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Abstract. Some new oscillation and nonoscillation criteria for the second order neutral
delay difference equation

AlenA(yn + Pnyn—k)) + an¥h 1 =0, n>mng

where k, m are positive integers and (3 is a ratio of odd positive integers are established,

o0
under the condition ) 1/cn < oco.

n=no
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1. INTRODUCTION
Consider a neutral delay difference equation of the form
(E) Alen A(Yn + Pr¥n—r)) + @Y1 —m =0,

where n € N(ng) = {no,no + 1,n0 + 2,...}, ng is a nonnegative integer, A is the

forward difference operator defined by Ay, = yn+1 — Yn, k£ and m are nonnegative

integers and (3 is a ratio of odd positive integers and {c,}, {p»} and {g,} are real

sequences. Throughout this paper we assume without further mention that

(C1) {pn} is non-decreasing such that 0 < p, < p < 1 and ¢, > 0 and {g,} is not
identically zero for infinitely many values of n,

(C2) ¢n>0and > 1/c, < oc.

n=ngo
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Let 8 = max{k, m}. By a solution of equation (E), we mean a real sequence {y, }
defined for n > ng — 6 and satisfying equation (E) for n € N(ng). Such a solution of
(E) is said to be oscillatory if for every N € N(ng) there exist integers ni,n2 > N
such that ¥y, yn, < 0.

Equations of this type arise in a number of important applications such as problems
in population dynamics when maturation and gestation are included, in cobweb
models in economics where demand depends on current price but supply depends on
the price at an earlier time, and in electric networks containing lossless transmission
lines. Hence it is important and useful to study the oscillatory properties of solutions
of equation (E).

In most of the papers [1, 2 contains more than one hundred references|, one con-

siders the case that ¢, > 0 and ). 1/c, = oo in (E). In [4] the authors consider
n=no

the cases —1 <p < pp <0, ¢, >0 and

1) > =

and discuss the asymptotic behavior of nonoscillatory solutions of (E).

Motivated by this observation in this paper our aim is to establish conditions for
the oscillation of all solutions and existence of nonoscillatory solutions of (E) when
condition (Cz) is satisfied. Examples illustrating the results are included in the text
of the paper.

2. SOME PRELIMIRY LEMMAS

In order to prove our main results we need the following lemmas. Throughout we

use the following notations without further mention:
Zn = Yn + DnYn—k,

(2) n=Y -

Note that from the assumptions it is enough to state and prove the lemmas for
the case of {y,} is eventually positive since the case of {y,} is eventually negative

is similar.
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Lemma 2.1. Let {y,} be an eventually positive solution of (E). Then one of the
following two cases holds for all sufficiently large n.
(1) zn >0, chAz, >0,
(II) z, >0, cpAz, <O0.

Proof. Assume that y,—g—m > 0 for n = Ny € N(ng). Then by the con-
dition (C;), we have z, > 0 and A(c,Az,) < 0 for n > Ny. Hence {c,Az,} is
eventually of one sign. This completes the proof. O

Lemma 2.2. Let {y,} be a positive solution of (E) and suppose Case (I) of
Lemma 2.1 holds. Then there exists an integer N € N(ng) such that

3) (1 = p)zn < Yn < 2n,
for n > N.
Proof. Clearly (2) and (Cy) imply 2, > y,. Moreover from (2) we have
Yn = Zn — PnYn—k 2 Zn — PnZn—k = zn(1 — D),

since {z,} is nondecreasing. This completes the proof. O

Lemma 2.3. Let {y,} be a positive solution of (E) and suppose Case (II) of
Lemma 2.1 holds. Then there exists an integer N € N(ng) such that y,—r > ﬁ—"p >
(1-p)z, forn > N

Proof. Since {2,} is nonincreasing and from (2) we may assume without loss
of generality that {y,} is also nonincreasing (see [3]). Hence

(4) Zn € Yn—k + DYn—k = (1 +p)yn7k-
Since 1 > 1 —p?, we have m > 1—p. Therefore 1+p > (1 —p)zy,. This completes
the proof. O

Lemma 2.4. Let {y,} be an eventually positive solution of (E). Then {z,} is
bounded above and satisfies

(5) Zn = —0nCnlzp
for all sufficiently large n.

