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Abstract. In this paper, the general ordinary quasi-differential expression Mp of n-th
order with complex coefficients and its formal adjoint M;' on any finite number of in-
tervals Ip = (ap,bp), p = 1,..., N, are considered in the setting of the direct sums of
L%Up (ap, bp)-spaces of functions defined on each of the separate intervals, and a number of
results concerning the location of the point spectra and the regularity fields of general dif-
ferential operators generated by such expressions are obtained. Some of these are extensions
or generalizations of those in a symmetric case in [1], [14], [15], [16], [17] and of a general
case with one interval in [2], [11], [12], whilst others are new.
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1. INTRODUCTION

In [8] and [10], Everitt considered the problem of characterizing all self-adjoint
operators which can be generated by a formally symmetric Sturm-Liouville differ-
ential (quasi-differential) expression M), defined on a finite number of intervals I,
p =1,...,N, in the setting of direct sum spaces. In [12], Ibrahim considered the
problem of the location of the point spectra and regularity fields of general ordinary
quasi-differential operators in the one interval case with one regular end-point and
the other end-point which may be regular or singular.

Our objective in this paper is to investigate the location of the point spectra
and regularity fields of the operators generated by a general quasi-differential ex-
pression M, on any finite number of intervals I, p = 1,..., N, in the setting of
direct sums of Li)p (ap, bp)-space of functions defined on each of the separate inter-
vals. These results extend those of formally symmetric expression studied in [1], [2],
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[14], [15], [16] and [17], and also extend those proved in [5], [11] and [12] for general
case with one interval.

The operators involved are no longer symmetric but direct sums as:
N N

To(M) =P To(M,)  and  To(M') =P To(M,)),
p=1 p=1

where Ty (M) is the minimal operator generated by M, on I, and M, denotes the
formal adjoint of Mp; these form an adjoint pair of closed operators in é\é L?Up (Ip).
=1
This fact allows us to use the abstract theory developed in [1] for the opeiators which
are regularly solvable with respect to To(M,) and To(M,5). Such an operator S
satisfies To(M,) C S C [To(M,[)]* and for some A € C, (S — AI) is a Fredholm
operator with zero index; this means that S has the desirable Fredholm property
that the equation (S — AI)u = f has a solution if and only if f is orthogonal to the
solutions of (S* — AI)v = 0, and furthermore the solution spaces of (S — AI)u = 0
and (S* — A)v = 0 have the same finite dimension. This notion was originally due
to Visik [18].

We deal throughout with a quasi-differential expression M, of arbitrary order n
defined by a general Shin-Zettl matrix given in [3], [5] and [9], and the minimal
operator To(M,) generated by w, ' M,[-] in L?Up (Ip), p =1,...,N, where wy, is a
positive weight function on the underlying interval I,,. The end-points of I, may be

regular or singular.

2. PRELIMINARIES

In this section we give some definitions and results which will be needed later;
see [2], [3], [4], [5] and [7].

The domain and range of a linear operator T acting in a Hilbert space H will
be denoted by D(T) and R(T), respectively, and N(7T') will denote its null space.
The nullity of T', written null(7T"), is the dimension of N(7T') and the deficiency of T,
written def(T), is the co-dimension of R(T") in H; thus if T is densely defined and
R(T) is closed, then def(T") = null(T™*). The Fredholm domain of 7" is (in the notation
of [3]) the open subset A3(T) of C consisting of those values A € C which are such
that (T — M) is a Fredholm operator, where I is the identity operator in H. Thus,
A € As(T) if and only if (T'— AI) has closed range and finite nullity and deficiency.
The index of (T'— AI) is the number ind(7 — AI) = null(T — A\I) — def (T — AI), this
being defined for A € As(T).
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Two closed densely defined operators A and B acting in H are said to form an
adjoint pair if A C B* and, consequently, B C A*; equivalently, (Az,y) = (x, By)
for all x € D(A) and y € D(B), where (-,-) denotes the inner-product on H.

The field of regularity II(A) of A is the set of all A € C for which there exists a
positive constant K (\) such that

|(A—=A)z| > K(\)||z|| for all z € D(A),

or, equivalently, on using the Closed Graph Theorem, null(A—AIl) = 0 and R(A—\I)
is closed.

