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Abstract. In this paper some infinitely based varieties of groups are constructed and
these results are transferred to the associative algebras (or Lie algebras) over an infinite
field of an arbitrary positive characteristic.
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Specht’s problem [1] about the finite basing of any system of identities is well
known in the associative algebra theory. This problem was affirmatively solved by
A.A. Kemer [2] for the case of null characteristic of the basic field. If the basic field’s
characteristic is positive, Specht’s problem has negative solution. Essentially using
results of the paper [3] A.I Belov constructed in [4] infinitely based varieties of asso-
ciative algebras over an infinite field of an arbitrary positive characteristic. (We re-
mark that the methods of V. V. Shigolev’s proofs [3] are based on direct combinatorial
reasoning with algebra polynomials.) In [5] the author constructed infinite indepen-
dent systems of identities of associative algebras (or Lie algebras) over an infinite field
of characteristic 2, using methods completely different from those in [3]. In this paper
the results from [5] are generalized to the case of an arbitrary positive characteristic.

We denote a commutator in an algebra by (a,b) = ab — ba, a commutator in a
group by [a,b] = a=1b~tab, the conjugation of an element b through an element a in

a group by b® = a~'ba. We will also use the notation

(al, ey Qf—1, ak) = ((al, ey ak_l), ak),

[a1,...,ak—1,a;) = [[a1, ..., ak-1], ak].



Let F' be an infinite field of positive characteristic p and let €, denote the variety
of associative F-algebras defined by the identities

(1) (r,9,2) =0, o =1, [e,y)’ =1, [a"y] =1
9B is the variety of associative F-algebras defined by the identity

(2) ((x17I27x3)7(I47x57x6)7(x77$8)) =0,

N3 is the variety of nilpotent Lie F-algebras of index not more than 3, © is the
variety of Lie F-algebras defined by the identity

(3) ((x12 - x3) (2425 - x6)) (x728) = 0.

We also denote

e = ((zayvz)v (Il,xz)v (503,I4), B ($4k717$4k)7 (517,%2));

v = ((((zy)2) (2172)) (w374)) - - - (Tar—1748)) ((2Y)2).

It is proved that in the variety B N €,¢&, the system of identities {pr = 0: k =
1,2,...} is independent, i.e. no identity of this system follows from the other identities
of the system (Theorem 1). We obtain as a consequence that the variety B N €,¢€,
contains a continuum of different not finitely based subvarieties and that in BN¢&,¢,
there exist algebras with the unsolvable problem of words equality. It follows from
the second identity in (1) that the algebras of the variety €,&, are nil-algebras of
index p*. This is the answer to V. V. Shigolev’s question [3, p. 144] about the existence
of an infinite basis of the associative algebra’s identities such that the degree in each
variable is bounded in the aggregate.

From Theorem 1 it also follows that the system of identities {vy; =0: k=1,2,...}
is independent in the variety ® N913913. The identity of solvability of index 4 follows
from (3). It gives the negative answer to A. M. Slinko’s question [6, question 1.129]
about a finitely based variety of solvable Jordan algebras in the case of a solvable
variety of index 4 of special Jordan algebras over an infinite field of characteristic 2.

The varieties B N €,&, and © N N33 are locally finite and locally nilpotent. As
the last statement is concerned it should be mentioned that it is easy to show that
any nilpotent variety of algebras (not necessarily associative) has a finite basis of
identities.

Let A be an associative algebra with the identity element 1 and let B be its
subalgebra satisfying the identity

(4) ™ = 0.
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Then the set of elements 1 — B = {1 — b: b € B} forms a group and (1 —b)~! =
L+b+b2+...+bm L

Lemma 1. Let A be an associative algebra with the identity element 1 and let
B be its subalgebra satisfying the identity (4). Then

M—ul—v]=1+Q4u+...+u" DA +v+...+0" Hu,v)

for u,v € B.

Proof. Wehave [1 —u,1—v] = (1—u) (1 —-v)'(1-u)(l-v)=(1-
Wl l-v) M1l -uw)(l-v)—1-uw) 1 -v) 1 -v)1—-u)+1=1+(1-
W) M l—v) (A —u)(1-v)—(1-v)(1-u)=1+1—-u)"(1-v)(1-ul—v)=
I+(1—w) 1 —-v) o) =1+ 0 4+u+...+u™ HA+v+... 0™ ) (u,v).
Lemma is proved.

O

Let G be an arbitrary group, F'G its group algebra over the field F. We recall
that F'G is a free F-module with the basis {g: g € G} and for elements of this basis
the product is defined as their product in the group G. If H is a subgroup of the
group G, then we denote by wH the left ideal of the group algebra F'G generated by
all the elements 1 — h (h € H). If H = G, then wG is called the augmentation ideal
of the group algebra F'G.

Lemma 2 [7]. Let H be a subgroup of the group G. Then
(1) if the elements h; generate the subgroup H, then the elements 1 — h; generate
the right ideal wH;
(2) if he G, then1 —h € wH if and only if h € H;
(3) H is a normal subgroup in G if and only if wH is a two-sided ideal of the
algebra wG;
(4) if H is a normal subgroup of the group G, then F(G/H) = FG/wH;

6) w6 = { X Mg T 3 =0}

geG
(6) the augmentation 1dea1 wG is generated as an F-module by elements of the form
1—9g(g€@G).

Lemma 3 [7]. Let G be a locally finite p-group and let F' be a field of charac-
teristic p. Then the augmentation ideal wG is locally nilpotent.

Following the ideas from [8] we consider the groups A,,, B,, and C,,. The group A,
has the representation A, = (ai,as,...,a4n: af =1, [a;,a;,a;] =1 for all 4,7, k)
where p is any natural number.



The identities

(5) [y, 2] = [z, 2][2, 2, 0lly, 21, [2,y2] = [2, 2][2, gl [z, y, 2]

hold in any group. Then, using induction on the words length relative to the variables
a1,0a2,...,04n, it is easy to show that the group A, is nilpotent of class 2. It follows
that the derived group A/, lies in the centre of A,,. Let us now show that the identity

(6) [U1,u2]p =1

holds in the group 4,,. We will prove it by induction. We have [a?,a,] = 1. Further,
it follows from (5) that [uy,us]? = [u],us]. Suppose that u; = usus and that
[uf, us] = [u},us] = 1. Then [u],us] = [u1, us]? = [ugua, us)? = [ug, ual?us, usl? =
[uf, us][u}, us] = 1, i.e. the identity (6) is proved. It follows from (6) that the derived
group A/, is an elementary abelian p-group. As A,, /A, is also an elementary abelian
p-group, the group A, has the exponent p? and is finite, for it is the extension of a
finite group with help of a finite group.