Proof. Proceeding as in the proof of Lemma 2.1, we obtain A(c,Az,) < 0 for
n > N € N(ng). Then ¢, Az, < eyAzy forn > N Dividing the last inequality by

¢n, and summing we obtain z, — zy < eyAzy Z 1/es < co. Hence {z,} is bounded
above. Letting n — oo, we obtain zy > — cNAzNgN for sufficiently large N. This

completes the proof. |
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3. OSCILLATION RESULTS

In this section we obtain sufficient conditions for the oscillation of all solutions of
(E). We begin with the following theorem for the case 8 = 1.

Theorem 3.1. Assume 3 =1 and m > k in equation (E). If

oo

(6) > @l =poj1-m) =
n=no
and
n+m—k—1
(7) Z Gs0s > 1+p

sS=n
are satisfied, then all solutions of equation (E) are oscillatory.

Proof. Assume to the contrary that there exists a nonoscillatory solution {y,,}.
Without loss of generality we may assume that y,—g > 0 for n > N € N(ng), where
N is chosen so that two cases of Lemma 2.1 hold for n > N. We shall show that in
each case we are led to a contradiction.

Case (I): From Lemma (2.2) and equation (E), we have

(8) A(CnAZn) + qn(l 7pn+17m)zn+1fm g 0; n 2 N.

Define W,, = ¢, Az, /2n—m for n > N > ng + m, then we have

Cn Az Az
AWn g *Qn(l *pn+17m) - g Qn(l *pn+17m)
Zn—mAn+l—m

n
Summing the last inequality, we obtain Y. ¢s(1 — pst1-m) < Wi
s=N
o0
Letting n — oo, we have > ¢n(1 — ppt1-m) < 00, a contradiction to (6).

n=N
Case (II): Summing equation (E) from N to n — 1, we obtain

n—1
CnAZn — CNAZN + Z qsYs+1—-m = 0
s=N
or
1 n—1
Azn + — Z qsYs+1—m < 0.
Cs s=N
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Summing again from n to j — 1 and rearranging, we obtain
oo
(9) Z Qs0sYs+1—m < Zn.
s=n
Using (4) in (9) and using the fact that {z,} is nonincreasing, we obtain
n+m—k+1
> a0 <(1+p),

sS=n

which contradicts (7). This completes the proof of the theorem. 0

Example 3.1. Consider the following neutral difference equation
n 1 n
(Eq) A(Q A(yn + 5%4)) +9(2")Yyn—a =0, n=>4.

With o,, = 27" %!, all conditions of Theorem 3.1 are satisfied and hence all solu-
tions of (E;) are oscillatory. In fact {y,} = {(—1)"} is such a solution of (Ey).

Theorem 3.2. Assume 3 > 1 and m > k in equation (Eq). If

(10) D anonyy =00

n=no

then all solutions of equation (E) are oscillatory.

Proof. Proceeding as in the proof of Theorem 3.1 we see that Lemma 2.1 holds
for n > N € N(ng).
Case (I): Summing equation (E) from N € N(ng) to n — 1, yields

n—1
(11) cn Az, — ecNAzZN + Z qsyf+1_m =0, n>=N.
s=N
or
n—1
Z q5yf+1_m <cyAzy.
s=N
Letting n — oo, we obtain
o0
(12) Z qsyf+1_m < 0Q.
s=N
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For this case {z,} is increasing, so there exists a positive constant ¢ such that
zn > ¢ for n > N. This together with (3) yields y,, > ¢(1 — p) for n = N. Thus there
exists an integer N; > N such that

Yn = c(1 = p)on, n = Ny,

since p, — 0 as n — oo. Because {g,} is decreasing, the last inequality implies that