The joint field of regularity II(A, B) of A and B is the set of A € C which are
such that A € TI(A), A € II(B) and both def(A — \I) and def(B — \I) are finite. An
adjoint pair A and B is said to be compatible if II(A, B) # 0.

Definition 2.1. A closed operator S in H is said to be regularly solvable
with respect to the compatible adjoint pair A and B if A C S C B* and
II(A, B) N Ay(S) # 0, where Ay(S) = {A: A € A3(S), ind(S — A\I[) = 0}. The
terminology “regularly solvable” comes from Visik’s paper [18].

Definition 2.2. The resolvent set o(S) of a closed operator S in H consists of
the complex numbers \ for which (S — AI)~! exists, is defined on H and is bounded.
The complement of (.S) € C is called the spectrum of S and written ¢(S). The point
spectrum o, (S), the continuous spectrum o.(S) and the residual spectrum o, (S) are
the following subsets of o(S) (see [2] and [3]):

op(S) ={A € a(S): (S — AI) is not injective}, i.e., the set of eigenvalues of S;
oc.(S) ={A € a(9): (S— ) is injective, R(S — AI) g R(S—M)=H};
S): (S —

or(S)={re€a(9): (S

For a closed operator S we have

Al) is injective, R(S — AI) # H}.

o(8) = 0,(S)Uoc(S)Uap(9).

An important subset of the spectrum of a closed densely defined S in H is the
so-called essential spectrum. The various essential spectra of S are defined as in [3,
Chapter II] to be the sets:

(2.1) oek(S) =C\ Ax(S) (k=1,2,3,4,5),

where A3(S) and A4(S) have been defined earlier.

The sets o¢; (S) are closed and o, (S) C 0¢;(S) if k < j. The inclusion being strict
in general. We refer the reader to [1], [2] and [3, Chapter IX] for further information
about the sets o1 (5).
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3. QUASI—DIFFERENTIAL EXPRESSIONS

The quasi-differential expressions are defined in terms of a Shin-Zettl matrix £}, on

an interval I,. The set Z,,(I,,) of Shin-Zettl matrices on I, consists of n x n-matrices

F,={fr},1<r,s<n,p=1,...,N, whose entries are complex-valued functions
on I, which satisfy the following conditions:

(3.1) P e LIOC(I ) (1<, > 2),

s<n, n
frr+17é0 aeonl, (1<r<n-—1),

P=0aeonl, 2<r+l<s<n),p=1,...,N.

s )

For F, € Z,(I,), the quasi-derivatives associated with F}, are defined by:
(3:2) y =y,

Y= )‘{ (1Y’ fosy[s ”} (1<r<n-1),
yh o= (y =y’ Zfﬁsy[s 1,

where the prime ' denotes differentiation.
The quasi-differential expression M,, associated with F}, is given by:

(3.3) Myly] ="y (n > 2),
this being defined on the set:
V(M) = {y: ylr=1 e ACioo(Ip), r=1,...,n; p=1,...,N},

where ACoc(Ip) denotes the set of functions which are absolutely continuous on
every compact subinterval of I,,.
The formal adjoint M;r of M, is defined by the matrix FPJr € Z,(I,) given by:

+ . —1 *
(3.4) Fi=-L"'F'L,

p

where F} is the conjugate transpose of F}, and L;,x, is the non-singular n X n-matrix,
(3.5) Loxn = {(—1)7* bnin o} (1< 7,5 <),

§ being the Kronecker delta. If F;f = (f£,)", then it follows that

(3.6) (fP)t = (—1)T+s+1ﬁnfs+1ynfr+1, for each r and s.
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The quasi-derivatives associated with F; are therefore,

(3.7) =y,

r - — r—1 o s—1
yg_] = (fpnfr,nfrJrl) 1{(y£§- ])/ - Z fpnfs+1,nfr+1yg- ]}

s=1

and
(3.8) M ly] == i”y[f], p=1,...,N, forall y € V(M]);

V(M;') = {y: yﬁul] € ACwoc(Ip), r=1,...,n; p:l,...7N}.

Note that: (F,7)* = F, and so (M)* = M,. We refer to [5], [11], [12], [13]
and [19] for a full account of the above and subsequent results on quasi-differential
expressions.

