
Czechoslovak Mathematical Journal

María Silvina Riveros; Marta Urciuolo
Weighted inequalities for integral operators with some homogeneous kernels

Czechoslovak Mathematical Journal, Vol. 55 (2005), No. 2, 423–432

Persistent URL: http://dml.cz/dmlcz/127988

Terms of use:
© Institute of Mathematics AS CR, 2005

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz

http://dml.cz/dmlcz/127988
http://dml.cz


Czechoslovak Mathematical Journal, 55 (130) (2005), 423–432

WEIGHTED INEQUALITIES FOR INTEGRAL OPERATORS

WITH SOME HOMOGENEOUS KERNELS
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(Received August 1, 2002)

Abstract. In this paper we study integral operators of the form

Tf(x) =
∫

|x − a1y|−α1 . . . |x − amy|−αmf(y) dy,

α1 + . . . + αm = n. We obtain the Lp(w) boundedness for them, and a weighted (1, 1) in-
equality for weights w in Ap satisfying that there exists c > 1 such that w(aix) 6 cw(x)
for a.e. x ∈ � n , 1 6 i 6 m. Moreover, we prove ‖Tf‖BMO 6 c‖f‖∞ for a wide family of
functions f ∈ L∞( � n).

Keywords: weights, integral operators

MSC 2000 : 42B25, 42A50, 42B20

1. Introduction

In [7] the authors study the boundedness on L2( � ) of the operator

Tf(x) =
∫
|x− y|−α|x + y|α−1f(y) dy,

0 < α < 1.
In [3] the authors study integral operators of the form

Tf(x) =
∫
�

n

|x− y|−α|x + y|−n+αf(y) dy,

0 < α < n. They obtain the Lp( � n , dx) boundedness and the weak type (1, 1) of
them.

Partially supported by CONICET, Agencia Córdoba Ciencia and SECYT-UNC.
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In this paper we consider integral operators defined for f belonging to the Schwartz

class S( � n ) by

(1.1) Tf(x) =
∫
�

n

|x− a1y|−α1 . . . |x− amy|−αmf(y) dy,

α1 + . . . + αm = n, αi > 0 and ai ∈ � − {0} for i = 1, . . . , m.

We take the Hardy-Littlewood maximal function as

Mf(x) = sup
Q

1
|Q|

∫

Q

|f(x)| dx

where the supremum is taken along all cubes Q such that x belongs to Q. We recall
that a weight w is a measurable, non negative and locally integrable function. It is

well known that, for p > 1, M is bounded on Lp(w) if and only if there exists c > 0
such that

(1.2) sup
Q

(
1
|Q|

∫

Q

w

)(
1
|Q|

∫

Q

w−1/(p−1)

)p−1

6 c.

The class of functions that satisfy (1.2) is denoted by Ap. For p = 1, the class A1 is

defined by

Mw(x) 6 cw(x)

for a.e. x ∈ � n and for some positive constant c. The weak type (1,1) of the maximal

function is equivalent to w ∈ A1. These classes Ap have been defined by Mucken-
houpt (see [6]) in the one dimensional case and for higher dimensions by Coifmann

and Fefferman (see [1]).

In this paper we obtain the boundedness of T on Lp( � n , w) and a weighted (1,1)
inequality for a wide class of weights w in Ap. We prove the following result:

Theorem 1. Let T be defined by (1.1). Suppose there exists c > 1 such that
w(aix) 6 cw(x) for 1 6 i 6 m and for almost every x ∈ � n .

a) If w ∈ Ap, 1 < p < ∞, then T is bounded on Lp( � n , w).
b) If w ∈ A1 then there exists k > 0 such that, for λ > 0 and f ∈ S( � n ),

w({x : |Tf(x)| > λ}) 6 k

λ

∫
|f(x)|w(x) dx.