(13) Ynt1-m = (1 =p)ont1-m = c(1 = p)ont
Combining (12) with (13) we see that
(14) Z qSQfﬂ <o
S:Nl
a contradiction to (10).
Case (II): From (4) and (5) and the facts m > k, and z,, is decreasing we have
Yn+1—-m = Yn+1—m+k—k
> (1 - )Zn+17m+k
> (1 —P)Zn+1
(15) 2 —(1=p)ens182p110n+1
for n > N.Consider the difference
A((anzn)_B+1) = (*ﬁ + 1)t_BA(CnAZn)
(16) = (8= V(= n¥y1 )t
where ¢, 1102, 41 < t < ¢, Ac,. Now equation (16), in view of (15) implies that
A((enAzn)'=7)

(=B + 1)(=n¥is1-m)(nt182041) 7
(_B + 1)‘]71(1 - p)BQQ-H(Cn-‘rlAZn-‘rl)B(Cn-i-lAzn-i-l)_ﬁ-

NN

Hence
A((enAzp) ™) < —(B - 1)1 - p)°gn0l

for n > N. Summing (17) from N to n, we have

(17) (ent182n41) 7 = (enAzy) P < (1 - -1) Z 7024

n
and so letting n — oo, we obtain qsgf+1 < o0, which contradicts (10). This
s=N

completes the proof of the theorem. O
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Example 3.2. Consider the following neutral difference equation
1
(E2) A<2nA (yn + 2_4yn—4)> + 323"_14y2,5 =0, n=5.

With g, = 1/2"71  all conditions of Theorem 3.2 are satisfied and hence all
solutions of (Ez) are oscillatory. One such solution of (E3) is {y,} = {(—1)"/2"}.

Theorem 3.3. Assume 0 < § <1 and m > k in equation (E). If

(18) Z 4nOn+1 = OO

n=no
then all solutions of equation (E) are oscillatory.
Proof. Proceeding as in the proof of Theorem 3.1, we see that Lemma 2.1 holds
and in Case (I) we have (13) and (14). For large n, we have g, < 1 and ¢ > on.

o0
Therefore from (14) we obtain Y. ¢nont1 < D qngg+1_m < 00, a contradiction
n=N

n=N
o (18). For the Case (II), from (11) —Azp41 = (1/cnt1) D, qsyf+17m, forn > N.

sS=n

We consider the difference A(22°), where £ > 0 is such that 26 < 1— 3, —A(22% ) =
n
—2et25 Az g > 26t (1/cny1) 2 A5yl = 26220 (U ent1) Y syl
s=N
where 2,10 <t < zn41, and {z,} is decreasmg Hence

n

2¢e _
(19) “AEE) E Y awli i
n+1 =N

Since ¢ > 2z, > 0 and ¢ > y, > 0 where ¢ is a constant, from (4) and in view of
m > k, we obtain

(20) Yn4+1—m > (1 *p)2n+1

for n > N. From (19) and (20) we obtain

n

2¢(1 — p)? _ K
A > AP g ey, K g

C
n+l s=N s=N

where K = 2¢(1 — p)Pcf 4 26 — 1. Summing the last inequality and rearranging,

we obtain 23, — 229, > K Z qi Z 1/csy1 and so letting n — 0o, we obtain

i=N  s=i
n

> qiviy1 < oo, which again contradicts (18). This completes the proof of the
i=N

theorem. 0
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Example 3.3. Consider the following neutral difference equation

3(n+1)(4n* +4n+3) 1
)) + 1 n—3

B)  A(n(n+ DA (g + 2y "

2

With o, = %, all conditions of Theorem (3.3) are satisfied and hence all solutions
of (E3) are oscillatory. In fact {y,} = {(—1)"n} is such a solution of (Ej3).
4. EXISTENCE OF NONOSCILLATORY SOLUTIONS

In this section we provide sufficient conditions for the existence of nonoscillatory
solutions of equation (E) when 8> 1or 0< g < 1.

