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Abstract. Using the techniques of approximation and factorization of convolution op-
erators we study the problem of irregular sampling of band-limited functions on a locally
compact Abelian group G. The results of this paper relate to earlier work by Feichtinger
and Grochenig in a similar way as Kluvanek’s work published in 1969 relates to the classical
Shannon Sampling Theorem. Generally speaking we claim that reconstruction is possible
as long as there is sufficient high sampling density. Moreover, the iterative reconstruction
algorithms apply simultaneously to families of Banach spaces.
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solid Banach spaces

MSC 2000: 43A15, 47B38, 42C15, 22B99

1. INTRODUCTION AND NOTATIONS

In this paper we propose three theorems on the representation of band-limited
functions in a solid Banach space of functions on a locally compact Abelian (lca.)
group G. Although the method of proof is closely related to the techniques described
in an earlier paper by Feichtinger and Grochenig [8] (for G = R?) the results are
more general in the following aspects:

e they are valid for general lca. groups, thus providing the irregular analogue of

Kluvéanek’s sampling theorem over general lca. groups, which in turn has found
attention in the applied community recently (cf. [1]);

The second author acknowledges support by DST, Gov. of India through BOYSCAST
Fellowship and Department of Mathematics, University of Vienna for local hospitality.
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e for Euclidean spaces the restriction to polynomial weights, hence to Banach
spaces of tempered distributions is replaced by the much weaker Beurling-
Domar non-quasianalyticity condition;

e whereas it has been assumed in [7] that the sampling set is relatively separated
the results presented here apply also to sampling sets of arbitrary high density,
including those containing clusters, a situation which occurs naturally in many
applications.

Throughout this paper we shall use the following standard notations from har-
monic analysis. The group operation on the lca. group G will be written additively,
we use dz as a symbol for its translation invariant Haar measure, and G for the dual
group, consisting of characters x, the continuous homomorphism from G into the
unit circle, satisfying thus x(z + y) = x(«)x(y). Translation of a function by = € G
is written as L, f(z) = f(z — ). Furthermore the symbol w will be reserved to some
(fixed, non-quasianalytic) Beurling-Domar weight, i.e., to a continuous (or at least
locally integrable) function w satisfying the following conditions:

1. w(z) =6 >0 for all z € G

2. w(z +y) < w(@)w(y), for all z,y € G;

3. the Beurling-Domar condition (BD)'

Zlog(w(nz))/n2 < oo forall z €G.

We write L2 (G) for the space of all (equivalence classes of) complex-valued mea-
surable functions f on G such that fw € LP, with norm

W 1l = ( / If(w)lpwp(w)dw)l/p.

L? (@) is a Banach space with respect to this norm. For p = 1 we obtain a so-called
Beurling algebra L1 (G) [13], which is a commutative Banach algebra with respect to
convolution, defined as usual within L'(G). The space C.(G) of all complex-valued
continuous functions on G with compact support satisfies C.(G) C L2 (G) C LP(G)
for 1 < p < oo, and is dense in L (G), for p < oo. The dual of a weighted L?-
spaces LP is identified (using the standard identifcation of the unweighted case)
Lfl/w(G), with 1/p+1/p’ =1 for p € [1,00). C°(G) denotes the closed subspace of
L>°(G) consisting of all continuous functions vanishing at infinity, which coincides
with the closure of C.(G) in L*(G).

If T is a bounded linear operator on a normed space (B, | - ||5), we write |||T|||
or |||T|||z for its operator norm. We use the symbol “—” to describe a continuous
embedding between topological vector spaces.

T It guarantees that there are many non-zero band-limited functions in L, (G) (see [13]).
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For the definition of Wiener amalgam spaces over lca. groups, such as W (L, lfjw)
or W(C°, B), we refer to [3], [11] or [6]. For f € Ll(G) and x € G the (ordinary)
Fourier transform is given as usual, by f fG z)dz. The indicator
function of a set @) is denoted by 14.

2. SPACES OF BAND-LIMITED FUNCTIONS

The aim of this paper is to provide reconstruction theorems for spaces of band-
limited functions. In order to emphasize that the estimates described below do not
just apply to individual Banach spaces but hold simultaneously for large classes of
Banach spaces, we have to describe those first as follows: for a given (BD)-weight
function w we denote by %, the collection of all Banach spaces (B, || - ||g) which
satisfy the following five conditions:

(B1) (B, ||-|l5) is a Banach space, continuously embedded into Li. .(G), i.e., for every
compact set K C G, there exists a constant Cx > 0 such that [, |f(z)|dz <
Ck| fllp for all f € B.