Let the interval I, have end-points a,, b, (—00 < a, < b, < 00), and let wy,: I, —
Lo(Ip) and wy(z) > 0 (for almost

R be a non-negative weight function with w, € L;_.
all x € I)). Then H, = L?Up (Ip) denotes the Hilbert function space of equivalence

classes of Lebesgue measurable functions such that [ T wplf |? < oo; the inner-product
P
is defined by:

(F9)h ::/ wp() f@)g@) dz (frg € L3, (L), p=1,...,N).

I

The equation,

(3.9) Mplu] — dwpu =0 (A €C) on I,

is said to be regular at the left end-point a, € R, if for all X € (ap,bp),
ap € Ry wy, fF € Ll(ap,X) (r,s=1,...,n;p=1,...,N).

Otherwise (3.9) is said to be singular at a,. If (3.9) is regular at both end-points,
then it is said to be regular; in this case we have,

ap, by € R w,, f2, € LY (ap,by), (r,s=1,...,n;p=1,...,N).
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We shall be concerned with the case when a,, is a regular end-point of (3.9), the end-
point b, being allowed to be either regular or singular. Note that, in view of (3.6),
an end-point of I, is regular for (3.9), if and only if it is regular for the equation,

(3.10) M ] —Aw,o=0 (A€C)onl, p=1,...,N.

Note that, at a regular end-point a,, say, wlr—1] (ap)(vk_l] (ap)), r=1,...,n,is
defined for all u € V(M) (v € V(M,). Set

(3.11) D(M,) :={u: u € V(M,), uand w, " Mpy[u] € Li)p(ap,bp)},
D(M;) ={v:wve V(M;), v and w;lM;[v] € L?Up(ap,bp)},
p=1,...,N.

The subspaces D(M,) and D(M,") of L2, ,(ap,by) are domains of the so-called
maximal operators T'(M,,) and T'(M,) respectlvely7 defined by:

T(Mp)u :=w, ' My[u] (u€ D(M,)) and T (M) :=w, ' MF[v] (ve D(M])).

For the regular problem the minimal operators Ty(M,) and To(M,[), p = 1,. ..
are the restrictions of w, ' My [u] and w, * M [v] to the subspaces:

(312) DO(Mp) = {UZ u e D(Mp), (r=1] (ap) = U/[T_l] (bp) = 0; r= 1) c 'an}’
Do(M,5) :={v: ve D(M,), v [: 1]( ap) = v[:_ll(bp) =0, r=1,...,n};
p=1,...,N,

respectively. The subspaces Do(M,) and Do(M,") are dense in L?Up (ap,bp) and
To(M,) and Ty(M,) are closed operators (see [3], [5], [11] and [19, Section 3]).

In the singular problem we first introduce the operators Tj(M,) and Tg(M,);
T4(M,) being the restriction of w, ' M,[-] to the subspace:

(3.13) Dy(M,) :={u: uw € D(M,), suppu C (ap,b,)}, p=1,..., N,

and with T(;(M;r ) defined similarly. These operators are densely-defined and closable
in L?Up (ap,bp); and we define the minimal operators To(M,), To(M,5) to be their
respective closures (see [3], [5] and [19, Section 5]). We denote the domains of
To(M,) and To(M,") by Do(M,) and Do(M,), respectively. It can be shown that:

(3.14) u € Do(M,) = ul""U(a,) =0 (r=1,....n; p=1,...,N),
UEDO(M;)zUE 1}( »)=0 (r=1,...,n; p=1,...,N),

14



because we are assuming that a, is a regular end-point. Moreover, in both regular
and singular problems, we have

(3.15) Ty (M,) = T(M;) and T*(M,) = To(M;7), p=1,...,N;

p

see [19, Section 5] in the case when M, = M, and compare with treatment in |3,
Section II1.10.3] and [5] in general case.

In the case of two singular end-points, the problem on (a,, by) is effectively reduced
to the problems with one singular end-point on the intervals (ap,c,] and [cp, by),
where ¢, € (ap,b,). We denote by T'(Mp; ap) and T'(M,;b,) the maximal operators
with domains D(M,;a,) and D(Mp;b,), and denote To(My; ap) and To(Mp; by) the
closures of the operators T(j(My; a,) and T (Mp; by) defined in (3.13) on the intervals
(ap, cp] and [cp, by), respectively, see [3], [7], [11], [13] and [14].