Theorem 4.1. Assume (3 > 1 in equation (E). If

(21) Y @1 <0
n=no

and

(22) lim 2=k —

n—oo QTL
then equation (E) has a nonoscillatory solution.

Proof. Choose N € N(ng) sufficiently large so that from (21) and (22) we have

(23) E q”‘QZqufm S <7
84
n=N-—1
nOn— 3p+1
(24) PnOn—k < D+
On 4

for n > N. Consider the Banach space By of all real sequences y = {y,}, n > N
with the norm defined as ||y, | = sup{|yn/0n|}, n = N. We define a closed bounded
subset S of By as follows:

3(1 — N
S:{yEBN: %gy—gl,r@N}.
On

Define an operator T: S — By such that

3p+295
Ty, = g On  Pn¥n—k
n—2 e’}
ton D ¥l gt D> 10yl n=N+1
s=N-—-1 s=n
Tyn = on-
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Clearly, T'y is continuous. For every « € S and n > N, using (24) we obtain

3p+5
Tyn > p8 n — PnYn—k
3p+5 On—k
On
3(1—p)
Z ——0n.
3 0
Also, in view of (23) we have
3p+ 5 n—2
Tyn S on—g— +on Z RV Z 0sGs—1Y5
s=N-—1 s=n
345 5
< Qn( 3 + Z QSQS+1_m)
s=N-—1
3p+5 1-— p)
X Un o < mn
( g 738 ¢

Thus we proved that T'S C S. Now we shall show that the operator T is a
contraction on S. In fact for x,y € S we have

-2

1 PnOn—k |Yn—k Tn—k < B B
—|Tyn — Txn| < - ‘Jr 0sYs41—m — Toy1—ml
On " " On On—k On—k s:]\fz—l s tlmm stl-m

1 ZOO s s
+ Q_ qus—1|y57m - :Csfm|
n ._

< On—k |Yn—k xn—k‘
X Pn -
On 0On—k On—k
Ys+1— Tsr1-m\P
+ Z 4s0e-m| (21 ’”) - (B
N1 Os+1-m Os+1-m

By the Mean value Theorem applies to the function (t) = t%, 8 > 1, we see that
for any z,y € 5, we have |xﬁ — y5| < 20|z — y| for all n > N.

3p+1 =
ITy = Tl < = —lly = 2 +28 D ¢:s0li1 mlly = 2]
s=N
3p+1
< (B + )y el < lly -2l

Thus T is a contraction mapping on S. and so 7" has a unique fixed point y in S.
It is not difficult to check that y = {y,} is a solution of (E) and we see that this
solution is nonoscillatory. This completes the proof of the theorem. O
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An alternate and, as we will see, independent result for the superlinear case § > 1
is the following.

Theorem 4.2. Assume 3 > 1. If

(25) > gnoni1 <

n=no
then equation (E) has a nonoscillatory solution.
Proof. Choose N € N (ng) sufficiently large so that we have

26 nOnt1 < ———.
( ) n§_1q On+1 83

for n > N. Let By be set of all bounded real sequences y = {y,}, n > N with the

norm ||y,|| = sup {|z,|} and let
n>N

Define the mapping 7: S — By by

5pi3 n—2 8 e’} 3
pg — PnYn—k 1+ On Z QsYst1—m T+ Z Qs—10sYs—ms» 1= N+1,
Tyn = s=N-1 s=n

Clearly, T is continuous. Now for every y € S and n > N, we have

o5p + 3 5p+ 3 3(1—p)
Ty, > —PYyn—k 2 —5— —Pp=————.
Y 3 PYn—k 3 p 3
Now
5p + 3 = 5p+3 1—p
Tng stUs g— —<1
y < +s:;_1qg+1 SR

by (26). Thus T'S C S. Moreover since S is bounded, closed and convex subset of
By, we only need to show that T is a contraction mapping on S in order to apply
contraction mapping principle. For z,y € S and n > N, we have

n—2
|Tyn - T$n| < pn|yn—k - wn—k| + on Z qslyf+1—m - w§+1—m|
s=N—-1
oo
+ Z QS71Qs|yf—m - xf—m'
s=n
oo
g pn|yn7k - xn7k| + Z qsgs|yf+17m - x§+17m|'
s=N-—1
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Again, the Mean value Theorem applied to the function () = u®, 3 > 1, shows
that for every x,y € S, we have |y® — 27| < 28|y — z| for all n > N. Hence

