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Abstract. We develop a theory of removable singularities for the weighted Bergman space
A (Q) = {f analytic in Q: [, [f|’ du < oo}, where y is a Radon measure on C. The set
A is weakly removable for & (2 \ A) if @7} (Q\ A) C Hol(2), and strongly removable for
L (Q\ A) if Z(Q\ A) =) (Q).

The general theory developed is in many ways similar to the theory of removable sin-
gularities for Hardy HP? spaces, BMO and locally Lipschitz spaces of analytic functions,
including the existence of counterexamples to many plausible properties, e.g.the union of
two compact removable singularities needs not be removable.

In the case when weak and strong removability are the same for all sets, in particular
if p is absolutely continuous with respect to the Lebesgue measure m, we are able to say
more than in the general case. In this case we obtain a Dolzhenko type result saying that
a countable union of compact removable singularities is removable.

When dpy = wdm and w is a Muckenhoupt A, weight, 1 < p < oo, the removable
singularities are characterized as the null sets of the weighted Sobolev space capacity with
respect to the dual exponent p’ = p/(p — 1) and the dual weight w’ = wl/ (=P

Keywords: analytic continuation, analytic function, Bergman space, capacity, exceptional
set, holomorphic function, Muckenhoupt weight, removable singularity, singular set, Sobolev
space, weight

MSC 2000: 30B40, 30D60, 32A36, 32D20, 46E10

1. INTRODUCTION AND BACKGROUND

Removable singularities for analytic functions are an old subject going back to
Riemann’s classification of isolated singularities. Characterizations of removable sin-
gularities have been given for many different spaces, see below, including unweighted
Bergman spaces, see Carleson [10] and Hedberg [17].

In the preprint Bjorn [6] the author realized that the theory of removable singular-
ities for weighted Bergman spaces and for Hardy HP spaces have many similarities.
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After having found more spaces with similar behaviour, the author developed an
axiomatic theory for removable singularities in Bjorn [9].

This paper is an improved version of [6] containing all the results therein often
in more general forms (the removability definition therein is more restrictive than
the one used in this paper). It also shows that the axioms in [9] are fulfilled for
weighted Bergman spaces and quotes all the relevant results obtained in [9]. The
results for weighted Bergman spaces reported upon in Bjorn [8] are also included in
this paper.

In this paper we develop the theory of removable singularities for quite general
weighted Bergman spaces with respect to Radon measures. We give a number of
results that hold in this general setting, and also give counterexamples showing the
limitations of the theory.

In the case when the Radon measure is a weight (dp = w dm) we show that much
more is true, including a Dolzhenko type result saying that a countable union of
compact removable singularities is removable. We also generalize the characterization
for unweighted Bergman spaces, giving a complete characterization for the removable
singularities of Bergman spaces with respect to Muckenhoupt A, weights w as null
sets of the weighted Sobolev space capacity for the dual exponent p’ = p/(p—1) and
dual weight w' = w!/(1-P),

Much attention has been given to find a characterization of the removable sin-
gularities for bounded analytic functions, a problem which was recently solved by
Tolsa [30]. Other spaces of analytic functions for which removable singularities have
been studied include: the Nevanlinna class N (Rudin [28]); the Smirnov class N*
(Khavinson [22]); the Smirnov spaces EP (Khavinson [21]); the Dirichlet spaces AD?
(Hedberg [17]); the John-Nirenberg class BMO (Kral [26], Kaufman [20], Koskela [25]
and Bjorn [9]); the Holder classes C* (Dolzhenko [12] and Koskela [25]); the Lipschitz
space Lip (Nguyen [27] and Khrushchév [23]); the Zygmund class ZC (Carmona-
Donaire [11]); the spaces VMO, lip, and Campanato spaces (Krél [26] as spe-
cial cases of the corresponding problem for more general partial differential op-
erators); the locally Lipschitz classes locLip, and loclip, (Bjérn [9]); and let us
also mention the paper by Ahlfors and Beurling [2]. In a sequence of papers [4],
[5], [7], [8] the author built on older work in the study of removable singularities
for HP?.

This paper is organised as follows. In Section 2 we define weak and strong re-
movability, the Bergman spaces &/ and the auxiliary Bergman spaces B used
throughout this paper. In Section 3 we give a number of simple results that hold for
szlf . In Section 4 we show that the auxiliary Bergman spaces BY satisfy the main
axioms in Bjorn [9], after which we quote all the relevant results obtained in [9].
In Section 5 we characterize removable singularities for «/,7°, and in Section 6 we
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compare removability for different exponents. In Section 7 we introduce Bergman
space capacities. In Section 8 we look at the case when weak and strong removability
coincide for all sets, which, e.g., happens for BY.

In Section 9 we give two characterizations of weakly removable singularities for /7.
The first says that weakly removable singularities are the same for /! and BY, unless
P(Q\ A) = {0}. The second characterizes weakly removable singularities for .7}’
in terms of those for Bf, and some additional quantities under the weak assumption
that there exists some n such that fC\[D |z| ™ du(z) < oco. Some criteria for the
additional quantities in the second characterization are given in Section 11, which
aims at simplicity, rather than generality, but includes the case of Muckenhoupt
weights.

In Section 10 we introduce Muckenhoupt weights and associated capacities from
non-linear potential theory. We also prove some lemmas that are used in Sec-
tion 12, which is devoted to a complete characterization of removable singulari-
ties for «/F, when w is a Muckenhoupt A, weight, in terms of null sets of the
weighted Sobolev space capacity for the dual exponent p’ = p/(p — 1) and dual
weight w' = w!/(1=P),

In Section 13 we take a look at the unweighted case. This is not new, see Car-
leson [10] and Hedberg [17]. We would like to direct the reader to Section 11.1 in
Adams-Hedberg [1], which inspired much of the work in Section 12 in this paper.
In Section 13 we also point out that the solution to the unweighted case is also a
solution to the weighted case when the weight is locally bounded from above and
below, as has often been the case when weighted Bergman spaces have been studied
in the literature.