Now if u € A!,, then by (5) u can be written uniquely as the product
H [a’iv a]]ﬁ” )
1<i<j<an
where 3;; =0,1,...p — 1. Consider the expression
H (1 + xij)ﬁ” .
1<i<j<an

Suppose that the polynomial obtained after opening the parentheses contains the
monomials ;T i, Tigiy -« - Tigy_igns Where {iy,ia,... 040} = {1,2,...,4n}. Let
s; denote the number of inversions in the permutation ii,is,...,04,, o(u) =
S (~1)%a; (mod p).

' If w € A, let u denote the image of v under the homomorphism A, — A, /A].
We define now the group B,,. It has the representation

B, =(b"c": ue A,, ke A,/AL),

where b ¢ A,, and B,, satisfies the relations

(7) (b“)P = ()P =1,
[b“,b%] = if w#7,
6", 5%] = (%)e ™) if 7 =1,
b, ] =1,



for all u,v € A,, k € A,/A!,. We will show later that o(u) is not zero for some
u € Al and so B, = (b“: u € A,), B, = (c": k€ A,/A]) and B, lies in the centre
of B,.

The group B,, is homomorphic image of the group B} = (b*: u € A,,, (b*)? =1,
[bur, b4z b¥s] =1, for all uy,us,us € A,). The derived group of By is an elementary
abelian p-group and the elements [b*,b"] form an independent generating set for it
satisfying only the relations

b, 0°] =1, [b%,b"] = [bY, 0%~ .

Now, if @ = 7, then uwv~' € A/, therefore uv=' = (vu=1)"! and (c¥)e(w™ ") =
(¢®)(—evu™) " We also have p(1) = 0, consequently the relations of the group By,
[b%,b°] = 1if T # T and [b¥, b°] = (7)2(* ") if T = T do not impose any restrictions
on the group <ck: ke A, /A;l> Therefore B!, is an elementary abelian p-group and
the elements c*, where k € A, /A!, form a set of independent generators for B,.
Moreover, the group B, is finite and has exponent p2.

Define the action of A,, on B,, as follows. Let (b*)" = b*" for all u,v € A,, and let
(F)* =k for all k € A,,/A! and all u € A,,. It is straightforward to check that this
action determines a monomorphism of the group A,, into the group of automorphisms
of the group B,,. Form the semidirect product C,, of A, and B,,. Since A,, B, are
finite and of exponent p?, C,, is finite of exponent p*. Let 3 denote the subgroup
of C, generated by all commutators of the form [uj,us,us] of the group C,. We
have v3(C,,) C By, therefore [y3(Ch),73(Cn)] € B, = (c*) which is centralized by
Al and by B,, and hence by C/,. Therefore C,, satisfies the identity

(8) a2y, xa,...,28) = [[x1, T2, 23], [24, x5, T6], [T7, 28]] = 1.
Let us now show that the inequality
(9) [[b, a1, az2,a3], [a1,a2], [as, ad], . . ., [@an—1, Gan], [b, a1,a2]] # 1
is true in the group C,.
The group B, is nilpotent of class 2, hence it follows from the identities (5) that

for any tq1,t2,t3 € B,,

[t1ta, ts] = [t1,t3][ta, ts], [t1, tats] = [t1, ta][t1, t3].

We will use this fact without further reference.



Let Z, be the ring of integers modulo p, let Z,A! be the group ring of the
group A} over the ring Z,. If k € Z,A], then k = oqur + agus + ... + aruy,
where a1, 2, ..., € Zp, ui,Us,...,u, € A),. Then we define

(7)™ ] [(72)2, ta] . [(£17) 7 2]

— [ ] R 1) [ o]

[t]fv tQ]

We remark that this definition does not lead to a contradiction, as B}, is an elemen-
tary abelian p-group. If k1, ka € 7,4, t1,ta € By, then [tF 72 5] = [t5 #,][th2  1].
For u € A), t1,t2 € B, we also have [t1,u,ts] = [t;ﬁl,tz].

Extend o: A), — Z, linearly to the function ¢: Z,A], — Z,. Then for u,v € 4,,
k € 7,A! we have [b"*,b] = 1, if @ # T and [b*%,b"] = (FP)eh ™) if 7 = B
Further we have

[b7 [ailvai2]7 [ai37 ai4]7 SERE) [ai4n—17ai4n]7 b]

[b([ail yain]—1),([aig,ai,]=1). . ([aiy,, 4 7ai4n]_1)7 b].

But (14245, —1) (142455, —1) - .. (1424, _1isn —1) = TiyinTigiy -« - Tiy,_qisn » therefore,
if s denotes the number of inversions in the permutation i1, 4o, ..., %4y, then

Q([ailvaiz] - 1)([0,1'3,&1'4] - 1) ce ([a’i4k—17a’i4k] - 1)
B {(—1)5 if k=mn and{ii,iz,... i} ={1,2,...,4n},

0 otherwise.

Consequently, we obtain from (7) that

[bv [aiuaiz]? [aizvai4]7 ) [ai4n—17ai4n]7 b]
Vi k=n and {iy,i0,... 040} = {1,2,...,4n},
o otherwise.

Further, [b, a;] = b~1b% and [b, a1, az] = b=*1bb~92h%192 | therefore

[[b, a1, as2], a1, az2], [as, a4], ..., [a4n—1, Gan], [b, a1, as]]
= [b7*bb™ 20" [a1, ag), [as, a4), - . ., [@4n—1, Qan], b~ “1HHT2H*192]
= [b, [a1, az], [a3, a4, - ., [@an—1, Gan], B] "1 [b, [a1, as], [as, a4], . . .,
[@an—1,Gan], ][], [a1, a2], [as, a4, ..., [@4n—1, Gan],b] %2
x [b, a1, a2], [as, a4l ..., [@aan—1, asn], b]**?
=c MecT M2,

Earlier we have shown that {c¢*: u € A, } is a set of independent generators for B},
therefore ¢~**cec™*2¢*192 =£ 1. Consequently, the inequality (7) is proved.