We also analyze the boundedness of the operator T from L∞ into BMO, the
classical space consisting of functions with bounded mean oscillation, defined by
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John and Nirenberg in [5]. Precisely, we say that f ∈ L1
loc belongs to BMO if there

exist c > 0 such that
1
|Q|

∫ ∣∣∣∣f(x)− 1
|Q|

∫
f

∣∣∣∣dx 6 c

for all cubes Q ⊂ � n . The smallest bound c for which the above inequality holds is
called ‖f‖∗. From the techniques used, the following result follows inmediately:

Theorem 2. Let T be defined by (1.1). Then there exists c > 0 such that

‖Tf‖∗ 6 c‖f‖∞

for all f ∈ S( � n ).

If f is a positive constant then Tf(x) = ∞ for all x ∈ � n , so we cannot expect a

general boundedness from L∞ into BMO. With techniques similar to those developed
in [8], we obtain

Theorem 3. Let T be defined by (1.1).

a) If f ∈ L∞ and T |f |(x0) < ∞ for some x0 ∈ � n then Tf(x) is well defined for
all x 6= 0 and Tf ∈ L1

loc( � n ).
b) There exists c > 0 such that

‖Tf‖∗ 6 c‖f‖∞

for all f as in a).

By c we denote a positive constant, not the same at each occurrence.

Proof of the main results

We follow the argument developed in [2, p. 144] where the case of the Calderón-

Zygmund operators is treated. As there we define, for f ∈ L1
loc( � n ), the sharp

maximal function by

M#(f)(x) = sup
Q : x∈Q

1
|Q|

∫

Q

|f − fQ|(y) dy

with fQ = |Q|−1
∫

Q
f .

We denote D = max
16i6m

|a−1
i | and d = min

16i6m
|a−1

i |. We need the following result:
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Lemma 1.3. If T is defined by (1.1) and s > 1 then there exists c > 0 such that
for all f ∈ S( � n ),

M#(Tf)(x) 6 c[(Mf s(a−1
1 x))1/s + . . . + (Mf s(a−1

m x))1/s].

� ��!"!$#
. We first observe that T is a bounded operator on Lp( � n , dx), 1 < p < ∞

(see [4]), so for f ∈ S( � n ), Tf ∈ L1
loc( � n ) and M#(Tf)(x) is well defined for all

x ∈ � n . We take x ∈ � n such that T |f |(x) < ∞ and Q a cube that contains x. We
set l(Q) as the length of the side of Q, denote by Q the cube with the same center

as Q, such that l(Q) > 2D/d · l(Q) and, for 1 6 i 6 m, we also set Qi = a−1
i Q. We

decompose f = f1 + f2, f1 = fχ %
16k6m Qk

and take a = Tf2(x). Then

1
|Q|

∫

Q

|Tf(y)− a| dy 6 1
|Q|

∫

Q

|Tf1(y)| dy +
1
|Q|

∫

Q

|Tf2(y)− Tf2(x)| dy.

If s > 1 then T is bounded on Ls( � n , dx) (see [4]), so

1
|Q|

∫

Q

|Tf1(y)| dy 6
(

1
|Q|

∫

Q

|Tf1(y)|s dy

)1/s

6 c

((
1
|Q|

∫

Q1

|f(y)|s dy

)1/s

+ . . . +
(

1
|Q|

∫

Qm

|f(y)|s dy

)1/s)

6 c′
[
(Mfs(a−1

1 x))1/s + . . . + (Mf s(a−1
m x))1/s

]
.

On the other hand,

1
|Q|

∫

Q

|Tf2(y)− Tf2(x)| dy 6 1
|Q|

∫

Q

∣∣∣∣
∫
( %

16k6m Qk

)c(K(y, z)−K(x, z))f(z) dz

∣∣∣∣dy

where we denote by K(x, y) the kernel |x− a1y|−α1 . . . |x− amy|−αm .