In Section 14 we give counterexamples to several plausible properties when weak
and strong removability are different. A major reason for us to consider “weights”
that are not weight functions, but Radon measures, is that we can find examples
when the situation is fairly similar to the situation for removable singularities for
H? spaces and analytic functions in BMO, locLip,, and loclip, (see Bjorn [9] for
definitions of these spaces). A necessity for this is that weak and strong removability
are different concepts, which never happens when p is absolutely continuous with
respect to the Lebesgue area measure m.

Many problems are easier to solve for Hardy spaces than for Bergman spaces, and
a lot of work during the 1990s was done trying to develop the theory of Bergman
spaces to the level of the theory of Hardy spaces. As we have seen, the problem of
removable singularities is different in nature, since it is easier to solve for even quite
general weighted Bergman spaces, than for Hardy spaces.

We close the paper by looking at the related problem of isometrically removable
sets in Section 15.
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The proofs in this paper are usually given for p < co. The omitted proofs for

p = oo are either similar or easier.

2. NOTATION AND DEFINITIONS

Throughout this paper we assume, unless otherwise stated, that 0 < p < oo, that
2 C S = CU {0}, the Riemann sphere, that A, E C QN C, that Q and Q \ E are
domains, i.e. non-empty open connected sets, that p|c is a positive complete Radon
measure on C, i.e.a positive complete Borel measure that is finite on all compact
subsets of C, and that u({oco}) < oc.

We let Hol(2) = {f: f isanalyticin Q}. Because of the uniqueness theo-
rem we will not distinguish between restrictions and extensions of analytic func-

tions. We also let LF(f2) denote the weighted Lebesgue space (quasi)-normed by

I flle ) = (fQ'flpdN)l/pa 0 <p < oo, and |fllpe(e) = nf{C > 0: p({z € Q:
|f(2)] > C}) =0}

Definition 2.1.  The Bergman space «7(Q) is defined by

AP(Q) = {f € Hol(Q): [Ifll s < oo}

Remarks. The point at infinity is special since we do not require the existence
of a neighbourhood of co with finite measure. It will be helpful to include the point
at infinity since Hol(S) = {f: f is constant} is a much simpler space than Hol(C).

These Bergman spaces are sometimes (quasi)-Banach spaces, but not always. The
“norm” is in general only a (quasi)-seminorm, i.e.there may be several functions
with “norm” zero. For 0 < p < 1 the triangle inequality is replaced by a quasi-
triangle inequality. In general these spaces are not complete. It is an interesting open
problem (as far as the author knows) to characterize exactly when these Bergman
spaces are (quasi)-Banach spaces. For p = oo such a characterization is given in
Arcozzi-Bjorn [3], where also the case p < oo is studied briefly. It is interesting to
note that for the results in this paper it does not matter if the Bergman space is
(quasi)-Banach or not.

The case of infinite measure is sometimes quite different from the finite measure
case. In order to develop the theory we shall use some auxiliary Bergman spaces.
We first let D (a,r) = {z € C: |z —a| <r}and D= D(0,1).

Definition 2.2.  The auwiliary Bergman space B%((2), 0 < p < o0, is defined
by
BL(Q) = Hol(Q) N () (),
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where the large intersection is taken over all domains Q' C Q such that

1» 1
- :/ — dp(z) < oo.
zllLz@nm  Jonp 127

For p = oo, we say that all domains satisfy condition (2.1).

(2.1)

We also define, for 0 < p < oo

Bl () = Hol(Q) N ﬂ AP (),
Q' CcO domain
n(€)<oo

Bl | 4a(€) = Hol(2) N N 99

Q' CQ bounded
domain

It is obvious that @/P(Q2) C BE(Q) C B 4.(Q) C B} ,44(2) for any domain
Q, and that «/P(Q2) = BEL(Q) if Q satisfies condition (2.1), etc. It is also obvious
that H>(Q) C #°(Q) C B} 4,(), with equality in the first inclusion if Q C
supp p1. (The identity H>°(2) = @°(12) is characterized by Theorem 2.1 in Arcozzi-
Bjorn [3].)

If v is absolutely continuous with respect to m, the Lebesgue area measure, we
can write dpu = w dm, where w = du/dm is the Radon-Nikodym derivative. In
this case we will often write </1(Q) = «/P(Q) and Bf (Q2) = B}(2). If moreover
1 = m, or in other terms w = 1, we usually omit the subscript completely and write
AP(Q) = P (Q) and BP(Q2) = B2, (Q).

The theory of removable singularities for Bp fin and B? 4.bdd 18 essentially the same

as for BJ, with the same proofs. Some proofs are shghtly simpler for B? . and

w,fin
Bz,bdd‘ We have chosen to develop the theory for Bf, rather than for B? . fin and
B} |, qq: since Bf(Q) = «7P() for more domains.

At this point it may be useful to see what the differences are between these
Bergman spaces. Obviously, if Q is bounded, then &/} (Q) = Bf(Q) = B, ; () =
B 14a(Q). If co € Q, then By 4 (Q) = By, | 14(9), moreover, BS() = B} 4 () if
1 € B(C) (in particular if (C) < oo), otherwise BL(Q2) = {f € B} ;,(?): f(o0) =
0}. The original Bergman space Ay (©) depends much more on p and p.

If co ¢ , the picture is a little different. First of all Bp baa(C) = Hol(C), since all
entire functions are bounded on bounded domains. We always have 1 € B? , an () C
B qa(). If 4(C) = 0o and p # oo, then usually 1 ¢ BJ(C) (but not always, see
Remarks 7.12), there may however still be functions with essential singularities at
infinity in B(C) C BY 4, (C). One always has 1/z € By(S\ D).
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In general, the difference between these Bergman spaces is the behaviour they
allow at co. The spaces Bﬁ’b qq llow any behaviour at infinity, whereas Bﬁ’ﬁn always
allow functions bounded near infinity, and may allow more. The spaces Bl always
allow at least the behaviour similar to 1/z at infinity, whereas </ may not allow
any non-zero function in a neighbourhood of infinity, see Remarks 4.2.

We have so far defined (auxiliary) Bergman spaces over domains, we next extend

the definition to non-domains. In our case we will have X = &/, X = Bl X = Bi fin
_np
or X = medd.

Definition 2.3. If A C S, then we define

xAH= U xmw.