Lemma 4. Let t;,t;,ty,t1,%2,..., tx € By, u1,us,...,ux € Al,. Then

(10) [titj,Ul,UQ, cee ,Uk,tr] = [ti7u17u27 cee 7uk7t’l‘][tjau17u27 e 7uk7tT]7

(11) [ti,ultl,UQtz, . .,uktk,tj] = [ti,ul,ug, e ,uk,tj].

Proof. The subgroup B,, is normal in C,,, therefore for t € B,,, w € C, we
have [t,w] = t~'t* € B, and it is nilpotent of class 2, therefore [t;t;,t,] = [t;t;,t,].
Then

[titj,u, n, g ] = [(tity) D2l g ]
— [(t )<u171)(u271)'”(uk71),tr][(tj)<u171)(u271)'”(uk71),tr]

i

= [ti,Ul,Ug, .. 7uk7tT][tj7u17u27 o ,Uk,tr],

i.e. the equality (10) is proved.
Further, by (5),

[tis urte, t5] = [[ti, ta][ts, wal[ts, u1, t1], 5]
= [ts, t1, t5][ts, wi, t][ts, wa, b, 6] = [, wa, t5).

Suppose that the equality (11) is true for all numbers smaller than k. Then by the
induction hypothesis and (10)

[ti,Ultl,UQtQ, e ,uktk,tj] = [[ti,ultl],UQ, e ,Uk,tj]

([ts, ta][te, wa][ts, w1, ta], ua, . . . uk, t]
= [[ti, t1], w2, .. uk, t][[ti, wa ], ua, . . uk, t]
X ([ti,ur, t1], ua, .. ., uk, t;]

= [ti, U1, U2, - - ., Uk, E5],
i.e. the equality (11) is also proved. 0
Lemma 5. Let ty,ts € B,,. Then
[t1, [ai, aj); [ai, ar], to] = 1

and

[tlv [aiv aj]? [akv al]? tQ] = [tlv [akv aj]? [aiv al]? tQ]il

for any i, 7, k,1.



Proof. By (10) the expression [t1, [a;, a;], [a:, ax], t2] is a product of factors of
the form

", [ai, aj], [ai, ax), b7] = [prileseal=Dlenad=1 pv]

1 if w+#7,
B (CU)Q(U([Maaj]*l)([ai’ak]*l)vfl) if w=m.

Obviously, in order to prove the equality [t1,[as,aj],[as, ar],t2] = 1 it is enough
to show that o(([ai,a;] — 1)([ai,ax] — 1)u) = 0 for any v € A!,. Suppose that
u = [[[ar, as]P. Consider the expression (1 +z;; — 1)(1+xix — 1) [[(1 +z5)Pr=. Tt
is obvious that any polynomial’s monomial, obtained after opening the parentheses
contains the product z;;x;x. Then o(([ai, a;] — 1)([ai, ax) — 1)u) = 0.

By analogy, in order to prove the second equality it is enough to show that

(12) o((lais az] = V)([ax, ar] = Du) = — o(([ar, a;] = 1) ([ai; ] = 1)u)

for every u € Al,.

Let u = [[[ar,as]?. We have (1 + x;; — 1)(1 4+ zx — D([T(1 + 25)P =
Tz [[(14+2,5)7 and (142 — 1) (1+2y— 1) [[(1+20s) P = 2@ [[(1+2)5r.
As {i,j,k, 1} = {k,j,i,1} and these permutations differ by an odd number of in-
versions, both the expressions have the same number of terms of the form z;,;, x
Tigig - - Tigy_1ian > Where {i1,92, ..., 040} = {1,2,...,4n} and o(([a;, a;] — 1) ([ak, @] —
Du) = —o(([ak, a;] —1)([as, a;] — 1)u) by the definition of the mapping p. The lemma
is proved. ([

Lemma 6. Let t1,t3 € By, and h,u,m € Al,. Then

[tl, [u, hm], tQ] = [tl, [U, h], tQ][tl, [U, m], tz].

Proof. We will prove the lemma by induction on the sum of the lengths
of the words u, h, m written as products of the elements a;. The result is
trivial if this sum does not exceed 2. Further, taking in consideration (5), we
have [t1, [hm],t2] = [t1, [u, h][u,m] ta] = [[t1, [u,m]][t1, [u, R]][t1, [u, B], [u, m]],t2] =
[[t1, [w, m], t2][t1, [u, h], t2][t1, [u, m], [u, h], t2]. Therefore, in order to prove the lemma,
it is enough to show that

[t1, [u, m], [u, h], ta] = 1.

By the induction hypothesis [t1, [u, m], [u, h], t2] is a product of factors of the form

[t [u, ), [u, @), ta] = [t D7D 1)
_ [tg[u,al]*l)([u,h]*1)7tz] = [t1, [u, ai], [u, R], t2].



Again by the induction hypothesis, the last expression is a product of factors of
the form [t1,[u, a;,], [u,a,],t2]. Let u = aj, a4, ... a;,.. Once again by the induction
hypothesis

[tlv [uv ai]’ [u’ aj]’ t2] = H [th [ais ’ ai]v [ait ) aj]v t2]

1<s,t<r
= H [t1, [ai., ad], [ai,, a;], 2]
1<s<r
X H [tlv [ais 5 ai]7 [ait 5 aj]v t2] X [t17 [a’it ) ai]v [ais 5 aj]v t2] =1
1<s,t<r
by Lemma 5. The lemma is proved. O

Lemma 7. Let t1,ty € By, and u; = [wy,, w;,], where w;, € A,, i =1,2,...,2k.
Then

[tth,Ul,UQ, ce ng,tth] = [t17u17u27 .. 'u2k7t1][t27u17u27 .. .UQk,tQ].

Proof. Taking in consideration (10) it is sufficient to show that

(13) [t17u17u27 .. .UQk,tQ] - [t27u17u27 . .UQk,tl]_l.

We will use the fact that A/ centralizes B],. Hence we have [t},t2] = [t¥, to]v " =

[t1, tgil] for u € A!,. The group B,, is nilpotent of class 2, consequently [t1,u1,t2] =

_ _ _ -1 _ —1 -1
[ttt to] = [t ][ty ] = [t te] Mty ] = [t bty ) = [ttty ] =
[t1, [ta,u™1]] = [t2,u~t, 1]~ . Further, by induction we obtain that

—1 —1 —1 —1
[t17u17u27"'7u2k7t2] :[t27u2k7"'7u2 , Uq 7t1] .