1Ty — Ta| < plly — 2| +28 > gsoslly — x|
s=N-—1

1—
< (p+26-5" ) Iy —all <y — ]|

Thus, T is a contraction mapping and so 71" has a unique fixed point y, which is

clearly a positive solution of (E). This completes the proof of the theorem. O

The following examples show that Theorem 4.1 and 4.2 are independent of each
other.

Example 4.1. Consider the equation

(E4) A(ﬂ(n -1A (yn + %yn71>> + %yi_2 =0, n=3

Here ¢, = ﬁ and we see that all the conditions of Theorem 4.1 are satisfied.
Therefore, equation (E4) has a nonoscillatory solution. Infact, one such solution is
{yn} = {1/n}. Notice that condition (25) does not hold, so Theorem 4.2 does not

apply.
Example 4.2. For the equation

(Es) A<4”A<yn n %yn,l)) Fonyd L =0,

we have p, = 47" and we see that the conditions (21) and (25) hold, but (22)
does not hold. Thus, by Theorem 4.2, equation (Es) has a nonoscillatory solution,
but Theorem 4.1 does not apply.

Our next result is for the sublinear case 0 < 3 < 1.

Theorem 4.3. Assume that 0 < 8 < 1. If

oo
Z qnOn+1 < 0O

n=ngo
then the equation (E) has a nonoscillatory solution.

Proof. Choose N € N(ng) sufficiently large so that

oo

1— 2
Z GnOn+1 < (Tp)
n=N
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Let By be the set of all bounded real sequences y = {y,, } with norm ||y|| = sup {|y.|}
n>N
and let

3(1 —
S:{yGBN: %gyngl, n}N}.
Define the operator T': S — By by
5pt3 KSR S 8 >N+1
3 PnYn—k + On Z QsYst1—m T+ Z As—10sYs—m> N = + 1,
Tyn = s=N—-1 s=n

It is easy to see that T is continuous, T'S C S, and for y,x € S and n > N, we
have

o0
| Tyn — Tn| < polYn—k — Tn—k| + Z qSQs+1|yf+17m - I§+1,m|.
s=N-1

By the Mean value Theorem applies to the function v(t) = t%, 0 < 3 < 1, we see
that for every x,y € S, we have |y° — 27| < 3(18—817)|y — z|. Thus

83 (1*p)2>

Ty—Tx| < |ly — (
Iy - Tal < lly =2 (p+ g U5

<y — =|.

and we see that T is a contraction on S. Then T has a unique fixed point {y, }, which
is clearly a positive solution of (E). This completes the proof of the theorem. (I

Example 4.3. Consider the equation

1 noz %
(Ee) A(4nA (yn + §yn_1)) + 9H5 2y — 0, n>3.

We have p,, = %4_"‘*‘1 and we see that the conditions of Theorem 4.3 are satisfied.
Here, {yn} = {1/2"} is a nonoscillatory solution of Eg.
We conclude this paper with the following remarks.

Remark 1. Let p, =0 and m = 0 in equation (E). Then Theorems 3.2 and 4.1
(Theorems 3.3 and 4.3) reduce to Theorem 2.1 (Theorem 2.2) of Zhang [5]

Remark 2. All our results here could easily be extended to the difference equation

A(en A(Yn + Pr¥n—k)) + @nf (Ynt1-m) =0

where f is continuous, uf(u) > 0 for u # 0 and f(u)/|u[®sgnu > M > 0, with
appropriate changes in the proofs given.
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