(B2) (B, ||| B) is solid, i.e., if f € L{ (G) satisfies | f(z)| < |g(z)| almost everywhere
on G for some g € B, then f € B and ||f||z < ||9]l5-

(B3) B is invariant under translations, i.e., L,f € B, for all f € B, z € G.

(B4) The weight function w controls the operator norm of L, on B, ie., |||L.||lz <
w(x), or more explicitly by:

(2) ILafllp < w(@)|fllp V2 € G, feB.
(B5) (B, | -|l5) is a Banach convolution module over L. (G), i.e.,
3) LB CB, and g+ fls < gl fl ¥ € B, gLl

As it will not restrict the generality of our statements we assume for convenience
throughout this paper that the weight function is symmetric, i.e., satisfies the condi-
tion w(—z) = w(x), for € G. Moreover, we mention that (B5) is a consequence of
(B4) whenever C.(G) is dense in (B, ||-|| ) (the statement following via vector-valued
integration).

Examples For a given Beurling-Domar weight w, the family %,, contains the

spaces L for -1 <a<1,1<p< oo, but also a large variety of spaces, such as

wo‘,

spaces based on dyadlc decomposmons and many others.
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Lemma 2.1. For B satisfying the conditions (B1)—(B4), one has:

B — W(L',139,,).

Proof. For any ¢ € C.(G), the set K := supp(y) is a compact. Hence

1 Lyplls = 1Ly (L—yf - @)L = IL—yf - ¢llh < Ckl[L—yf - ¢l 5,

because supp(L, f - ¢) C K and B — L. (G). Using the solidity of (B, || - || z) and
the boundedness of ¢ it follows from (2) that

I1L—yf- el < llllocll L-y fllz < Cw(=y)| f]5-

Altogether we may conclude that the function || f - Ly¢||1 belongs to LS5, which by
the definition of Wiener amalgam spaces implies the inclusion stated in the lemma.

The continuous embedding is expressed by the inequality

11+ Lyliw™ (y) < CkC f || -

O

Remark. If G = R and w(z) = (1+|z|)* for some o > 0 then Lemma 2.1 implies
B — .7 since S (R") — W(CY,1}) for any o > 0. In the present paper we can
use more general weight functions, such as w(z) = e®l*I"| for a > 0, v € [0,1). For
~v > 0 the Fourier transform has to be understood in the sense of ultra-distribution
on R™. For details see [5].

From Lemma 2.1 it follows that B € %, is a well-defined Banach space of dis-
tributions on G, for which a generalized Fourier transform is already defined (for
details see Theorem 3, [5]). Indeed, one has EW(Ll,lf‘/’w) c W(Z#L5;,,,1). In
particular, the following definition makes sense:

Given a compact set 2 C G with non-void interior the space of all band-limited

functions in B with spectrum in 2 is well defined via

(4) B? = {f € B: spec(f) =supp f C Q}.

For a fixed neighborhood Uy of the identity we define the local mazimal function
f# by

() fa)= suwp |f(2)l.

zex+Uy
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For a neighborhood U of the identity we define the local U oscillation by

(6) Oscy f(x) = sup [f(z + 2) — f(2)]-

zeU

Throughout we will only use neighborhoods U C Uy because then

(7) Oscy f(z) < 2f%(x)

while generally one has the following pointwise estimates

(8) (f x h)* (x)

< |f]* b (2),
9) Oscy (f * h)(z) <

f] * Oscy h(x).

The density of discrete families in G will we described as follows: A set X = (z;)ier
is U-dense provided | (z; +U) = G.

If U is open and Xl elé a U-dense family in G it is always (by the local compactness
of G) possible to construct a uniform partition of unity ¥ = (¢;)ier of size U,
i.e., U satisfies the following conditions (cf. [4]):

1. 1); is measurable and 0 < ¢;(z) < 1, Vi € I.