We now estimate |K(y, z)−K(x, z)|.
Case l(Q) > 2|x|. In this situation ⋃

16k6m

Qk ⊃ {y : |y| < 3D|x|}. Indeed, if

z ∈
(⋃

16k6m Qk

)c

, then |z| > |z− a−1
1 x| − |a−1

1 x| > l(Q1)−D|x| > dl(Q)−D|x| >
3D|x|. Moreover, in this case |x− a1z| 6 |x|+ |a1z| 6

(
|a1|+ 1

3D

)
|z| then

|x− aiz| > |aiz| − |x| >
(
|ai| −

1
3d

)
|z|(1.4)

>
( 3|ai|D − 1

3|a1|D + 1

)1
2
|x− a1z|.
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Thus we apply the mean value theorem to obtain, for x, y ∈ Q and z ∈
( ⋃

16k6m

Qk

)c

,

|K(y, z)−K(x, z)| 6 |x− y|
m∑

i=1

αi

|ξ − aiz|αi+1
∏
l6=i

|ξ − alz|αl

for some ξ between x and y. But |a−1
i ξ−z| > |a−1

i x−z|−|a−1
i ξ−a−1

i x| > 1
2 |a−1

i x−z|,
so (1.4) implies

(1.5) |K(y, z)−K(x, z)| 6 c
|x− y|

|x− a1z|n+1
.

Thus

1
|Q|

∫

Q

∣∣∣∣
∫
( %

16k6m Qk

)c
(K(y, z)−K(x, z))f(z) dz

∣∣∣∣dy

6 c

|Q|

∫

Q

∞∑

k=1

∫

2kDl(Q)6|a−1
1 x−z|<2k+1Dl(Q)

|x− y|
|a−1

1 x− z|n+1
|f(z)| dz dy

6 cl(Q)
∞∑

k=1

1
2kDl(Q)

1
(2kDl(Q))n

∫

|a−1
1 x−z|<2k+1Dl(Q)

|f(z)| dz

6 cMf(a−1
1 x) 6 c(Mf s(a−1

1 x))1/s.

Case l(Q) < 2|x|. We decompose
∫
( %

16k6m Qk

)c
(K(y, z)−K(x, z))f(z) dz =

∫

|z|>3D|x|
+

∫

{|z|<3D|x|}∩
( %

16k6m Qk

)c
.

To estimate the first integral, we proceed as before and we obtain (1.5) for x, y ∈ Q

and |z| > 3D|x|, then

1
|Q|

∫

Q

∣∣∣∣
∫

|z|>3D|x|
(K(y, z)−K(x, z))f(z) dz

∣∣∣∣dy 6 c(Mf s(a−1
1 x))1/s.

We now study the second integral. For 1 6 i 6 m, x, y ∈ Q and z ∈ {z : |z| <

3D|x|} ∩
( ⋃

16k6m

Qk

)c

, we have

|a−1
i y − z| > |a−1

i x− z| − |a−1
i y − a−1

i x| > |a−1
i x− z|

2
,

hence
|K(y, z)−K(x, z)| 6 c|K(x, z)|.
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So
∫

{|z|<3D|x|}∩
( %

16k6m Qk

)c
(K(y, z)−K(x, z))f(z) dz

6 c

∫

{z : |z|<3D|x|}

|f(z)|
|x− a1z|α1 . . . |x− amz|αm

dz.

We define b = 1
2 min

16l, j6m
(|a−1

l −a−1
j |). We set Ai = {z : |a−1

i x−z| 6 b|x|}, 1 6 i 6 m,

and Am+1 =
( m⋃

i=1

Ai

)c

and decompose

∫

{z : |z|<3D|x|}

|f(z)|
|x− a1z|α1 . . . |x− amz|αm

dz

=
∫

A1

+ . . . +
∫

Am

+
∫

Am+1∩{z : |z|<3D|x|}
.

For z ∈ Ai and l 6= i we have |a−1
l x− z| > b|x|, hence

∫

Ai

|f(z)|
|x− a1z|α1 . . . |x− amz|αm

dz

6 c

|x|n−αi

∞∑

j=0

∫

2−j−1b|x|6|a−1
i x−z|62−jb|x|

|f(z)|
|a−1

i x− z|αi
dz

6 c
∞∑

j=1

2j(αi−n) 1
(2−jb|x|)n

×
∫

|z−a−1
i x|62−jb|x|

|f(z)| dz 6 cMf(a−1
i x) 6 c(Mf s(a−1

i x))1/s.