QDA domain

Note that
A (A) = {f: || fllzr(a)y < oo and there is a domain D A such that f € Hol(Q)},

which is quite straightforward to show; we leave the proof to the interested reader.
It is easy to see that this definition is consistent with the definition for domains,
e.g. by observing that Axiom A2 below holds.
We are now ready to define what removable singularities are.

Definition 2.4.  The set A is weakly removable for X (2\ A) if X(2\ A) C
Hol(£2), and A is strongly removable for X (Q\ A) if X(Q\ 4) = X ().

The requirement that {2 be a domain is to avoid pathological situations such as
Q\ A being connected, but € non-connected.

Remarks. It is obvious that strong removability implies weak removability. The
converse is not true in general, but it is true if y is absolutely continuous with respect
to the Lebesgue area measure m, see Proposition 8.1.

We have made the general assumption that co ¢ A. The point at infinity needs
special attention, we refrain from this since it does not seem to be particularly

interesting.

Let us end this section with some more notation: We let dimy denote the
Hausdorff dimension, ¢, denote the Dirac measure at z, [z] denote the smallest
integer > z, |z denote the largest integer < x and let N = {0,1,...}.
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3. REMOVABILITY RESULTS FOR ,;zfj

All the results in this section hold also if we replace @/ by B, B}, 5 or B} | 44

(and they will be quoted also in this setting), which follows just using the definitions
of BE, Bzﬁn and ngdd and the corresponding results for .o7P.

Proposition 3.1. Let K C QN C be compact and such that Q\ K is a domain.
Then K is weakly removable for «/P(Q2\ K) if and only if K is strongly removable
for ZP(Q\ K).

Remark. Because of this result we will usually say that a compact set is remov-
able, without specifying weak/strong removability.

Proof. It is clear that strong removability implies weak removability. Assume,
conversely, that K is weakly removable for @77 (Q2\ K) and consider a function f €
P(Q\ K) C Hol(f2). Since f is continuous on K and K is compact, f is bounded
on K. Since p is a Radon measure p(K) < oo. Hence

Vg = 11 gy + [ 177 du < oo

Thus f € &P () and since f was arbitrary, K is strongly removable for &/ (2 \ K).
O

Proposition 3.2. Let Q1 C Q5 be domains and A1 C Ay C Q. NC. If Ay is
weakly (strongly) removable for /(21 \ Az), then A is weakly (strongly) removable
for (Qf}f(Qg \Al)

Proof. For the weak part we have
JZ{HP(QQ \ Al) C JZ{MP(Ql \AQ) N HOI(QQ \ Al) C HOl(Ql) N HOI(QQ \ Al) = HOl(Qz)
Similarly, for the strong part we have
A7 (Q\ A1) = 7 (01 \ A2) N7 (Q\ A1) = 77 (1) N7 (Qa\ A1) = Z7(Qa).

O
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k
Proposition 3.3. Let Ej, C QN C be pairwise disjoint sets such that Q\ |J E;
j=1

k
is a domain and E is strongly removable for </} (Q \ U Ej), k=1,...,n. Then
j=1

U Ej is strongly removable for </ (Q \ U Ej).
=1 j=1

Jj=

Proof. This is almost trivial, we have

wg(m OEJ) :%f<Q\QEj) — =P\ E)) = AP(Q).

=1

O

Proposition 3.4. If A is weakly removable for </P(Q\ A) and pu(A) = 0, then A
is strongly removable for /P (2\ A).

Remark. In fact the assumptions imply isometric removability, see Proposi-
tion 15.3.

Proof. Let f € &/P(Q\ A) C Hol(2). Since u(A4) = 0, we have || f|[1z@q) =
[flls @4y < oo. Hence f € /P(Q), and thus A is strongly removable for
AP(Q\ A). O

Proposition 3.5. The set A is weakly (strongly) removable for «/P(Q2\ A) if
and only if I/ is weakly (strongly) removable for </P(Q2\ E) for all E C A that are
relatively closed in ).

Proof. Let usstart with the weak part. If A is weakly removable for &/? (2 \ A)
and £ C A, then &P (Q\ E) C @7P(Q2\ A) C Hol(€2), which shows the necessity. As
for the sufficiency, let f € «7P(Q2\ A), then there is a domain ' 5 Q\ A such that
feaf(@\A). Let £E=Q\ Q. Then f € &/P(Q\ E) C Hol(1).

The proof of the strong part is similar, we leave it to the interested reader. O

4. AXIOMATIC APPROACH

In Bj6rn [9] an axiomatic theory for removable singularities for spaces of analytic
functions was developed that is well suited for Bergman spaces. It was developed
for domains 2 C C, but it is trivial to rewrite the theory for domains  C S, as
considered in this paper.

The following axioms are given.
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(A1) For every domain Q C S, X () is defined and X () C Hol(Q).

(A2) If Q; C Q9 C S are domains, then X (1) D X ().

(A3) If a compact set K C C is weakly removable for X(S\ K) and Q@ D K is a
domain, then K is strongly removable for X (2 \ K).

(A4) If a compact set K is weakly removable for X (S \ K), then K is totally discon-
nected, i.e. no two different points in K can be connected by a curve in K.

(A5) If K ¢ K’ C C and K and K’ are compact sets, then cap v (K) < capy (K').

(A6) If K C C is a compact set, then capx(K) = 0 if and only if K is removable
for X.

(A7) If Q and Q3 are domains and Q; U {2 is connected, then X (1) N X () =
X (21 U Q).

Remark 4.1. In view of Axiom A3 and Proposition 3.2 we say that a compact
set K is remowvable for X if there is one domain 2 D K such that K is weakly
removable for X (Q\ K), or equivalently, if K is strongly removable for X (Q2\ K)
for all domains 2 D K.

Remark 4.2.  For /7, Axioms Al, A2 and A7 are always satisfied, whereas
the others may not be satisfied. That Axiom A4 is not satisfied for /! in general,
can be seen by letting w(z) = el*l, Q =S and K =D. If f € &7?(S\ D), then |f[P/?
is subharmonic. Letting D = D (z,1), |z| > 2, we obtain

P <1 [ 1HOP an) = 2 [ 17QPPu(0 ()2 dm(Q

1/2
L p/2 =<
<N ([ am@) o

as |z| — oo, as fast as e”1*1/2, Hence f(c0) = f/(c0) = f"(c0) = ... = 0, and thus
f =0 and D is removable for 7 (S \ D), but not totally disconnected.