2. supp(¥;) Ca; + U, Vie I

3. Y i(x) =1,Vz €qG.

Inflllis situation we will refer to the family ¥ shortly as partition of unity of
size U (for short UPU), associated with the family X = (z;). Families of B-splines
on R are typical UPUs associated with regular families of the form aZ (satisfying
an additional finite overlapping condition).

Following Feichtinger and Gréchenig [7], we define for such a UPU the following

irregular spline approximation operator

Spy f =Y flai),

icl

which may be considered as an irregular spline approximation of f.
The assumption U C Uy implies for ¥ as above the pointwise estimate

(10) ISy f(2)] < f#(2),
which yields—if f# € B—by the solidity of (B, || - || 5)

(11) 1Spy fll < [1F#|5-

253



In the present paper we prove the following three theorems on the representation
of band-limited functions:

Theorem 2.2. Assume that h € L) satisfies h(t) = 1 on an open neighborhood
of Q and spec(h) C Q, and that U C Uy is small enough such that for some g € L},
Lw < HthﬂlU Then, for any B € %, the following is
true: Every f € B can be reconstructed from its sampled values on any U-dense

with § = 1 on Qo, ||Oscy g|

discrete subset X = (x;);c; of G, in the form of a series expansion

(12) F=> f@e,

iel
where e; € L} (GQ), and spec(e;) C Q. Furthermore, the series (12) converges in B
and uniformly on compact sets.

Theorem 2.3. Assume that g,h € Ll (G) are band-limited with g(x) # 0 on (,
spec(h) C Qo and h(z) = 1 on spec(g). Then for any sufficiently small neighbor-
hood U of the identity (say U C Uy, with Uy only depending on g, h,w) there exists
C = C(U) > 0 such that for any B € %, and any U-dense family Y = (y;);eJ,
f € B has a representation of the form

(13) F=2cilfLyyg

jeJ

with coefficients satisfying

(14) < Cllfl s

> ¢i(e .

jeJ

where ® = (p;) ;e is any partition of unity of associated with the discrete sampling
set Y.

Theorem 2.4. IfQ C G is compact, and g € L} (@) is band-limited with §(w) # 0
on (), then there exist Uy and Uy such that for any two U;-dense resp. Us-dense
discrete families of points X = (x;)ic;r and Y = (y;)jecs, and for B € %, every
f € B has the representation of the form

(15) F=>¢i(f(@)ier)Ly,g,

jeJ

where the series converges in B and uniformly on compact sets. The notation is
meant to indicate that the coefficients ¢; depend only on the sampling values f(x;)
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and the linear coefficient map C': (f(x;))ier — (c;j)jes is continuous in the sense
that for some Cy > 0 (depending only on U; and Us) one has

> eNes > flaan

jeJ iel

(16)

)

B

< G
B

where ¥ = (1;);cr and ® = (p;);cs are arbitrary UPUs associated with X and Y
respectively.
3. AUXILIARY RESULTS

The proofs of the theorems are based on a series of lemmas, which will be given
in the subsequent sections. We begin with some general observations.

Lemma 3.1. Any g € L} (G) which is band-limited also belongs to W (C°, 1),
in particular g% € L}, and g is uniformly continuous and bounded.

Proof. Since g € L, we have g € FL.. By the assumption § has compact

support and thus g € W(Z L. i'). By [5], Theorem 2
g=7F"1ge W(FL'l,) CW(C1,) € C°G),

hence uniformly continuous (and bounded). Since a continuous function g is in
W(CP,1L) if and only if g7 € L. (G) the proof of lemma is complete. O

Lemma 3.2. For every g € L. (G) with compact spec(g) = 1, and any € > 0,
there exists a neighborhood U of the identity such that

|0set (9)]l1.0 < &

Proof. Let g be a band-limited function in L.. By Lemma 3.1 g% € L. (G)
and thus one can find for € > 0 a compact set K C G such that

/ g (x)w(x)dr < £/4,

G\K

and hence using (7)

(17) / Oscu () (x)w(z) do < 2/2.
G\K
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Over K we have the following estimate:
/ Oscy(g)(z)w(z) dz < max w(z)||Oscy glloo| K| = Crwl|Oscy glloo,
K xT

where | K| is the Haar measure of K. Since g is a uniformly continuous function, one
may choose U small enough to obtain

(18) Crwl||Oscy(g) oo < €/2.