Let Té(Mp), p=1,..., N, be the orthogonal sum as:

Té(Mp) = Té(MPQ ap) ® Té(MPQ bp)
in
L?up (ap, by) = L?up (ap,cp) ® L?up (cp, bp),

T4(M,) is densely-defined and closable in L3, (ap,bp) and its closure is given by

To(Mp) = To(Mp; ap) & To(Mp; bp), p=1,...,N.
Also,
null[Ty(M,,) — M| = null[To(M,; ap) — M| + null[Ty(M,; b,) — M,
def[Ty(M,) — ] = def[To(My; ap) — M| + def[To(M,; b,) — A,

and R[Ty(M,)— M| is closed if and only if R[Ty(M,; a,)— | and R[Ty(M,; b,) — ]
are both closed. These results imply in particular that,

H[To(Mp)] = T[T (Mp; ap)] N IT(Mp; bp)], p=1,...,N.

We refer to [3, Section 3.10.14], [11] and [13] for more details.

Remark 3.1. If S,” is a regularly solvable extension of T,(M,; a,) and S’ZP is a
regularly solvable extension of To(M,;b,), then S = S,” & Sg” is a regularly solvable
extension of Ty(M,), p = 1,..., N. We refer to [3, Section 3.10.4], [11] and [13] for
more details.
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Next, we state the following results; the proof is similar to that in [3, Sec-

tion 3.10.4], [11] and [13].
Theorem 3.2. Ty(M,) C To(M,), T(M,) C To(My;ap) @ To(Mp;b,) and
dim{D[Ty(M,)]/D[To(M,)]} =n, p=1,...,N.
If X € T[To(M,)] N Az[To(M,,) — M], then
ind[To(M,) — M| = n — def[To(M,; ap) — M| — def[Ty(M,; by) — A,

and in particular, if A € I[To(M,)],

def[To(M,,) — M| = def[To(M,; ap) — A} + def[To(M,: b,) — A — n.

Remark 3.3. It can be shown that

(3.16) D[Tp(M,)] = {u: u € D[Ty(M,)] and ul"""(c,) =0, r=1,...,n},
D[To(M;)] = {v: ve D[Toy(M})] and ol (e,) =0, r=1,....n},
p=1,...,N;
see [3, Section 3.10.4].

Let H be the direct sum,

N N
(3.17) H=H, =L (apby).
p=1 p=1

The elements of H will be denoted by f = {f1,..., fxy} with f; € Hy, ..., fx € Hx.

Remark 3.4. When ; NI; = 0,4 # j, 4,5 = 1,..., N, the direct sum space

N N
@1 L3, (ap,by) can be naturally identified with the space L7, ( U1 Ip>, where w, = w
p= p=

N

on Iy, p=1,...,N. This remark is of significance when |J I, may be taken as a
p=1

single interval, see [8] and [10].
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We now establish by [3], [8] and [13] some further notations,
N
(3.18) Do(M) = @ Do(M,), D(M) = D(M,),
p=1

N
)= @ Do), DY) =P D)

To(M)f == {To(M1)fr,..., To(Mn)fNn};
f1 € Do(My), ..., fn € Do(My),

To(M™)g := {To(M;)g1,- - ., To(My)gn};
g1 € Do(M;"),. .., gN € DO(M]-\’,').

Also,

T(M)f = {T(M)f1,...,T(Mx)fn}, f1 € D(M), ..., fx € D(My),
T(M")g = {T(M)g1,....,T(M¥)gn}, g1 € D(M),...,gn € D(My).

We summarize a few additional properties of To(M) in the form of a Lemma.

Lemma 3.5. We have,
(a) [To(M)]* = EB[To( p] = @[T,

1O = @IOL)) = IO,
In particular, . .

DITy(M))* = DIT(M+)] = @ DT (M),

D[To(M*)]* = DT (M)] = é DIT(M,)],

() wull[To(M) — ATl = 3 wull[Ty(M,) ~ AD)L
null[Ty(M*) — \I| = ﬁvj null[Ty(M,) — X))

p=1
(c) The deficiency indices of To(M) are given by:

def[Ty(M Z def[To(M,) — AI)]  for all A € TI[Ty(M,)],
def[Ty(M™*) — Z def[To (M) — NI)]  for all X € T[Ty (M, ).
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Proof. Part (a) follows immediately from the definition of To(M) and from
the general definition of an adjoint operator. The other parts are either direct con-
sequences of part (a) or follow immediately from the definitions. O

Lemma 3.6. For \ € [Ty (M), To(M )],
def[To(M) — M| + def[To (M) — X]
is constant and
0 < def[To(M) — M| + def[To(M ™) — M| < 2nN.
In the problem with one singular end-point,

N < def[Toy(M) — M| + def[To(M ™) — M| < 2nN,
for all X € TI[To(M), To(M™1)].