By Lemmas 4, 6 the left- and right-hand sides of the last equality can be represented
as products of factors of the form

[buv [ail ) aiz]v [aisvau]’ SRR [ai4nf1 ) ai4n]’ bv]
and
[bu7 [ai4n717a’7;4n]717 sy [ai37ai4]717 [ailvai2]717 bv]
— [pY . . . . . i ul—1
- ) n n— R
[b [a14 7a14 1]7 ) [aluals]? [a127a11]7 b ] ’

respectively, where u,v € A,,.



Now it is obvious that in order to prove the equality (13) it is enough to show that

o(([@iss Gig ] = 1) - ([@0, ais] = V)([as, @i, ] = Du)
= Q(([ailvai2] - 1)([ai37ai4] - 1) s [a’i4n—17ai4n] - 1)“)
for any u € A,,. This equality is proved similarly to (12), just taking into account

that the permutations i1,%9,...,44r and i4x, %451, ...,%1 differ by an even number

of inversions. O

Lemma 8. The identities

(14) Br = Br(x,y, z,u; 21, o,y . . ., Tag)
= [[z,y, 2], [z1, %2], [w3, 4], - ., [Bah—1, Tar], [u, 9, 2]]
X [[u,y, 2], [x1, 2], [¥3, 4], - - -, [Tak—1, Tar), [, ¥, 2]] = 1,
(15) Ve = ve(x,y, 2, u; T1, Ta, . . ., Tak)
[z, y, 2], [x1, w2), [w3, 2a)s - - [Pan—1, Tar], [2,y, u]]
X [z, y,u], [x1, x2], [T3, 4], - - -, [Tag—1, Tak], [z, ¥, 2]] = 1,
(16) Or = 0k (z,y, 2,21, T2, . .., Tag)
= [[z,y, 2], [x1, 2], [x3, 24, . - ., [Tak—1, ar], [T, Y, 2]] = 1

are true in the group C,, for k # n.

Proof. The subgroup B, is normal in C,,, therefore we have [wi,ws] =
[u1,us2]t for any wy,ws € Cp and ui,us € A,, t € B,. Further, the group A,
is nilpotent of class 2, hence 73(Cy) C B,. Therefore in order to prove (14),
(15) it is sufficient to show, by (10), that [t1, [u1, us], [us, wa], ..., [tak—1, var], t2] =
[ta, [u1, ual, [us, ual, ..., [uak—1,uax], t1] L. This equality follows from (13).

By analogy, in order to prove the identity (16) it is sufficient to show that
[t1, [w1, us], [us, ual, ..., [ak—1, usx], t1] = 1. By Lemmas 5 and 7 the left-hand side

of this equality is a product of factors of the form [b%, [as,, @iy), [@ig, @iy], - - -, [@igp_y s
@iy ], 0 = [y [aiy, @iy, [@igs @ig]ys - oy [@igpys @iy ), 0] = 1 for k # n. The lemma is
proved. (I

Let 9 denote the variety of groups, defined by the identity (8), let 9, be the
variety of nilpotent groups of class at most 2 defined by the identity 2" = 1. We
have shown above that C,, € 9 N 9M,MN,. Hence we obtain directly from (8), (9),
(14)—(16) the following
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Proposition 1. The system of identities {§;, = 1}, k = 1,2,..., is independent
in the variety of groups 9t N N,N,,.

We remark that the variety 9t N 91,7, is locally nilpotent and locally finite. We
also remark that an analogous result was obtained in [8] for the case of p = 2.

Lemma 9. The identity 0,, = 1 is not a consequence of the system of identities
O =1, v =1,0r =1 for k # n and a(z1,2,...,28) = 1 in the variety of groups
M N NN,

We will further assume that F is an infinite field of characteristic p > 0. The
group C, is a finite p-group, therefore it follows from Lemma 3 that the augmentation
ideal of wC,, is nilpotent. Then, as was shown before Lemma 1, the set C',, = 1 —wC),
forms a group. Obviously, C,, C C,. Then FC, C FC, and wC, C wC,. Using
item (6) of Lemma 2 it is easy to show that wC, = wC,. The algebra wC,, is
nilpotent and F' has characteristic p, so it is easy to show that the identity P =1
holds in the group C,, for some k, and it follows from Lemma 1 that the group C,

is nilpotent. It follows from this that C,, contains a finite descending central series
(17) UnzﬁlDﬁgD...DETH:l,

which possesses the property that all the elements of its quotient group D;/D;y1
have order p. Therefore each group D;/D;y is a direct product of cyclic groups of
order p. We denote by d,, those elements of the group D; whose images in D; /Diy1
are independent generators of the group D; /5i+1. Then each element g € C, is

uniquely written in the form

— —J1 —Jjm 51 —S1 —t1 —tr
(18) G=din, i Doy gy dy

10(1

where 0 < j, s,t < p. We will assume that §; < d2 < ..., where 6; = a;; Bi; Vi-
We denote d = 1 — d. Then d € wC,,. We will show that elements of the form

(19) g=di, o diy dlhodyy o dl
form F-basis of the algebra wC,,. Indeed, the sequence u = (j1,...,Jm, 51,51,

t1,...,t) will be called the defining vector of the element g. Suppose that the
defining vectors for elements g1, g2 € wC, are u and v. We graphically define them
in the following way. Suppose that a factor d;, in one of the decompositions of the
form (18) of the elements gy, g, lacks. Then we write this factor in the decomposition
with the power 0. We have obtained new defining vectors ©w = (¢1,¢2,.--,@r),
T = (1,%3,...,1%,) for the elements g;, g,. We will say that the order of the
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element g1 is higher than the order of the element g, if ¢; = ¢; for i = 1,2,...,s,
but @1 > Yy

Let gi have the highest order among the elements g; (i = 1,2,...,t). Then in the
notation of the polynomial a;g1 + aags + ... + arg: (a; € F) in terms of elements
of the group C,, the coefficient of dj, is equal to +ay. This directly follows from
the uniqueness of each element’s notation in the form (18). Consequently, the ele-
ments (19) are linearly independent and form F-basis of the algebra wC,. Therefore
each element of wC,, can be represented as a linear combination of monomials (19),
moreover, this presentation is unique.