That Axioms A3 and A4 are not satisfied for &/ in general is, of course, the reason
for us to introduce the auxiliary Bergman spaces Bf. It can be observed that if in
(2.1) it was required that [|2~%||Lr(q\p) < oo for some o > 1, then Bf, would not
satisfy Axiom A3 in general, cf. Theorem 13.3.

Note that Axioms A5 and A6 can always be satisfied, if Axioms A1-A4 are fulfilled,
e.g., by defining

0, if K is removable for X,
capx (K) =

1, if K is not removable for X.

We extend the definition of capy by the following definition.
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Definition 4.3. Let A C C and define
capy (A) = sup{capy (K): K C A is compact}.

In Section 7 we will define capp(-) which is suitable as capy for X = B,
X =B, and X = BZ paa» and for X = o7/P when it satisfies Axioms A1-A7.
Before we quote the general results that follow from these axioms, we verify that

w,fin
the axioms are fulfilled for the auxiliary Bergman spaces.

Proposition 4.4. Let X = Bl), X = B ,orX =RB Jbdd” Then Axioms A1-A4
and A7 are fulfilled.

Proof. We prove this for X = B}; the proofs for X = Bzﬁn and X = ngdd
being similar. That Axioms Al and A2 are fulfilled is immediate.

Axiom A3. Assume that f € BE(Q\ K). Let Q; and Q> be smooth bounded
domains with K CQ €Oy & Let K1 D Ko D ... be compact smooth subsets of

O, with K = ﬂ K, and 0K,, C Q; \ K for all n > 1. Then

n=1

f(z) = L/ J) ¢+ %/@ 1(©) d¢ =: g(2) + hn(2), z€Q\ K,.

27 Joq, C — 2 K, C— 2

Since f is bounded on 93, g is bounded on Q; and g € Bf (). Moreover, h,, €
Hol(S \ K,,) and
hn(z):f(z)fg(z)a ZGQZ\Kn-

Thus {h,(z)}22 is constant when defined, so if
h(z) = lim h,(z), z€S\K,

then h € Hol(S \ K). Furthermore, h = f — g € BE( \ K), h(co) = 0 and £ is
bounded in S\ Q1. Hence, for some constant C, |h(z)| < C|z|7! for all z € S\ Q.
So, if Q' C S\ K is an arbitrary domain satisfying condition (2.1), then

1Ay = 1Al 0y + [ raps [ <.
(Q'\Q1)ND (2'\Q1)\D

The first term is bounded since h € BJ(Q; \ K). The second term is bounded
since h is bounded, and the third term is bounded by condition (2.1). Hence, h €
BE(S\ K) C Hol(S), i.e. h is constant and h = h(oc) = 0.

So f = ¢gin Q;\ K and f can be analytically continued to K. Since f was arbitrary,
K is weakly removable for B (€2\ K). Finally, it follows from Proposition 3.1 that
K is strongly removable for B (2 \ K).
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Axiom A4. Assume that K is weakly removable for B (C\ K) and let 2 D K be a
bounded domain. Then H**(Q\ K) C B(Q\ K) C Hol(2), and hence K is weakly
removable for H°°, from which it is well known that K is totally disconnected.

Axiom A7. This follows from the fact that Lﬁ(Ql) N Lﬁ(Qg) = Lﬁ(Ql uf). O

Next we are ready to quote the results proved under these axioms in Bjérn [9].
From now on we assume that Axioms A1-A7 are satisfied.

Proposition 4.5. If A is weakly removable for X (2\ A), then A is totally dis-
connected.

Proposition 4.6. Assume that E C QN C is relatively closed in Q2. Then the set
E is weakly removable for X (2 \ E) if and only if E can be written as a countable
union of well-separated compact sets K; removable for X, where by well-separated

we mean that dist(Kk, U Kj) >0 forallk=1,2,....
J=1j#k
Proposition 4.7. The set A is weakly removable for X(Q\ A) if and only if
capy (4) = 0.

Remark. Since the latter part is independent of ), we say that A is weakly
removable for X if there is one domain 2 O A such that A is weakly removable
for X(Q\ A), or equivalently if A is weakly removable for X (2\ A) for all domains
QDA

Proposition 4.8. If A C B and B is weakly removable for X, then A is weakly
removable for X.

Proposition 4.9. Assume that X(Q) C Y(Q) for all bounded domains €} and
that Axioms A1-A6 are satisfied also for Y. If capy (A) = 0, then capx(A) = 0.

Since BA(Q) = B},

b an(Q) = B} 1,44(Q) for bounded domains, it follows that BY,

BZ an and BZ bdq have the same capacities, and hence the same weakly removable

singularities.

Proposition 4.10. Let K;, Ka,..., K, C C be pairwise disjoint compact sets
n

removable for X. Then |J K is removable for X.
j=1

Proposition 4.11. Let E; C QNC be pairwise disjoint sets weakly removable for
n
X and such that Q\ Ej, are domains, k = 1,...,n. Then |J Ej is weakly removable
k=1
for X.

189



Proposition 4.12. The set A is strongly removable for X(Q\ A) if and only if
E is strongly removable for X(Q\ E) for all E C A with Q \ E being a domain.

Proposition 4.13. Assume that F1,Ey; C QN C are disjoint sets and such
that Q \ Ey and Q \ Es are domains. If Ey and Ey are strongly removable for
X(Q\ (F1 U E3y)), then Ey U E5 is strongly removable for X (2 \ (E1 U Es)).

We end this section with a result not given in Bjérn [9].

Proposition 4.14. The following are equivalent:
(i) A is weakly removable for X;
(i) capy (4) = 0
(iii) for each z € A, there exists a domain ), 3 z with capx (ANQ,) = 0.

Remark. The last part shows that weak removability for X is a local property
of A.

Proof. (i) < (ii) This is Proposition 4.7.