From (17) and (18) we infer that

10scu (9)l1,w <&

0

Lemma 3.3. Given a (BD)-weight w and a compact set Q C G, one can find for
every 1 > 0 some neighborhood U C Uy such that for any B € 4,

10scu (f)lls <nllflls, Vfe B

In particular, {f € B®, ||f|lz < 1} is an equicontinuous family in (B, || - || 5), for
any space B € HB,,.

Proof. For any compact set 2 one can find some band-limited g € L} (G) with
G(w) =1 for all w € €, since the Beurling-Domar condition implies that .# L} is a
Wiener algebra in Reiter’s sense [13]. Now f = f x g for f € B implies via (9)

|0scu flls < |Oscu gllhwll fll

for any U. Choosing now U according to Lemma 3.2 the proof is finished. O

Remark. The above argument also shows that a similar estimate is valid for
Osc?ff (just use (8) and replace ||Oscy g|l1,w by ||Osc#g||1,w), as it is also not
difficult to find that Lemma 3.2 is also valid for OSC# g.

Lemma 3.4. For given w and any compact set Q C G there exists Cq, = C(w, Q)
such that for all B € %, one has for all f € B

I1/#1lz < Callfll

Proof. Wechooseg € (L}J))Ql such that g(w) = 1 on Q. Then we have f = fxg,
and therefore f# < |f|*g# by (8). From this pointwise estimate the norm inequality

follows by applying the solid B-norm and assumption (B5), with Co = ||g7|/1.». O
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4. APPROXIMATION OF CONVOLUTION OPERATORS

Let X = (2;)ier and Y = (y;)jes be any two sets of sampling points and (¢;);er
and (®;) ;e be partitions of unity associated with X and Y respectively. We suppose
h is a continuous function with h# € L. (G). As in [4], we consider the following
approximations of the convolution operator Cp: f — hx f.

(19)  Avf = (Spu f)h= (3 fGaiyus) <
el
(20)  Aof=(Duf)xh=> (¥ f)La.h,

icl

) el =050 0= sl [ we)ar) L

el

@) Auf = De(Spu 1+ h = 3|5 1 [ wtedesta)az )y n

jej miel

If C.(G) is dense in B, the solidity of B implies that the partial sums of the series
> f(zi)1; are norm convergent in B (otherwise one has at least pointwise conver-
icl

gence). Hence we may write A1 f = Y f(x;)(; = h) if this is more suitable for

icl

our purpose, and likewise for other operators. Essentially as a consequence of the
convolution theorems for Wiener amalgam spaces the operators A; and As are well
defined and bounded on W(C, B), while Az, A4 are bounded from B to W(C, B).
In particular, all of them are well defined on B, due to Lemma 3.4 (recall that
spec(h) C Qo).

The following two lemmas will be the key to the main results:

Lemma 4.1. Assume that h € L. satisfies h(w) = 1 on Q C G. Then for every
~ > 0 there is neighborhood of the identity U; = Uy(n) such that

ICwf = Aiflls <Allfllss Vf€B®, BeR,,

as long as the sampling set X = (x;);er is Ui-dense. If in addition h is band-
limited the same is true for suitable neighborhoods Us and Us for the approximation
operators Ay and As respectively.

Proof. Casei = 1. Since V is of size U C Uy the pointwise estimate

(23) |f = Spy fl(z) < Oscy f(x)
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is valid, and we obtain by Lemma 3.3 and the assumption (B5)

|Crf = ArfllB < I(f = Spy f) * |Bl [

<
< |Oscu fliB 1ll1w < nll fl1B [1All1w-
Case i = 2. Rewriting the definition of A2 we obtain

Cnf —Asf = fxh— (Dyf)xh= (Z w) xh— <Z¢i,f>Lxlh

el iel

For any fixed ¢ € I the expression can be written as

/ Ui () f (W)h(z — ) dy — / Ui () f (W)h(z — z:) dy
G G
_ /G G )@ —y) — hiz — )] dy.