The number j; + ...+ jm +p(s1 + ... +81) + ... +p "Lty + ... + tx) will be
called the weight of the monomial (19) of the algebra wC,. The weight of the
polynomial’s lowest monomial will be called the polynomial’s weight. We denote
by D, the submodule of the F-module D = wC,, generated by the monomials
from D whose weights are not less than s. We will show that the inclusion

(20) D,-D; C DS-H
is true in the algebra D. Indeed, consider a monomial of the general form

(21) arod st (0 < ji <p)

G100 2 T4t Qstt

from Dy D;. If the powers of the same basic element are situated side by side in (21),
for example d/7 7" and j,, +jm+1 < p, then we substitute the expression dg;"ﬂ e

for this pair. The total weight does not change. But if j,, + jmy1 = j + p, then

the product d’”d’"** will be represented in the form d’ d? . As d. enters higher

oot

members of the central series (17), the sum of the monomials that belong to these
higher members can be substituted for d?, . The total weight does not change. Let

now d{ma dfm“ _ be such elements that their orders are inverse in the normal
mQm tmt10—m+1 .
form (19). Then for the product di™ dg’"“ we substitute the expression
mQAm  tm4+10®m41

(22) dpde = dadp + doldg, do] + dgldg, do] — [dp, da] — dadplds, dal,

where do = di™ ,dg = d" | [dg,da) = d;ldgldﬁda. As (17) is the central
mQm? 7} m+1Qm41

series of the group C,, the commutator [dg,d,] will be contained in a member of
a higher number than d, and dg. Therefore the weights of the members from the
right-hand side of the equality (22) is not less than dgd,. Using the stated rules, we
are able to express each product of the form (21) as a product of higher order, and
the members’ weight does not diminish.

The group C), is finite. Hence there are only a finite number of factors of the

form d;,, in (18). Therefore each monomial of (21) can be reduced (by a finite number
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of transformations) to a polynomial whose every monomial has the form (19). Then
the weight of the monomial’s product is not less than the sums of these polynomials’
weights. Consequently, the inclusion (20) is proved.

From (20) and the above proved statement about the basis of the algebra D it
follows that D; is an ideal of the algebra D and that D' C D;, where D means the
ith power of the algebra D. Let D; be the ith member of the central series (17). We
will show that

(23) D; C1— D,

for i = 1,2,...,7 + 1. In order to prove (23) we will show that D; C 1 — D?. We
have D = D; C 1 — D!. Suppose that D;Cl1—Diandletd, =1—d; €1— Dt
d=1-de1—D. Then 1 [d;,d = d, d'(dd; — d;id) = 1 —d, d(d,d;) =
1 —d;d(d,d;) € 1 — D"+ i.e. the inclusion (23) is proved.

By the construction, C,,/B, = A,,. Then by item 4) of Lemma 2 FC,/wB, =
FA,,. Earlier we have shown that FC,, = FC,,. It is obvious that B,, = 1 —wB,, will
be the kernel of the homomorphism induced on the group C,, by the homomorphism
FC, — FC, /wBy,. Therefore B,, is anormal subgroup of the group C,,. Further, by
item 5) of Lemma 2 the homomorphism FC,, — FC,,/wB, preserves the sum of the
polynomials’ coefficients. Therefore, again by item 5) of Lemma 2, it follows from the
relation FC,,/wB, = FA, that wC, /wB, = wA,, where wA, is the augmentation
ideal of the group algebra F'A,. Now let us show that these relations imply that
Cn/B, = A,, where A, = 1 — A,,. Consider a homomorphism a: FC, — FA,.
Let ¢ = 1 — ¢, where ¢ € wC,,. Then it follows from the relation wC,,/wB, = wA,
that a(c + wBy) = a, where a € wA,,. If e is the identity element of the group A,,
then a(eB,) = a((1—e)(1-wB,)) =a(l —c—wB, +c-wB,) = a(l — (c+wB,)) =
al —a(c+wB,) = e —a € A,. It means that the homomorphism a maps the
group C,, into the group A,. But if @ = e —a € A, C C,, then ag@ = a(e — a) =
ae —aa = ae —alc+ wB,) = ae —a(c+wB, —c-wB,) =a(l —¢c—wB, +c¢-
wB,) = a(l —c)(1 —wB,) = a(¢B,). It means that « is an epimorphism. Therefore
Cn/B, = A,. Tt follows that wC,, /wB,, = wA,. Further, as FC,, = FC,,, it is easy
to show that wB,, = wB,, wA,, = wA,. Therefore

(24) C,=1-wC,, B,=1-wB,, A,=1-wA,.

We denote t = j1 + ...+ jm +p(s1 + ...+ s;). The set (wB,,); is an ideal of the
algebra wB,,, and wB,, is an ideal of the algebra wC,. It easily follows that (wB,,);
will be an ideal of the algebra wC',, too. Consider the homomorphism ¢: wC, —
wCp/(WBy):. Let p(wCy) = Uy, (wBy) = Vi, p(wAy,) = Wy, oCp, = Uy, pB, =
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Vi, ¢A, = W,,. Tt follows from the relation wC,, /wB, = wA, that U,/V, = W,.
Now consider the homomorphism v¢: U, — W,, — W,,/(W,,); and let 9U,, = L,,
YV, = M, vW,, = K,,. The series (17) of the group C,, induces the central series
L, = (L,)1 2 (Ly)2 2 ... of the group L, which in turn induces respectively the
central series M,, = (M,);1 2 (M,)2 2 ... and K,, = (K,)1 2 (Kn)2 2 ... of the
subgroups M,, and K,, where (M,); = M, N (Ly)i, (K,)i = K, N (Ly);. The
quotient groups (M,);/(M,)it1, (K,)i/(K,)it1 are elementary abelian p-groups.
Then it follows from the definition of series (17), homomorphisms ¢, ¢ and (23) that

(M,)s =1, (K,)3 = 1 and that the derived groups (M,)’, (K,)" are also elementary
abelian p-groups. Therefore the groups M,, K, are nilpotent of class 2 and have
exponent p?, i.e. they belong to the variety M,. Then it follows from the relations

wCp/wB, 2 wA, and C,,/B, = A, that
(25) L,/M,~K,, L,/M,~K, M, K,cMN, L,cN,N,

Now let us show that the homomorphism ¢: FC, — FC,/(wB,); induces iso-
morphisms on the subgroups A,,, B,, of the group C,,. Indeed, let H be a normal
subgroup of the group B,, corresponding to the induced homomorphism 7. We have
to show that H = 1. Assume the contrary. Let the element 1 # h € H have the
form (18). With help of the identity 1 —2y =1 -2+ 1 -y — (1 —2)(1 —y) we
write the element 1 — h as a linear combination of monomials of the form (19). By
the construction, the groups A,,, B,, are nilpotent of class 2, the derived groups A/,
B/, and the quotient groups A, /A!,, B, /B, are elementary abelian p-groups. Then
no monomial of the form (19) from the decomposition of the element 1 — h has a
weight greater than ¢. It means that 1 — h does not belong to the ideal (B,);. On
the other hand, by item 2) of Lemma 2 the element 1 — h belongs to the ideal wH
corresponding to the homomorphism 7. We obtain a contradiction as it is obvious
that wH C H N (B,);. Consequently, H = 1, i.e. n is an isomorphism of the sub-
group B,,. The isomorphisms pA,, = A, and ¢¥(¢B,) & By, ¥(pA,) = A, can be
proved by analogy. Therefore

(26) P(pCh) = C.