Now
∫

Am+1∩{z : |z|<3D|x|}

|f(z)|
|x− a1z|α1 . . . |x− amz|αm

dz 6 c|x|−n

∫

{z : |z|<3D|x|}
|f(z)| dz

6 cMf(a−1
1 x) 6 c(Mf s(a−1

1 x))1/s,

and the lemma follows. �

Lemma 1.6. Let T be defined by (1.1), 1 < p < ∞, w ∈ Ap and f ∈ Lp(w).
Then Tf ∈ Lp(w).
� ��!"!$#

. If supp f ⊂ B(0, R) and |x| > 2R then |K(x, y)| 6 c/|x|n and so in this
case |Tf(x)| 6 cR/|x|n. The proof follows as in Theorem 7.18 in [2], since T is a
bounded operator on Lp( � n , dx) (see [4]). �
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� ��!"!$#
of Theorem 1. a) Taking account of Lemmas 1.3 and 1.6, we proceed as

in the proof of Theorem 7.18 in [2] to obtain, for f ∈ S( � n ),
∫
|Tf(x)|pw(x) dx

6 c

∫
|(Mfs(a−1

1 x))1/s + . . . + (Mf s(a−1
m x))1/s|pw(x) dx

6 c

∫
|Mfs(x)|p/sw(a1x) dx + . . . +

∫
|Mfs(x)|p/sw(amx) dx

6 c

∫
|Mfs(x)|p/sw(x) dx.

The last inequality follows from the hypothesis about the weight w. The rest of the

proof is as in Theorem 7.18 in [2].
b) For λ > 0 we perform the Calderón-Zygmund decomposition for f to obtain a

sequence of disjoint {Qj}j∈ & such that f(x) 6 λ for almost every x /∈ ⋃
j∈ &

Qj . We

take

g(x) =





f(x) if x /∈ ⋃
j∈ &

Qj ,

1
|Qj |

∫

Qj

f if x ∈ Qj

and write f = g + b.
As usual, from a), we obtain

w{x : |Tg(x)| > λ} 6 c

λ

∫
|f(x)|w(x) dx.

For each i = 1, . . . , m and j ∈ ' we denote by Qj the cube with the same center

as Qj and such that l(Qj) > 2D/d · l(Qj), and Qj,i = aiQj . We obtain

w

( ⋃

j∈ &
Qj,i

)
6

∑

j∈ &
w(Qj,i) 6 c

∑

j∈ &
w(Qj,i)
|Qj,i|

|Qj,i|

6 c
∑

j∈ &
|Qj |

w(Qj,i)
|Qj,i|

6
∑

j∈ &
c

λ

∫

Qj

|f |w(Qj,i)
|Qj,i|

6 c

λ

∑

j∈ &

∫

Qj

|f(y)|Mw(aiy) dy

6 c

λ

∫
|f(y)|w(aiy) dy 6 c

λ

∫
|f(y)|w(y) dy.

Then

w

( ⋃

j∈ & , i=1,...,m

Qj,i

)
6 c

λ

∫
|f(y)|w(y) dy.
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Now for each fixed i = 1, . . . , m, if cj denotes the center of Qj , we have

w

(
{x : |Tb(x)| > λ} ∩

( ⋃

j∈ &
Qj,i

)c)

6 c

λ

∑

j∈ &

∫

(Qj,i)c

∣∣∣∣
∫

Qj

bj(y)(K(x, y)−K(x, cj)) dy

∣∣∣∣w(x) dx

6 c

λ

∑

j∈ &

∫

Qj

|bj(y)|
∫

(Qj,i)c

|K(x, y)−K(x, cj)|w(x) dx dy.

Now we observe that K(x, y) = cK̃(y, x) where K̃(x, y) = |x − a−1
1 y|−α1 . . . |x −

a−1
m y|−αm . Reasoning as in a) with K̃ instead of K and using the hypothesis on w,

we get ∫

(Qj,i)c

|K(x, y)−K(x, cj)|w(x) dx 6 cMw(aiy) 6 cw(y).

So

w

(
{x : |Tb(x)| > λ} ∩

( ⋃

j∈ & , i=1,...,m

Qj,i

)c)

6 c

λ

∫
|b(y)|w(y) dy 6 c

λ

∫
|f(y)|w(y) dy.