Taking absolute values and summing over ¢ in I one obtains

|Chf — Aaf|(z) < |f] * Oscy h(z),
which implies by the solidity of B and the choice of U according to Lemma 3.3 that
for fe B
IChf = A2 fllB < [ fllB 10scu hll1,w < il f1 3 12|10
Case i = 3. We have C, — A3 = (C, — A1) + (41 — A3). Since

= > flapixh =" flx) (/ Vily dy>Lx1h( )

icl el

=[S [ i

el

-3 fa) /wz x—wi)dy‘

el

< S 1@l [ il —v) = hia o)l dy

el

<Y If () |/¢1 ) Oscy h(z —y) dy

el

< Spy (| f]) * Oscy h(x),

|[A1f(z) — Asf(x

it follows, using again Lemma 3.3, that

[A1f = AsfllB < [ISpy (I fDI 8l|Oscu Al 1w,
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and thus using (11) and Lemma 3.4 for U small enough (by Lemma 3.3)

[ALf = AsfIl < nllFll s 1P w-

This completes the proof of the lemma. O

Lemma 4.2. If h,hy, he € L. (G) are band-limited functions with common spec-
trum )y, then for any n > 0 there exist neighborhoods Uy, Us such that for all
B e %, and all UPUs V¥ of size Uy and all UPUs ® of size Us:

@) IChf — Aaflls < nllfllB Mall1w for all f e B,
(i) [[Chyshaf — Asfllz < nllfll5 halliw A2

where

(24)  Asf = [Do(Spy f*h1)]*hy = Z f(i (/%*h 2)pj(z )dz)Ly]h2

el jed

Proof. For the proof of part (i) see [7]. Concerning (ii) observe that for
given n > 0 and Qq, h1,he € L. with the spec(hi) U spec(h2) C €, we can find
neighborhoods Uy and Us (using h = hy in the definition of A4) such that ||Ch f —
Asflle <nllflls Ihill1,w by (i). Since As = Ch, A4, this implies

|Chysns f = Asfllp < [lh (Ch, — A flB

nll £l 17

NN

5. FACTORIZATION OF CONVOLUTIONS

Let g € L. (G) be any band-limited function. We choose another band-limited
function i € L} (G) with h(x) = 1 on spec(g) and write Qg for spec(h). Consequently
gxh=g,or CyCp = Cj.

In the sequel some of the operators to be discussed may have nice mapping prop-
erties (e.g. C, will map all of B into B%), but on the other hand it will be also of
interest to consider them only as operators on B itself, because they may have bet-
ter properties there. In order to express this difference more clearly we will use the
notation |||T||| goo in order to describe the operator norm of some operator on B,
Actually, in this way we can find that certain operators are contractions and thus

allow to build a Neumann series expansion from them.
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In order to get into this situation let us assume that we deal with one of the
operators A(h, X, ¥) from the previous section, which is a good approximation to C},
on B, such that the remainder R := C}, — A is a contraction on B. In other

words we assume

I1Rllp20 = ICh — Alll o0 < 1.

This implies that
D=>) RF
k=0

is well defined on B. For these operators we prove the following factorization
results.

Lemma 5.1. Under the above assumptions C, factorizes as given below:
(i) C, = C4AD on B%;

(ii) Cy = DAC, on all of B;

(iil) C; = CyDA on B%.

Proof. (i) Since Cy = CyC}, we have
Cy=Cy(A+R)=Cy4A+ CyR.

n
Repeating this process n times, we get C;, = C,A Y. R¥ + C,R"! for all n > 0,
k=0

hence C, = C,AD, by going to the limit n — oo (R is a contraction on B%).
(i) Again Cy = C,C, implies

Cy = C,Cy = ACy + RCy = AC, + RAC, + R2C,.

Iterating this process and passing to the limit leads to

Cy = (Z Rk> AC, = DAC,.
k=0

Since Cy maps B into B and A, D are well defined on all of B, the assertion (ii)
holds for the whole space B.

(iil) Since for f € B we have C, f = C,C, f and C, = DAC, it suffices to verify
that C;RFAf = C,ARF f for all k > 0. This relation is obvious for & = 0. Assuming
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that it is true for all k¥ < n we derive therefrom

CyR" M Af = Cy(Cy, — A)R™AF
= C,CLR"Af — C,AR"Af
=CyR"Af — C,AR"Af
=CyAR"f — C4AR"Af
= CyAR"C),f — CyAR"Af
= CyAR™(C, — A)f = C,AR™ M f.

6. PROOF OF THE MAIN THEOREMS

In this last section the observations made so far will be put together in order to
derive the main results of this paper.

