we obtain a} € R? and a), € R'. The condition
a; # afy implies a, € R°. Hence R’ = {a}, ab}, R' = {a1,ab}, R? = {a1,a2}.
Similarly m} € Q°. If we put QY = {m/, m)}, then m/, m; are distinct elements and
Q' = {m1, mb}. There exist a norming set a: A% — B° by assumptions.

1. Assume that a(ap) = m(. We select such a notation that a(a}) = m}, a(a}) =
m/, (see Tab. 1). By Theorem 3 we get {a)}' N B® = {a;}' N BY and {m\}' N A! =
{m1}* N Al. From Theorem 4, a), ¢ {m{}' implies a) € {m;}' and thus a) I m;.
Moreover, {a;}N B! = {a2}' N B! by Theorem 3 and m{, € {a}}' implies m{, ¢ {az}'
by Theorem 4. Thus agz J m,.
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We know that {m}} N A% = {mo}! N A% and o} ¢ {m}}! implies a} € {may} .
Thus a} I my. Finally, we obtain {a5}' N B? = {a3}' N B? and m) ¢ {a3}' because
of m} € {a4}!. Thus az ¥ m}.

It remains to decide about the incidence of elements ay, me and as, my. If aj Ymeo,
then for instance A I? B!. This is a contradiction and hence afy I ms.

/ /
I |mg|m]|my|mi| me

ag e

ay | — i e

Table 1.

My colleague Dr. V. Tichy has devised a computer program assigning to every
incidence structure J = (G, M, 1) for |G|, |M| < 12 all incidence structures J? of
independent sets of J. In the figures enclosed part a) shows the incidence table
of the structure J, parts b), c¢) show all independent sets in G, M, respectively,
and part d) ahows the incidence graph of the structure J?. Fig. 1 illustrates the
described incidence structure 7 for asz ¥ m{ and Fig. 2 for a3 I m{,. Both structures
are of type (3,3).

2. Assume that a(af)) # my. Let for instance a(af)) = mb, a(a)) = m}, ala)) =
myg. Fig. 3 shows such an incidence structure J of type (3,3) which is assigned
similarly to 1.

Incidence structures in Figs. 1, 2, 3 are not isomorphic.

Figs. 4, 5 illustrate incidence structure of type (3,3), in which conditions (P1),
(P2) are satisfied but as # af, a1 = ab, and ag = a{, a1 # aj, respectively.

An incidence structure of type (5,4), where R® = R! and Q! = @?, is in Fig. 6.
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