�
� ��!"!$#

of Theorem 2. It follows straightforward from Lemma 1.3. �
� ��!"!$#

of Theorem 3. a) Let f ∈ L∞( � n ) and let x0 be such that T |f |(x0) < ∞.
We take R = 4D|x0|, denote B = B(0, R) = {x ∈ � n : |x| 6 R}, define f1 = |f |χB

and decompose |f | = f1 + f2. Then

Tf1(x) 6
∫

B

|x− a1y|−α1 . . . |x− amy|−αmf(y) dy

6 ‖f‖∞
∫

B

|x− a1y|−α1 . . . |x− amy|−αm dy.

If x 6= 0 we choose r > 0 such that r = 1
4 min

16i, k6m
|a−1

i − a−1
k | |x|. For 1 6 i 6 m, we

define Bi = B(a−1
i x, r). We have

∫

B

|x− a1y|−α1 . . . |x− amy|−αm dy

6
∑

16i6m

∫

Bi

|x− a1y|−α1 . . . |x− amy|−αm dy

+
∫

B∩
( %

16i6m Bi

)c
|x− a1y|−α1 . . . |x− amy|−αm dy.
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Now ∫

Bi

|x− a1y|−α1 . . . |x− amy|−αm dy

6 c
∏

k 6=i

r−αk

∫

Bi

|x− aiy|−αi dy 6 c
∏

k 6=i

r−αkr−αi+n = c.

If |a−1
i x| < 2R for some 1 6 i 6 m, then, for y ∈ B∩ (Bi)c, we have r < |a−1

i x−y| 6
3R and so

∫

B∩
( %

16i6m Bi

)c
|x− a1y|−α1 . . . |x− amy|−αm dy

6 c
∏

k 6=i

r−αk

∫

B∩(Bi)c

|x− aiy|−αi dy

6 c
∏

k 6=i

r−αk

∫ 3R

r

t−αi+n−1 dt

= c
∏

k 6=i

r−αk [(3R)αi+n − r−αi+n] = c
(
|x|
(

k 6=i −αk + 1
)

,

so for x 6= 0 and such that |a−1
i x| < 2R we obtain

(1.7) |Tf1(x)| 6 c‖f‖∞
(
1 + |x|

(
k 6=i −αk

)
.

Now if |a−1
i x| > 2R for all 1 6 i 6 m, then |a−1

i x− y| > R for y ∈ B(0, R) and so

|Tf1(x)| 6 ‖f‖∞.

So (1.7) holds for all x 6= 0. Then Tf1(x) < ∞ for all x 6= 0 and it belongs to
L1

loc( � n ).
Now Tf2(x0) < ∞ so we write, for x ∈ � n , Tf2(x) = Tf2(x)−Tf2(x0)+Tf2(x0).

Then we have to study

∫

Bc

|K(x, y)−K(x0, y)| |f |(y) dy.

For x 6= 0 we have

∫

Bc

|K(x, y)−K(x0, y)| |f |(y) dy 6
∫

Bc∩B(0,4D|x|)c

|K(x, y)−K(x0, y)| |f |(y) dy

+
∫

Bc∩B(0,4D|x|)
|K(x, y)| |f |(y) dy + c.
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To estimate the first integral, we proceed as in the proof of Lemma 1.3 to obtain

that, for y ∈ Bc ∩ B(0, 4D|x|)c,

|K(x, y)−K(x0, y)| 6 c
|x− x0|

|x− a1y|n+1
,

so

∫

Bc∩B(0,4D|x|)c

|K(x, y)−K(x0, y)| |f |(y) dy 6 c|x− x0|
∫

Bc

|f |(y)
|x− a1y|n+1

dy

6 c|x− x0|‖f‖∞.

To study the second integral, we observe that it appears only if D|x| > R/4, so we
proceed as in the previous estimate for Tf1 to obtain that, for x in this region,

∫

Bc∩B(0,4D|x|)
|K(x, y)| |f |(y) dy 6 c‖f‖∞.

So, for x 6= 0, Tf2(x) < ∞ and it belongs to L1
loc( � n ).

b) If f satisfies the hypothesis of a) we obtain that M#(Tf)(x) is well defined for
all x ∈ � n , so Lemma 1.3 still holds for these functions, and b) follows. �
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