In the regular problem,

def[To(M) — M| + def[To(M™) — M| = 20N, for all € H[Ty(M), To(M*)].

Proof. For A € I[Ty(M),To(MT)], we obtain from Theorem 3.2 and
Lemma 3.5 that

def[Ty(M) — M + def[To(M™) — ]

=3 def[Ty(Mp; ap) — D]+ Y _ def[To(My; by) — AT)] — nN}

p:1N p=1 N

+ {Z def[To(M,F; ap) — )] +Zdef[TO(Mp+;bp) — )] nN}
prl prl

{Z null[T(M )5 a,) — N)] + Z null[T(M,F;b,) — )] — nN}

+ {Z null[T(Mp; ap) — A)] + Y null[T'(My; by) — A)] — nN}
< 2(27’5\; —nN) =2nN, .

with equality in the regular problem. In the problem with one singular end-point,
the proof is similar to that in [3], and we have

def[Ty(M) — M| + def[Ty(M*) — XI] > nN.
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For the problem with two singular end-points, we have

def[To(M) — M| + def[To (M) — A]

= {Z def[To(Mp; ap) — )] + Zdef[To(M;;ap) - XI)]}

p=1 p=1

N N
+ {Z def[To(My; by) — A)] + > def[To (M, 5 b,) — XI)]} —2nN
p=1 p=1
> 2nN — 2nN = 0.

The Lemma is therefore proved, we refer to [3], [5], [13, Lemma 2.4] for more
details. d
N
Lemma 3.7. Let To(M) = @ To(M,) be a closed densely-defined operator
p=1
on H. Then,

N
I[To(M)] = () TTo(M,)].

Proof. The proof follows from Lemma 3.5 and since R[To(M) — AI)] is closed
if and only if R[Ty(M,) — )], p=1,..., N, are closed. O
Lemma 3.8. IfS,, p=1,...,N, are regularly solvable with respect to To(M,,)
N
and To(M,"), then S = @ S, is regularly solvable with respect to To(M) and
p=1

To(M™).

Proof. The proof follows from Lemmas 3.5 and 3.7. O

N
Remark 3.9. Let S = & S5, be an arbitrary closed operator on H. Since
j=1

A € o(9) if, and only if, null(S — AI) = def(S — AI) = 0 (see [2, Theorem 1.3.2]), we
N

have o(S) = [ o(S;). We therefore have
j=1

N N N
(3.19) a(8) = [Ja(S;), ap(8) = | 0p(S;) and o(S) = ] o:(S)).

j=1 j=1 j=1

Also,

N
(3.20) oer(S) = | J oer(S)), k=23

j=1

We refer to [3, Chapter 9] for more details.
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Theorem 3.10. Suppose f € Li. (I,) and suppose that the conditions (3.1)
are satisfied. Then given any complex numbers c; € C, j = 0,1,...,n — 1 and
xo € (ap,bp) there exists a unique solution of M,[p,]| = wf in (ap, b,) which satisfies

e (wg)=c; (j=0,1,....,n—1; p=1,...,N).

Proof. See[1], [3] and [14, Part II, Theorem 16.2.2]. O

Theorem 3.11 (cf. [3] and [14, Theorem I11.2.5]). Let M, be a regular quasi-
differential expression of order n on the closed interval [a,,b,]. For f € L2 (ap,bp),
the equation M,[p,] = wf has a solution ¢, € V(M,) satisfying

el(ay) =l (by) =0 (j=0,1,....n—1, p=1,...,N),

if, and only if, f is orthogonal in L2 (ay,b,) to the solution space of M} [p,] = 0,
ie.,

(3.21) R[Ty(M,) — M| = N[T(M) - XI|=, p=1,...