Let us denote elements of the group L, by [ and let E be the subgroup of the
group L,, generated by all the expressions

(27) a(li,la, .. 18), Bl ls, Il o, o lag),
’Yk(iivl%lsvlt;llvl?v e 7l4k)7 6k(li7ljvlS;l17127 .. ~7l4k)

for k # n. Obviously, the subgroup E is normal in L,, and the identities (8), (14)-
(16) hold in L, /E. By d, g; we denote the images of the elements b, a; under the
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homomorphism C,, — L,,/E = T,,. We have shown earlier that L,, € 9t N N,N,.
Then T,, € MN NN, too. By Lemma 9 the identity 6, = 1 is not a consequence
of the system of identities (8), (14)—(16) in the variety of groups 2 N 9,9,. So it
follows from (9) and (26) that the inequality

(28) 6n(d, g1, 92: 91,92, -, gan) # 1

is true in the group T',.

The subgroup E is normal in L,,. Then by item 3) of Lemma 2, wE will be an ideal
of the algebra F' L,.. Consider a homomorphism p: F L, — FL, /wE. We denote
oL, = T,, oM, = S,, oK, = R, ¢L, = Ty, oM, = S,, oK, = R,. BEarlier
we have proved the following properties for the groups M, K,: a) the groups M,,
K,, belong to the variety N,p; b) the derived groups M;, F; are elementary abelian
p-groups. Then the relations

IR

(29) RS0 €My T/Sn ™ Ruy T/ Ry

follow from a) and (25). It follows from the properties a), b) that the identities
[z,y]? =1, [z,y, 2] = 1 hold in the groups M,, K,. Taking in consideration (5), the
identity [zP,y] =1 follows from them. Therefore the identities

(30) [z,y]" =1, [2"y] =1

hold in the groups R, S,.

Earlier we have shown that the algebra wC,, is nilpotent. Then the algebra T},
is also nilpotent, say, of index m. We denote the elements of the group C,, by u,,
and the images of the elements u; under the homomorphism C, — T, by v;. We
introduce the notation

w; =1 -,
{z,y}= —(Q+z+. +2™ Hl+y+...+y" ()

{5517 cee 7517i717xi} = {{171, cee 7xi71}7$i}~

It follows from Lemma 1 that [v;,v;] = 1 — {w;, w;}, and this implies directly that

(31) [’Ul,’Ug,...,’Ui]:1—{’LU1,U)2,...,’U}Z'}.
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We also denote

9($1,$2,...,$8)

- {{ZCl,JJg,SE?,}, {(E4,J]5,IE6}, {$77$8}}5

i (Ts, Te, iy Tj; 21, T2, - - -, Tak)
= {{zs, i, x5}, {z1, 22}, o {@an—1, var }, {@e, i, 251}
—Havzi 25} Has, wis o) {z we}, o {zan—1, zant 1,
Ek(ms, Ty, T4y 45521, X2, + - -, Tak)
= {{zi, x5, x5, }, {x1, 22}y oo {@an—1, var }, {@i, x5, 24} }
=i,z e}, Hwi, g b {zn, wo}s - {wan—1, war ),
Me(@i, T, Ts3 T1, T2, - - ., Tag)
= {{zi, x5, xs}, {z1, x2}, o {@an—1, zar }, {@i, x5, xs 1}

Now let us show that the equalities

9 = 9(0&111)1, AW,y ..., Oégwg) = O,
(32) M = N (QWs, Wy, QW5 , QW53 LW, QW . . ., CaWa) = 0,
&k = &k (QsWs, Wy, W5, QW5 LW, QaWa, . . ., QukWag) = 0,
A = Mg (Qw;, oWy, aswe; 1w, G2, Wa, . . ., CapWag) =0

hold in the algebra T;,. Indeed, in (27) we substitute I; = a;(1 — u;), where a; € F,
and let the image of the expression obtained for nx(l;,1;,1s,lt; 11,12, . .., lax) under
the homomorphism L, — fn/E have the form ¢ 0. Then the equality ¢ror = 1 or
Yr = lel is true in the group L,,/E = T,,, where ¢}, ox are commutator expressions
of the group T,,. With help of the identity [u,v] = [v,u]™' we represent o' in
the form ¢y, in which the arrangement of parentheses [, ] in 4y coincides with
the arrangement of parentheses {, } in the second member of 7. The parentheses
arrangements in ¢ and in the first member of 7; coincide. Now we apply the
equality (31) for ¢, ¢x. Suppose that ¢, = 1 — @, ¢x = 1 — 1. As the equality
¢r = Yy, holds in the group L,,/E, it follows from the relation w(L, /F) = wL,/wE
that the equality @, — 1, = 0 holds in the algebra T},. But @, — 1, = 1. Therefore
the equality 7 = 0 holds in the algebra 7). By analogy we obtain the validity of
the equalities 8 = 0, £ = 0, A\ = 0 in the algebra T),.