(ii) = (iii) This follows directly from Definition 4.3.

(iii) = (i) Let f € X(S\A) C X(Q,\ A). Since capyx(ANSL,) =0, ANSY, is weakly
removable for X, by Proposition 4.7, and is totally disconnected, by Proposition 4.5.
Hence f can be continued analytically to AN Q.. For z,w € A the continuations to
the totally disconnected sets A N, and A N Q,, must agree on their intersection.

Hence f can be analytically continued to all of A, and A is weakly removable for X.
O

5. A CHARACTERIZATION OF REMOVABILITY FOR 427;0

Proposition 5.1. If A is weakly removable for BY, then A C suppplpa C
supp p \ A.
Proof. Assume that zo € A\ supp p|c\ 4. Since the support is closed it follows

that f(z) == (z — 20) " € BE(Q\ A), but clearly f ¢ Hol(Q2), and hence A is not
weakly removable for Bf. The latter inclusion is easy. ]

Theorem 5.2. The following are equivalent:
(i) A is weakly removable for 7,°;
(ii) A is strongly removable for <7/;>°(Q\ A);
(iii) A is removable for H* and there is no path 7: [0,00) — S\ supp p such that
v(00) € A\ ([0, 00)).
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Remarks. Here v(oc0) := [ v((t,00)) which is always a compact set. The
>0
condition in (iii) can be stated in many equivalent forms, see Theorem 2.1 in Arcozzi-

Bjorn [3]. We will use Theorem 2.1 in [3] in the proof below, the main ingredient
needed here is however Arakelyan’s theorem.
This result is true also for Bj® = @/°, B}%

from their definitions and this proposition.

and B aas which follows directly

n

Proof. (i) = (ii) Let f € @/°(Q2\ A) C Hol(Q), and assume that || f[| Lo (0\4) =
C. By continuity, |f(z)| < C for all z € QN supppulea. By Proposition 5.1,
|f(z)| < C for z € A. Hence ||f[|rx(0) = C.

(ii) = (i) This is obvious.

(i) = (iii) We have H>*(Q2\ A) C &/>°(Q2\ A) C Hol(2), which shows that A is
weakly removable for H*°. It is well known that A is then also strongly removable
for H> (this also follows from the already proved implication (i) = (ii)).

Assume next that there is such a path v and let K = v(c0). Then condition (T1)
in Theorem 2.1 in Arcozzi-Bjorn [3] is false with F = suppp \ K and Q = S\ K.
(The assumption therein that Q@ C C can be taken care of by applying a Mé&bius
transformation mapping co to a point in K.) This shows that also condition (A6) in
Theorem 2.1 in [3] is false, i.e. that there exists an unbounded holomorphic function
f in Q which is bounded on E. But then f € &/7°(S\ A) and clearly f ¢ Hol(S),
which shows that A is not weakly removable for «/>°, a contradiction. Hence there
is no such path.

(iii) = (i) Let f € &/°(S\ A), then, by definition, there is a compact set K C 4,
such that f € @°(S\ K). Thus there is a constant C such that [f(z)| < C for
z € E:=supppu \ K. By assumption, there is no path v: [0,00) — S\ (supp U K)
such that y(co) € K. By Theorem 2.1 in [3], f is bounded in S\ K, ie. f €
H>(S\ A) C Hol(S). Since f was arbitrary, A is weakly removable for .o7°. O

6. REMOVABILITY FOR DIFFERENT EXPONENTS

Proposition 6.1. Let 0 < p < ¢ < co. If A is weakly removable for Bf,, then A
is weakly removable for BJl.

Proof. This follows from Proposition 4.9 since B{(Q2) C B(12) for bounded
domains. |

Remark. The inclusions B 5 (Q) C B} 5,() and B}, 14(2) C By, 44(2) are
true for all domains . On the other hand, the inclusion B{(2) C B (Q) is not

always true. Consider, e.g., Q = {re!: r > 1,|0] < r=3/2} and f(z) = 2~/2
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(the principal branch). Then ) satisfies condition (2.1) for p = 1 and p = 2, and
f e Q) =B*Q), but f ¢ #(Q) = B (Q).

Corollary 6.2. If A is weakly removable for BY, then A is removable for H>,
and, in particular, dimyg A < 1.

Remarks. Recall that weak and strong removability are the same for H°, e.g. by
Theorem 5.2.
As we saw in Remarks 4.2 this result is not true in general for </

Proof. This follows from Theorem 5.2 and Proposition 6.1. O

Proposition 6.3. Let 0 < p < ¢ < oo and assume that ¢/p € N or that ¢ = oco.
Then the implication

A is strongly removable for B}, 5 (Q\ A)
= A is strongly removable for B}, 5 (Q\ A)

is true. The same is true if B}, 5 (and B, ;) are replaced by B}, \ ,, (and B} | ;4)-

The corresponding result for BJ is false, see Example 14.6. The implication is also
false if ¢/p is a non-integer, see Example 14.7.

Proof. If ¢ = oo, the result follows directly from the corresponding result for
weak removability, since weak and strong removability are the same for B -

Consider next the case when N = ¢/p is an integer. Let E C A be such that Q\ F
is a domain. Then FE is strongly removable for Bzﬁn(ﬂ \ E), by Proposition 3.2

or 4.12. Hence E is weakly removable for B} 4 (Q\ E), and thus weakly removable

for B} ;,(2\ E), by Proposition 6.1. Let f € Bj 5 (2\ E) C Hol(Q2) and let g =
¥ € Hol(Q). It is straightforward to see that g € Bl ¢, (Q\ E) = B} 4.(2). But,

then it follows that f € BZﬁH(Q). We have shown that E' is strongly removable for
B 4,(Q\ E). Since E C A was arbitrary it follows from Proposition 4.12 that A is
strongly removable for B 5 (2 A).

The proof is similar for Bz,bdd. O
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7. BERGMAN SPACE CAPACITIES

Lemma 7.1. Let K C C be compact with S\ K connected. Then K is remov-
able for B}, if and only if there is no function f € BJ(S\ K) with f(co) = 0 and

£/(00) # 0.
Remark. Asusual f'(c0) = lim z(f(z) — f(00)).