Corollary 3.12 (cf. [14, Corollary I11.2.6]). As a result from Theorem 3.11, we
have that

(3.22) R[Ty(M,) — M]* = N[T(M;[) = XI], p=1,...,N.

7

Lemma 3.13 (cf. [3, Lemma IX.9.1]). IfI, = [ap,by], with —co < a, < b, < 00,
p=1,...,N, then for any A\ € C, the operator [Ty(M,) — M|, p = 1,...,N, has
closed range, zero nullity and deficiency n. Hence,

0 (k=1,23),

oer[To(Mp)] = {C (k=4,5), p=1,...,N.
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4. THE SPECTRA OF OPERATORS IN DIRECT SUM SPACES

In this section we shall consider our interval to be I = [a,b). We denote by T'(M)
and To(M) the maximal and minimal operators defined on the interval I. Also, we
deal with the various components of the spectra of Ty(M) and To(M ™) as the direct
sum of differential operators To(M,) and Ty(M,5), p=1,...,N.

N N
Lemma 4.1. Let To(M) = @ To(M;) and To(M*) = @ To(M;") be a regular
i=1 j=1
differential operators, then the point spectra o,[To(M)] and op[To(M™)] of To(M)
and To(M™) are empty.

Proof. Let A€ 0,[To(M;)]. Then there exists a non-zero element ¢; € Do(M;),
j=1,...,N, such that

[T()(Mj)f)\f]gﬁj:(), jil, N.

7

In particular, this gives that

Mj[p;] = Mo,
) =l b)) =0 (r=01,....n—1; j=1,...,N).

From Theorem 3.10, it follows that ¢; = 0 and hence 0,[To(M;)] =0, j=1,...,N.
Similarly,
op[To(M;)] =0, i=1,...,N.

Therefore, by (3.19), we have,

N N

U )] =0 and o, [To(M )] = | ] 0, [To(M;)] = 0,

j=1 J=1
see Naimark [14, part II, Section 19]. O

N N
Theorem 4.2. Let To(M) = @ To(M;) and To(M*) = @ To(M;"), then
j=1

(i) o[To(M)] = o[To(M*)] =0,
(il) oc[To(M)] = oc[To(MF)] =0,
(iii) o[To(M)] = o[To(M+)] = C, and
op[To(M)] = o [To(MT)] = C
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Proof. (i) Let A € C, since R[To(M;) — N], j = 1,..., N are proper closed
subspaces of L2 (a;,b;), then the resolvent sets o[To(M;)] are empty and hence

Similarly

(i) Since R[To(M;) — M, j = 1,...,N, are closed for any A € C, then the
continuous spectra of Tp(M;) are the empty sets, i.e., o.[To(M;)]=0,j=1,...,N.
Hence,

Similarly,

(iii) From (i), (ii) and Lemma 3.5, it follows that,

N N
o[To(M)] = | o[To(M;)] = C and o, [To(M)] = | o, [To(M;)] = C.

Similarly,
N
o[To(M )] = | o[To(M;)] =C
and
N
o [To(M )] = | on[To(M;)] = C
O
N N
Corollary 4.3. Let To(M) = @ To(M;) and To(MT) = @ TO(M;“), then
(i) oo[T(M)] = oc[T(MT)] =0 and o,[T(M)] = o, [T(MF)] = 0,

(ii) o[T(M)] = o[T(M*)] = C and 0,[T(M)] = 0p[T(M )] = C,



Proof. From Theorem 3.11 and since T'(M;) = [TO(MJ-*)]*, j=1,...,N, it fol-
lows that R[To(M;) — AI], 5 = 1,..., N, are closed and, hence R[T' (M) — \] =

N
@ R[T(M;) — M| is closed for every A € C; see [3, Theorem 1.3.7]. Also by
p=1

Lemma 3.5, we have

N
null[T(M) — M| = def[To(MT) = X = > def[Ty(M;") — M = nN,
and
N
def[T'(M) — M| = null[To(M ) = M| = > null[Ty(M;") — M| = 0.

j=1

(i) Since R[T(M;) — M| are closed and def[T'(M;) — M| =0,j=1,...,N, then
by Lemma 3.5 R[T'(M) — A\I] = H. This yields that o.[T'(M)] = o,.[T(M)] = 0.
Similarly,
or[T(M*)] = o, [T(M )] = 0.