Let f = f(x1,22,...,2¢) be one of the polynomials

6(1’1,1’2, cee 7$8)7 77k($5a$ta$ia$j§$1»$w» e 7$4k)7

é(wsawtawiawj;xlawwv .. -71;4/6)7 )‘k(xivxjvxs;xlaxwa cee ,l'4k).
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By the definition of {, } we pass to the operations (4), (-) in f and for the polynomial
obtained we introduce in a natural way the notions of degree in every variable x;,
degree and homogeneity of polynomials. Let us represent f in the form f = fo +
fi+ ...+ fr,, where f; is the sum of all the monomials of the polynomial f that have
the degree 7 in x1. Let wy,ws,...,w; be elements of the algebra w7, determined
above. Using abbreviations we write f(w) instead of f(wi,ws,...,w). If a €
F, then f(awi,wa,...,w;) = fo(w) + afi(w) + ?fo(w) + ... + a™ f (w). Let
a1, Qs, ..., bearbitrary elements from F. Then by (32) we get a system consisting
of r1 equations
folw) +a; fri(w)+...+a;' fr,(w) =0

with variables fo(w), f1(w), ..., fry(w). By [9], d1f;j(w) = 0, where d; is the determi-
nant of this system. The field F' is infinite. Then we can choose such a1, aq, ..., ar,
that di # 0. That is why f;(w) = 0. Doing the same operation with the polynomi-
als f;, and variable 2 and so on, we finally get the following statement.

Lemma 10. Let f = fi(z1,22,...,2) + .. + filx1,29,...,2¢) + ... +

fr(x1,22,...,2¢) be the decomposition of the polynomial f into homogeneous com-
ponents f;(x1,xa,...,x;) and let wy,ws,...,w; be the elements of the algebra wT,
determined above. Then f;(wy,wa,...,wt) = 0.

In particular, examining the homogeneous components of the least degree in each
of the cases (32), we obtain that the equalities

((wl,WQ,W3), (UI4,U)5,’UJ6), (w7?w8)) =0,

((ws, wj, ws), (Wi, w2), ..., (Wak—1, War), (Wi, Wj, ws))

= ((wi, wy, ws), (we, wj, ws), (w1, w2), ..., (Wap—1,war))) =0,
((ws, wj, ws), (Wi, w2), ..., (Wak—1,Wax), (Wi, wj, we))

= ((wi, wj, ws), (wi, wj, we), (wi,wa2), ..., (Wak—1, war))) =0,
((ws, wj, ws), (Wi, wa), ..., (Wak—1, Wak), (Wi, wj, ws)) =0

are valid in the algebra T,, for k # n.

By item (6) of Lemma 2 the augmentation ideal wC,, is generated as an F-module
by elements of the form 1—wu;. Then the F-module T, is generated by the elements w;,
i.e. any element h from T, has the decomposition h = aywi + ... + asws. The
statement can be proved taking into account the identity (z,y) = —(y, z) and using
induction on the length s, from the last equalities it is easy to prove the statement.

Lemma 11. The identities (2) and pugr = 0 hold in the algebra T,, for k # n.
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Lemma 12. The algebra T,, belongs to the variety B N €,¢,.

Proof. The groups R,, S, are epimorphic images of the groups 4, B,, and
algebras R,,, S, are respectively the images of the algebras wA,,, wB,. Then it
follows from (24) that

(33) R,=1—-R,, S,=1-S,, T,=1-T,.
Let h be an arbitrary element of the algebra R, (or S,) and let ¢ = 1 — h. Then
it follows from (33) that g € R,, (or ¢ € S,,), and it follows from (29) that ¢*" = 1.

p’=1 o
We have h?* = (1- q)p2 =1+ (pzil)(_l)qu + (—1)1’2qp2 =1+ (—1)1’2 since all
i=1

binomial coefficients can be divided by p. If p = 2, then 1 + (—l)p2 =141=0,
as F is a field of characteristic 2. But if p # 2, then 1+ (—1)?" = 1 —1 = 0.
Consequently, w’ = 0, i.e., the algebras R,, S, satisfy the identity 2 = 0.

The groups R,,, S, satisfy the identity (30) and by (29) are nilpotent of the index 2.
Then, considering (33), similarly to the proof of the of identity (2) in the algebra T,
(Lemma 11), it is shown that the algebras R,,, S,, satisfy the identities (z,y,2) = 0,
(xz,y)? =0, (zP,y) = 0. Consequently, R,, S, € €, and by (29) T,, € €,&,. It follows
from Lemma 11 that T3, € B, therefore T, € B N €,¢,. Lemma is proved. O

Let (A, -, +) be an arbitrary associative algebra. It is known that the algebra’s A
operations of taking the commutator (u,v) = uv — vu and addition (+) turn A into
a Lie algebra. We denote it by A(A).

Now we use the notation introduced before the relation (28). Let G be a subgroup
of the group T, generated by the set X = {d,g1,92,...,94n} and let A be a sub-
algebra of the augmentation ideal wT,, generated by the set {y;: y; = 1 — 2;}. We
have shown earlier (after the relation (28)) that the algebra wC,, is nilpotent. Then
the algebra T, is nilpotent. In particular, the algebra A is also nilpotent. Then
for every monomial v € A there exists such a number m that v € A™\ A™*!. The
number m will be called the weight of the monomial v. A polynomial that consists
of monomials of the weight m will be called homogeneous of the weight m. Let U be
a word of group G from the generating set X. We pass in U to the generators y;
of the algebra A, with help of the relation z; = 1 — y;. Assume that U has the
decomposition

(34) U=1— (tm+ Umt1+.-.,U)

in A, where u; is a homogeneous polynomial from A of the weight i and wu,, is a
polynomial of the smallest weight. We define a mapping 6: G — A by §(U) = 0 if
U =1, and 6(U) = u,, otherwise.
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Lemma 13. Let U, V be words (# 1) of the group G from the generating set X
and let §(U) = um, 6(V) = v. Then for every integer |

(35) S(UY = luy,.
If m < k, then

If m = k and uy, + vi # 0, then
(37) 5(UV) = Uk + Vg.

If m = k and uy, + v = 0, then UV = 1 or 6(UV) lies in A, where t > m. If
(Um,vg) # 0, then

If (wm,vx) = 0, then [U, V] =1 or §([U,V]) lies in A*, where t > m + k.

Proof. We denote u,;, +mpmy1 + ... ,u, = u. Then U =1 — u. We use the

!
decomposition (1 —u)! = > (—1)*(})u, where (}) = W, for the proof
of (35). Asu € A, all nonconstant members of the smallest weight of the element
(1 — u)! belong to —lu. Hence (35) is proved.

The assertions (36), (37) follow from the multiplication rules, and the other asser-

tions follow from Lemma 1. O

We denote Dy, = {g € G: 1 — g € (wG)F}. Tt is easy to see that Dy is the
kernel of the homomorphism induced on the group G by the natural homomorphism
FG — FG/(wG)k. This follows from Lemma 13.