Proof of Theorem 2.2.  Since iL(t) = 1 on an open neighborhood of €2, we
assume that h(t) = 1 on €, where € is an open neighborhood of €. Hence there
exists g € L1 (G) such that g(x) = 1 on Q and spec(g) C . This entails that
g*xh =g, ie, C4;Cy = C4. Since we can find for n < 1 some U according to
Lemma 4.1, we have |||C}, — A1|||p < 1 on B for any U-dense set X = (;) and any
UPU V¥ associated to X. Now, using Lemma 5.1, we obtain Cy = D1A,Cy on B,
which implies that C, = C,D;A; on B%. Since f x g = f for all f € B we have

f=Cyqf =D1ACyf =D, (Z fxi)s * h) = Z J(xi)D1(¢; x h).

icl icl

11 ntinuous on ve seri nver in B.
As D is continuous on B, the above series converges in B

As the series > f(z;)(%; * h) is unconditionally convergent in B and D; is con-
icl

tinuous on B, the series on the right-hand side is convergent in B (actually in

W(C, B)). On the other hand we have ; x h € L., and L € %,. Therefore, the

wr

continuity of Dy on L. implies that

and spec(e;) C spec(h) = Qq, for all ¢ € I. Thus Theorem 2.2 holds. O

In the same way we can use the operators Az and A4 to find the corresponding
representations for f € B*2. For applications, A3 is the most useful operator.
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Proof of Theorem 2.3. On account of Lemma 5.1 we have C; = CyA>D5. Since
iL(t) = 1 on spec(g), which contains an open neighborhood of , by the Wiener-
Levy theorem ([13], Chapter 6) there exists a local inverse of g, that is, a band-
limited function g; € L} (G) such that spec(g1) C spec(g) and §1§ = 1 on , hence
f=f=*g1%g. It follows that

f=CyCo f=CyA3DsCo, f =Cy > (95, D2Cy, f)CyLy,h
jeJ
= Z<90j’ D2091f>Lyzh = ch(f)Lyi97
jeJ jeJ
where
ci(f) = (pj, D2(f * g1))-

To obtain an estimate for the sequence (c;(f)) we write F' = Da(f * g1) = D2Cy, f.
Then we have

1E1 < D2l - lgillw 1 £ 5-

To obtain the required estimate (14) we observe that for any z € G the sum

> {@j, Fyp;(x) is absolutely convergent and contains only those non-zero terms
=
where x € U + y;. Denoting the characteristic function of U — U by k we have

(s, )i ()] < (Lak, [Fl)ej(x) = ([F]* k(x))p; (2)-

Taking the B norm on both sides, we get

SF[ ks < [Flz |k
B

1,w-

D i F)p;

jeJ

This completes the proof of Theorem 2.3. 0

Proof of Theorem 2.4. The proof of Theorem 2.4 can be obtained either by
combining Theorem 2.2 and Theorem 2.3 or following the arguments of [4]. This
somewhat lengthy and technical method requires the use of Lemma 4.2 (ii). It is left
to the interested reader to fill in the details.

Final remarks. In this paper we have emphasized the fact that the reconstruction
method can be described in a unified way, for a variety of function spaces. This is
of relevance for applications, since it would not be so useful if together with the
sampling values also assumptions on the function (e.g. to belong to some weighted
LP-space) would have to be made, or relevant information would have to be provided
by the user. The results as presented are a good basis for error analysis, such as jitter,
aliasing or truncation errors. This will be a topic of a subsequent paper (see [10]).
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From the practical side one might prefer to stress the fact that all the algorithms
also have a description in the form of an iterative algorithm, with a geometric decay
rate. Thus they could be redescribed by saying that for all the function spaces
under consideration a certain sampling density U would allow to guarantee a relative
approximation error (in any of the function space norms | - ||z, for B € %,,) by
running a fized number of iterations only.

Last but not least we want to mention that even for the case of the ordinary Hilbert
space L?(R) these iterative algorithms (requiring admittedly a bit of oversampling)
deliver a reconstruction of a band-limited function from its sampling values with
building blocks which are better concentrated near the sampling points than the
standard frame algorithm. This aspect has been investigated in the master thesis by
Tobias Werther [14], cf. also [9].
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