(ii) Since null[T'(M) — M| = JXV: null[T'(M;) — M| =nN and

N
null[T(M ) = XI] = null[T(M;") = XI] = nN for every) € C,
j=1
then we have that

o[ T(M)] = | J 0p[T(M;)] = C and o, [T(M7)] = | o[T(M;)] = C.

j=1 j=1

It also follows that

and, hence
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5. THE FIELD OF REGULARITY OF OPERATORS IN DIRECT SUM SPACES

We now obtain some results which in fact are a natural consequence of those in

Section 4.

To(M,}), then

P=

Theorem 5.1. Let To(M @ To(My) and To(M™) =
(i) T[To(M)] = H[TO(M+)] = C and for every A € C,

p=1

def[To(M) — M| = def[To(M ™) — X] = nN,
(i) [T (M)] =T (M™T)]. =0, and for every A € C,
null[T(M) — M| = null[T(MT) — M| = nN.
Proof. (i) We have from Theorem 3.11 and Lemma 4.1 that, for every A € C,
[To(M,) — M]~! exists and its domain R[To(M,) — M| is a closed subspace of

L2 (ap,b,), p = 1,...,N. Hence, since To(M,), p = 1,..., N, are closed opera-
tors, then [To(M,) — )\I |71 are also closed and so, it follows from the Closed Graph

Theorem that [To(M,) — M7, p=1,..., N are bounded, and hence

M) = () HTo(M,)]. = C.

p=1

From Theorem 3.11, R[To(M,) — M=, p=1,..., N, are n-dimensional subspaces
of LZ (ap,bp). Thus, by Lemma 3.5,

def[Ty(M,,) — M|

] =

def[To(M) — M| =

3
Il

dim R[Ty(M,) — \XI[]= =nN, for every A € C

I
WE

S
I
—

Similarly,

def[Ty (M) — I

hE

def[To(M™) — N =

=
I
—

dim R[To(M,") — M|t =nN, for every\ € C.

I
Mz

=
Il
—
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(ii) As TI[Ty(M™T)] = C, we have, for every A € C, that To(MT) — I has closed
N
range, and so, since T (M) = [To(M™)]*, then T(M) — X = Y [T(M,) — M| has

p=1
closed range; see [3, Theorem 1.3.7]. Furthermore, from (i),

null[T(M) — M| = def[To(M 1) — Z def[Ty(M;}) — XI] = nN.

Hence, A\ ¢ II[T(M)], and so part (ii) of the theorem follows. O

Corollary 5.2. The operators To(M), To(M™) form a compatible adjoint pair
with TI[Ty(M), To(M™+)] = C.

Proof. From part (i) of Theorem 5.1 and Lemma 3.7, it follows that

[Ty (M), To(M™)] (N] ), To(M;H)] = C.

p=1
Using (3.15), the corollary follows. O
Theorem 5.3. If for some \g € C, there are nIN linearly independent solutions

of the equations
M[p] = Xwe and  M*[p] = Awe,

in L2 (a,b), then all solutions of the equations
M[p] = dwp and M*[p] = dwe,

are in L2 (a,b) for all X € C.

Proof. The proof follows from Lemma 3.5 and Lemma 3.6. We refer to [6] and
[13, Lemmas 3.3, 3.4] for more details. O

From Corollary 5.2 and Theorem 5.3 we have the following Lemma.

Lemma 5.4. If, for some \g € C, there are nN linearly independent solutions
of the equations
M[p] = Xwe and  M*[p] = Awe,

in L2 (a,b), then \g € I[To(M),To(M™T)]; see also [15, Theorem 2.1] and [17,
Lemma 5.1].
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EBZ

N
Theorem 5.5. Let To(M) = @ To(M,) and To(M™) = To(M,}) be the
=1

= p=1
minimal operators, defined on the interval [a,b). If TI[To(M),To(M™)] is empty,

then
def[To(M) — M| + def[To(M 1) — M| # 2nN.