Z—00

Proof.  Assume first that K is removable for Bf, then f € Bj(S\ K) C
Hol(S) = {f: f is constant}, so f’(c0) = 0. This proves the sufficiency.

Assume, conversely, that K is not removable for B, i.e. BE(S\ K) ¢ Hol(S)
and there is a non-constant h € BJ(S\ K). Let f(z) = h(z) — h(c0), so that
f(o0) = 0. Since |f| < |h| in some neighbourhood of co and the complement of the
neighbourhood has finite 1 measure, we have f € BE(S\ K). Expand f in a Laurent

series,
o0

fz)= chz*k for |z| large.
k=1

As f is non-constant there exists k& > 1 with ¢, # 0. Let kg be the least such k.
Then g(z) = zFo~1f(2), 2 € S\ K, is a well-defined analytic function with g(oc) = 0
and ¢'(c0) = ¢, # 0.

It follows that there exists C' such that |g(z)| < C|z|~! for all z with |z| > C. For
|z] < C we have |g(z)| < C*~1|f(z)|. Let now Q' C C\ K be an arbitrary domain
satisfying condition (2.1). Then

dp(z)
ol <C" |

—l—Cp(k“*l)/ [fIPdp < 0.
anpo,c) 2P 'ND(0,C)

Hence g € BE(S\ K). O

This leads us to making the following definition.

Definition 7.2. Let K € QN C be compact. Let K be the complement of the
component of S\ K containing oo, i.e. K is K with all holes filled in. Let also v be
a smooth cycle in Q with winding number wind,(z) =1 if z € K and wind,(z) =0

if z §Z ). We then define
1
f d
- [{ (z) z

capr (K, Q) = sup {2—

cappy (K, Q) = sup{|f'(00)[: f € Hol(S\ K) and || f| 1y o0 &y < 1},
caply (K, Q) = sup{| f'(c0)|: f € Hol(S\ K), | f]l 15004 < 1 and f(o0) = 0}.

C fEHOIQ\ K) and ||l ens) < 1},
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Remarks 7.3. We do not require 2 \ K to be connected when we say that
f € Hol(Q2\ K) in the definition of cap .

For B}, the functional f  [f’(c0)| is not always bounded, hence it can happen
that cap%E(K,Q) = cappr (K, Q) = 00, e.g., if p =0 and K # 0.

It is clear, by Cauchy’s theorem, that cap%s (K, Q) < cappr (K, Q) < cap (K, Q).

If © is simply connected, then the integral over those parts of - that are in the
holes of K must be zero. It follows that the best choice is to let f = 0 in all of
its holes, and it is enough to let v be a simple curve surrounding K. This is the
way the (unweighted) capacity cap,, was defined in Adams-Hedberg [1], before
Proposition 11.1.10. Moreover, cap (K, (2) = cap» (K,Q) in this case.

We next extend the definition of the capacities to arbitrary sets.

Definition 7.4. Let cap be capr, capgp Or cap%,p. We then define
w
cap(A, Q) = sup{cap(K,Q): K C A is compact}.

Remark. It follows from Proposition 7.5 that Definition 7.4 is consistent with
Definition 7.2.

Proposition 7.5. Let Q C € be domains, A C B C QN C be compact sets and
cap be one of cap », cappr and cap%ﬂ. Then cap(A, Q') < cap(B,1?).

Proof. This follows from the fact that the Lﬁ norm increases with the domain.
O

‘We next make a definition which abuses the notation a little.

Definition 7.6.  We say that cap»(A4) = 0 if capgr (AN Q,Q) = 0 for all
domains €. If this is not true we write cap ,»(A) = 1.

The main reasons for defining these capacities are of course the next two theorems.

Theorem 7.7. If Q) satisfies condition (2.1), then the following are equivalent:
)
)

(iii) capgr(A, Q) =0;
)
)

Remark. Note that since (i) and (vi) are independent of the particular choice
of Q, also (ii)—(v) are independent of the choice of 2.
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Proof. (i) < (i) This follows directly from the fact that &/P(Q2\ A) =
B2(Q\ A).

(i) = (vi) Let &' be an arbitrary domain. Let K’ C AN’ be compact. Let "
be a bounded domain with K C Q" C €. Then K is removable for &/? ()" \ K) =
BE(Q"\ K), by Proposition 3.2. Let f € /P(Q"\ K) = &/P()"). Cauchy’s theorem
shows that fﬁ/ f(2)dz = 0, where 7 is as in Definition 7.2, hence cap ,» (K,Q") =0
By Proposition 7.5, cap» (K, Q) < cap r (K,Q") = 0. Therefore it follows that
cap» (AN, Q) =0.

That (vi) = (iii) = (iv) = (v) follow directly from Definition 7.6 and Remarks 7.3.

—(i) = —(v) There is a compact set K C A not removable for Bf. Thus K is
not removable for Bf either, where K is K with all holes filled in. By Lemma 7.1
there exists a function f € BJ(S\ K) with f(co) = 0 and f’(c0) # 0. Since
BE(S\K) C «P(Q\K) we know that HfHLﬁ(Q\f() < oo. It follows that cap%ﬂ (A,Q) >
cap%ﬂ (K,Q) > 0. O

Theorem 7.8. The following are equivalent:
(i) A is weakly removable for BY;
(i) capp(A) =0;
(iii) capgr(ANQ,Q) =0 for all domains ;
(iv) for each z € A, there exists a bounded domain (2. with cap»(ANQ;,Q.) =0
such that z € Q.

Remarks. It follows that capr(-) satisfies Axioms A5 and A6 for X = B,
X = Bﬁ,ﬁn and X = Bﬁ,b aq» @nd hence characterizes their weakly removable singu-
larities.

Since the null sets are the same for cap s Cappr and cap%i we can replace cap P
by cappp or cap%ﬂ in (iii) and (iv).

Proof. (ii) < (iii) This is Definition 7.6.

(i) = (iii) Let 2 be an arbitrary domain and K C AN be compact. Then K is
weakly removable for BY. Since K is contained in a bounded domain, Theorem 7.7
shows that cap»(K) = 0, and hence by Definition 7.6, cap » (K,(2) = 0. Since K
was arbitrary cap»(4NQ,Q) = 0.