Lemma 14. IfG,, is the m-th member of the lower central series of the group G,
then G,, C D,,.

Proof. We will use induction on m. We have G; = G = D;. Suppose that
Gum C Dy, and let a € Gy, u € G. Then [a,u] = 1, or §([a, u] has weight not less
than m + 1, as §(a) has weight not less than m. In any case [a,u] € D,,+1 and
therefore G, 11 C Dypq1. The lemma is proved. O
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By the construction, the group C,, is finite of exponent p*. Then the group G, being
a subgroup of the homomorphic image of the group C,,, is also finite of exponent p?.
Therefore it is nilpotent. Following [10], we link the lower central series G = G; D
G2 D ... D G5 =1 of the group G with the Lie algebra L(G). It is the direct sum of
modules B; = G;/G;41,1=1,2,...,5—1, in which the multiplication [, ] is defined
in the following way. Let b; € B;, b; € B; and let g; € Gy, g; € G; be such elements
that the mappings

Gi — Gi/Git1, Gj— Gj/Gj

transfer g; into b; and g; in b;. Then the product [b, b;] is defined as the element
from G;y;/Git ;41 containing the commutator [g;, g;]. The null element of the alge-
bra L(G) will be 1 + ...+ 1, where 1 is the identity element of B;.

The commutator G* (21,9, ...,x) is naturally defined for the elements z; € X,
where (¥ is an arrangement of parentheses [ and | [10]. The group G is nilpotent.
Hence there exists such a number p(k) that 8 (z1, 22,...,2k) € G /Gue)+1-

Proposition 2. Let G and A be the algebras considered above. Then the
mapping x;G2 — y; induces the monomorphism of the Lie algebra L(G) into the Lie
algebra A C A(wG). The monomorphism is determined in the following way:

Let B*(x1, 22, ...,2), where z; € X, be a commutator of the group G with some
parentheses arrangement of 3% and let ¥ (x1, 22, ..., k) € Gut)\Gu(k)+1- Then the
mapping

B (1,22, .. 26) Gy 11 — B (Y1, Y2, - - k)
is a monomorphism of the quotient group G ) /G ,(x)+1 in the additive group A,
(A), where A, (A) is the submodule of the module A(A) that consists of homo-
geneous polynomials of the weight (k) and the parentheses arrangement 3* means
the multiplication in A(A).

Proof. By the definition of the multiplication operation in the algebra L(G),
and also by the link between the operation of taking the commutator in the
group Gi/Gry1 and the multiplication in the algebra A(wG), the expression
B*(2i,, Tiy, - .., 1) obviously turns into an element B (yi,,yy,,...,yx) of the al-
gebra A(A).

Further, an arbitrary element U from G;\Gk41, under the mapping z; — y;, is
transferred into the element of the algebra A of the form

1+ up +ups1 + ..o+ ug,

where u; has the weight ¢ or equals zero, and ¢ > k by Lemma 14. This lemma also
shows that the equality
5(UGk) = 5(U) = Uk
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determines a mapping d;, of the group Cy = Gi/G1 into the set of homogeneous
elements of the weight k of the algebra A. Modulo members of the lower central series,
the multiplication in the group G coincides with the addition in the algebra L(G).
Therefore the identity 2P" =1 of the group G does not influence the characteristic p of
the field F, and it follows from (34)—(38) that & is a linear mapping C}, in A*. By [10]
the commutators of the form [x1,xo, ..., x| generate the subgroup G, therefore the
mapping

5(‘/) == 51(1)1) + 52(’02) + ...+ 5k(vk) =+ ...

is a linear mapping of the Z,-module L(G) into the Z,-module A, where Z, means
the ring of integers modulo p. Consequently, the mapping z;G2 — y; induces a
homomorphism of the Lie algebra L(G) in A.

By [10] the subgroup G5 generated by all the commutators of the group G is
contained in the Frattini subgroup. Therefore the mapping z;Gs — y; is one-to-one.
If a, b are elements from G, then it follows from Lemma 1 that [a,b] = 1—a b~ (a,b).
Therefore, if [a,b] # 1 then (a,b) # 0. Now it is easy to show by induction that if
B*(ziy, Tiyy-- - mi,) # 1, then B%(yiy, yiy, ..., 2k) # 0. Then it follows from (38)
that the mapping ;G2 — y; induces a monomorphism of the Lie algebra L(G) into
the Lie algebra A. The proposition is proved. O

By (33) we have T, = 1 — T},. Then it follows from the definition of the augmen-
tation ideal wT,, that wT,, C T,. Then A C T}, and (28) together with Proposition 2
yields

Lemma 15. The identity pu, = 0 does not hold in the algebra T,,.

Now we directly obtain from Lemmas 3, 11 and 15:

Theorem 1. In the variety B N €,&, of associative algebras over an infinite
field of characteristic p > 0 the system of identities M = {ur = 0: k=1,2,...} is
independent.

Different subsets from M determine different varieties, hence Theorem 1 implies

Corollary 1. The variety BN¢,¢, contains a continuum of different not finitely
based subvarieties.
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Corollary 2. In the variety B N €,&, there exists an algebra determined by an
enumerable set of identity relations in which the words problem is unsolvable.

Proof. Let S be an enumerable and unsolvable set of numbers. Consider the
algebra of the variety B N €,¢, determined by the identity relations {p, = 0} for
n € S. It is obvious that each relation of the algebra A is an identity relation. By
Theorem 1 an arbitrary identity from {z; = 0} for given n is fulfilled in A if and
only if n € S. Consequently, in A the problem of words equality is not solvable. [

It is known that if on the additive F-module T;, we introduce multiplication (-):
T -y = xy — yx, then the resulting algebra will be special Jordan and since F' is a
field of characteristic 2, it will be Lie, too. Then, from Theorem 1 and (2) we get

Corollary 3. In the variety ® NM33 of Lie algebras (special Jordan algebras)
over an infinite field of characteristic p > 0 (over an infinite field of characteristic 2)
the system of identities {vy, = 0: k=1,2,...} is independent.

As in the case of Corollaries 1, 2, this implies

Corollary 4. The variety © N 933 contains a continuum of different not
finitely based subvarieties and in ® N N3N3 there exists an algebra determined by
an enumerable set of identity relations, where the words problem is unsolvable.

Note, eventually, that in the case of Lie algebras Corollary 3 does not pretend to
novelty. Infinite systems of identities for the varieties of Lie algebras over the field
are given in [11], [12].
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