In particular, if [To(M), To(M™)] is empty and n = 1, then

def[To(M) — M| + def[To(M™) — XI] = N

N
Proof. If for some Ay € C, def[To(M) — M| = ) def[Ty(M,) — AI] = nN and

p=1
def[To(M ™) — Z def[To(MF) — XI] = nN,

then,
Mu] = dowu and M7T[v] = Nwv

each have nN solutions in L2 (a,b) (see [6]). Hence by Theorem 5.3, we have that
all solutions of

Mu] = wu and M*[v] = dwv

are in L2 (a,b) for all A € C, and hence, by Corollary 5.2, we have that \ €
M[To(M), To(M™T)]. Thus, if U[To(M), To(M™)] is empty, we cannot have

def[To(M) — M| + def[To(M ™) — XI] = 2nN.
In particular, if n = 1, then by Lemma 3.6 we have that
N < def[To(M) — M| + def[To(M ') — XI] < 2N,
so if II[To(M), To(M™T)] is empty, we have

def[To(M) — M| + def[To(M ™) — XI] = N
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For a regularly solvable operator, we have the following general theorem.
Theorem 5.6. Suppose for a regularly solvable extension S of the minimal
N
operator To(M) = @ To(M,) that
p=1
def[To(M) — M| + def[To(MT) = X] = K, nN < K < 2nN,
for all A\ € TI[To(M), To(M1)].

Then,
null[7(M) — M| +null[T(MT) = M| < K, forallAeC.

If [Ty (M), To(M™)] is empty, then

null[7 (M) — M| +null[T(M1) — X < K.

Proof. Let def[To(M,) — M| = ry, def[Ty(M,[) — M| = s, p=1,...,N, be
such that

def[To(Mp) — M| + def[To(M,F) = M] =1y + s, n<rp+ s, < 2n,

for all A € H[TO(Mp),TO(M;)], p=1,...,N. Then, for any closed extension S, of
To(M,,) which is regularly solvable with respect to To(M,) and To(M,"), we have
from [3, Theorem III.3.5] that

dim{D(S,)/Do(Mp)} = def[To(M,) — M| =r,, p=1,...,N,
dim{D(S;)/DO(M;)} = def[To(M;') ~M]=s, p=1,...,N.

Hence S, and S, are finite dimensional extensions of To(M,,) and Ty (M), respec-
tively. Thus, from [3, Corollary IX.4.2], we get

(5.1) Oek[To(Mp)] = 0er(Sp) (k=1,2,3; p=1,...,N).

Since Tp(Mp) — Al has closed range, zero nullity and deficiency 7, (see Lemma 3.13),
then for any A € C, we have that

OTy(Mp)| Noer[To(My)] =0 (k=1,2,3; p=1,...,N).
Therefore,
Ack[To(Mp)] = Aek(Sp) =C (k=1,2,3; p=1,...,N).
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Similarly,
Ak[To(M)] = Aek(Sy) =C (k=1,2,3; p=1,...,N).

P

Furthermore, the equations
Mylpp] = owpp and M [p,] = Xowpp, p=1,...,N,
have at most 7, and s, linearly independent solutions for A\ € C, respectively. Hence,
null[T'(M) — AI] + null[T(M ) — M|

N
> null[T — ]+ Z null[T — |

1

S
Il

I
WE

(rp+sp) <K, nN<K<2nN forall A eC.

]
Il
_

But for any \o ¢ H[To(M,), To(M,1)], either Ao ¢ TI[To(M,)] or o ¢ [To(M,)].
If Xo ¢ II[TH(M,)], then either Xg is an eigenvalue of Ty(M,) or R[To(M,) — M,
p = 1,...,N, are not closed. Similarly for A\ ¢ H[TO(M;)]. But Tp(M,) and
To(M,}) have no eigenvalues; thus if Ao ¢ TI[To(M,), To(M,1)], then R[To(M,) — ]
and R[TO(M;“) —M],p=1,...,N, are both not closed, and so we can not have

null[T(M)—/\I]Jrnull[ (M) =\

= Z null[T — M|+ Z null[T — ] =

Hence,
null[T(M) — M| +null[T(M1) = M| < K, nN < K <2nN,
N
for all A ¢ TI[To(M), To(M™*)] = () T[To(M,), To(M,)]. O
p=1

Remark 5.7. It remains an open question as to how many of the solutions of the
equations:
Mu] = wu and MT[v] = dwv,

may be in L2 (a, b) for any A € C, when I1[To(M), To(MT)] is empty, except that we
know from the above that not all of them are in L2 (a,b). We refer to [2], [6], [15],
[17] for more details.
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