(iii) = (iv) This is trivial.

(iv) = (i) Let f € BL(S\ A) C BL(Q, \ A). Since capdﬁ(A NQ.,Q) =0
Theorem 7.7 shows that ANS?, is weakly removable for Bf. Thus, f can be continued
analytically to ANQ,. For z,w € A the continuations to the totally disconnected
sets AN, and AN, must agree on their intersection. Hence f can be analytically
continued to all of A, and A is weakly removable for BY. O
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We end this section with a few results about these capacities that will not be used
in the sequel.

Proposition 7.9. Assume that Q) satisfies condition (2.1). Let cap be cap g,
cappgy or Capo Assume that cap(A,Q) = u(A) = 0 (if p = oo it is enough to
require that cap(A 0) =0). Then cap(E U A, Q) = cap(E, ).

Remarks. Note that by Theorem 7.7 the assumption cap(A4, Q) = 0 is the same
for all three capacities.

Note also that it follows from Proposition 9.7 in Bjorn [8] that we cannot allow E
to be an arbitrary set, not even for p = co.

Proof. Let K C FUA be compact, and let K’ = K N E which is compact since

E is relatively closed in Q. Let £’ be any component of 2\ K’. Since K N C A,
K N is weakly removable from /(' \ K) = BE(QY\ K), by Theorem 7.7. Since
WK Q) < ulA) = 0, | flligeons) = g for f e 7P\ K) = a2(S).
Hence the same functions compete in the suprema defining cap(K, ) and cap(K”’, )
and cap(K, Q) = cap(K’,Q) < cap(F, ). Taking supremum over all compact K C
E U A we find that cap(E U A, Q) < cap(FE, ). The converse inequality is obvious.
1

Proposition 7.10. Let 0 < p < ¢ < oo. If p < oo, then assume also that
p(§2) < co. Let cap,, be one of capr, capgr and cap%,ﬁ. Then

cap,(4,Q) > Ccap,(4,Q),
where C' = p(Q)P=9/P4 if p < q < 00, C = pu(Q)~? if p < ¢ = o0, and C = 1 if

p = q = 00, assuming that ;1(Q) > 0. If u(Q) = 0, both sides equal oo, or 0 if A =0,
and we may choose C' = 0.

Remark. In the corresponding result for H?, Proposition 5.5(ii) in Bjorn [4],
the constant C' = 1.

Proof. Let K C A be compact. By Holder’s inequality we have

1112 iy < QN KPP fl a0 ) < ”f”Lq(Q\K

where K is K with all holes filled in. This is enough to obtain the result. g
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Proposition 7.11. Let K € QN C be compact, and let K be the complement of
the component of S\ K containing co. Then

cappy (K, Q) = sup{|f'(00)[: f € B, 14q(S\ K) and || fl| 1y ) < 1}
= sup{|f'(c0)|: f € Bl 5, (S\ K) and | f|| p(on i) < 1}

and

caply (K, Q) = sup{| f'(00)|: f € BY 1,4a(S\ K) and || || 1o (0 gy < 1, f(00) = 0}
= sup{|f'(c0)|: [ € B, (S\ K) and |[fl1n oy i) < 1, f(00) = 0}
= sup{|f'(c0)|: f € BLS\ K) and || f|l 1p (o &) < 1. f(00) = 0}.
Moreover,
capps (K, ), if 1 € B(S),

sup{|f'(c0)|: f € BL(S\ K) and || fll 15y < 1} = {Capo( Q), if1 ¢ BL(S).

Remarks 7.12. In view of this proposition it would be more appropriate to
call cap BY> either cappgr g O CADBP We have refrained from this in order not to
", 1, fin
make the notation too cumbersome.
If 4(€2) = oo and p < oo, then usually 1 ¢ B (€2), however, this is not always
o0
true. Consider, e.g., = > jd;. Then1 € B;(S), since for any domain )’ satisfying
j=1
condition (2.1) we have card(2’ NN) < oo
Proof. Let first f be a function competing in the supremum defining
cappp (K, €2). Since f € Hol(S\ K), |f| is bounded by a constant C' in S\ Q.
Let Q' € S\ K be a domain with ;(Q') < co. Then

11y < I iy + 1 Ty < 1+ CP() < o0,

Thus the same functions compete in the different suprema in the first identity.

The proof of the second part is similar: Let f be a function competing in the
supremum defining cap%ﬂ (K,Q). Since f € Hol(S\ K) and f(c0) = 0 there is a
constant C' > 1 such that |f(z)| < C|z|™! for all z with |z| > C and |f(z)| < C for
all z €S\ Q. Let ¢ S\ K be a domain satisfying condition (2.1). Then

1 ey < 1712 o ) + 112 om0, + 7 oy

d
<1+cp/ M) L or (D (0,0)) < oo
anpo,c) 2P

Thus the same functions compete in the different suprema in the second identity.
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If 1 € BL(S), the last part follows directly from the first part, since if ' C S\ K
is a domain satisfying condition (2.1), then u(Q') = H1||Lp(Q, < 00. On the other

hand, if 1 ¢ BL(S), then there is a domain Q' C S \ K satisfying condition (2.1) with
() = oco. Let f € Hol(S \ K) with f(co) # 0, then |f(2)| > 1 f(co)| for |z = C for
some constant C. Since (2" \ D (0,C)) = oo we find that f ¢ &P (Q') D BE(S\ K).
Thus f(oco) = 0 is no extra requirement in the left-hand side of the last part if
1¢ By(S). O

8. WHEN WEAK AND STRONG REMOVABILITY ARE THE SAME

Proposition 8.1. Assume that u = v + ) ¢;0.,, and that v(G) = 0 for all
j=1
sets G C C with dimpy G < 1. If A is weakly removable for BY, then A is strongly

removable for BE(Q2\ A).

Remarks. The conclusion is that the two concepts, weak and strong remov-
ability, coincide for all sets and domains for Bf. We will say that weak and strong
removability are the same for all sets.

In particular, weak and strong removability are the same for all sets for BZ.
Recall also that for p = oo weak and strong removability are always the same, by
Theorem 5.2.

Proof. Let f € BE(Q2\ A) C Hol(Q2). By Corollary 6.2 we know that dimy A <
1, and hence v(A4) = 0. Since u is a Radon measure, we have 0 < ¢; < 00, 1 < j < m.
Let ' C Q be any domain satisfying condition (2.1) and J = {j € N: 1 < j <
m and z; € Q' N A}, then

||f||LP SZ, HfHLP SZ!\A +/Q/ |f|pdy+ZC]|f Z] |p < OO

jeJ

and hence f € BJ,(2). Since f was arbitrary, A is strongly removable for B (€2 \ A).
]

The following results were proved in Bjorn [9] under axiomatic assumptions.

Theorem 8.2. Let E; C C be removable for B,’j and assume that there exists a
domain Q; D E; with Q; \ E; also being a domain, j = 1,2,.... Assume also that

o0
weak and strong removability for Bl are the same for all subsets of U E; (which,
j=1

in particular holds if u(E;) = 0 for j = 1,2,...). Then cap ;s ( U Ej> =
j=1
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Remark. This result is not true if we omit the assumption that €2, \ E; be
domains, which can be shown using the existence of non-measurable sets, see Propo-
sition 9.7 in Bjorn [8].

Proposition 8.3. Assume that weak and strong removability are the same for
all sets and that all singleton sets are removable for B,. Assume also that A C Q is
not removable for BE, then dim B} (2 \ A)/BE(Q) = oo.

Remark. The results in this section hold equally well for Bz,ﬁn and ng 4d-

9. CHARACTERIZATIONS OF REMOVABILITY FOR ,szfj

Proposition 9.1. If A is weakly removable for B, then A is also weakly remov-
able for 7P (Q2\ A).

Let next v(G) = fg\D |z| 7P du(z) for Borel sets G C C, and extend v to an outer
measure. If v(A) < oo and A is strongly removable for BI,(Q2\ A), then A is strongly
removable for @/ (Q2\ A).

Remark. Recall that this is trivial for p = oo, since &/°(Q2) = B;°(Q) for all
domains €.

Proof. If A is weakly removable for B, then «/P(Q\ A) C BE(Q\ A) C
Hol(£2), and A is weakly removable for &/P(2\ A).

Since v(A) < oo and v is an outer measure, there is an open set B with A C B C
and v(B) < oo. The set B has countably (possibly finitely) many components By,
By, .... We can connect B; and Bj;; with a bounded open connected set B; C Q,
thus having finite v measure. We can further split B; into enough pairwise disjoint
pieces, each still connecting B; and Bj;1, so that at least one piece has v measure
less than 277, we forget about the rest of B;- and assume B;- to be this piece. Let
Q' =BU | B, adomain with A C Q' C Q and v(Q') < occ.

j=1

Let now f € #P(Q\A) C Hol(Q2), by the first part. We also have f €

AP\ A) = BE(Q'\ A) = BL(Y) = (), so

Hf”iﬁ(g) < Hf”iﬁ(Q\A) + Hf”iﬁ(g/) < 0.
Since f was arbitrary, it follows that A is strongly removable for 7P (Q2\ A). O

Remark. The condition v(A) < oo in the second part has to be changed to

1(A) < oo for By 4, and to A being bounded for B} ;4. The proof for B} |, is
simpler, but the proposition also becomes less powerful. See Example 14.4 for the
necessity of these changes, and the necessity of the condition v(A) < oo in the second

part of the proposition.

199



Theorem 9.2. The set A is weakly removable for «/P(2\ A) if and only if A is
weakly removable for B, or @7P(Q2\ A) = {0}.

Proof. The sufficiency is clear: if A is weakly removable for Bf, then Proposi-
tion 9.1 shows that A is weakly removable for 77 (2 \ A), furthermore if /(2 \ A) =
{0} then A is trivially removable.

We next turn to the necessity, we will actually prove the contrapositive statement.
Assume that A is not weakly removable for Bf, and that «P(Q\ A) # {0}.

By Proposition 4.7 there is a compact set K C A not removable for Bf. Let
g € BE(S\ K) be non-constant and let zp € K be a point where g has a (non-
removable) singularity, not necessarily isolated.

Let f € &P(Q\A), f # 0. If f ¢ Hol(Q2), then A is not weakly removable
for 7P(Q\ A), and we are done. We therefore assume that f € Hol(f2). Since
f # 0, there exists k& > 0 minimal with f*)(z0) # 0. Let f(z) = f(2)(z — z0)~*.
Then f(zp) # 0. Moreover, there is § > 0 such that f is bounded on D (zg,d) and
1£(2)] <67%|f(2)] on Q\ D (20,6). Since f € P2\ A), we obtain fe AP\ A).

Let now h = fg, a function analytic in 2\ K with a (non-removable) singularity
at zo. We shall show that h € @/P(Q2\ A), from which it directly follows that A is
not weakly removable for 7P (Q2\ A).

Let €' be a bounded domain with K C ' € 2. Then there exists a constant C
such that |f(z)] < C, z € @, and |g(z)| < C, z € S\ Q. Hence

pon < [ ClaPdus [ ol
N\ A) (AN

< O (gl oy + 1712 ) < 01
ie.h € dP(Q\ A). 0

Definition 9.3. For z # oo, let n, ,, = oo if there is a function in &P(D (2,1) \
{z}) with an essential singularity at z, otherwise let n, , =sup{n e N: ((—2)™" €
(D (2 )\ {21}

Let N, = 0 if oo ¢ Q and there is a function in «/P(C) with an essential
singularity at oo, otherwise let no,, = inf{n € N: 27" € ZP(S\ D)}.

If dp = w dm, we write n, , = n.,,, and if w =1, we write n, = n, ..

Remarks 9.4. (i) Note that n , depends on p and whether or not co € Q.
(ii) f neo, = inf{n e N: 27" € Mﬁ’(S\@)}, then it is easy to see that > ar(~% €

Hol(S \ D) belongs to «?(S\ D(0,2)) if and only if ag = a1 = ... = an,, ,—1 = 0.
(iii) Similarly, if n,, < oo, z # oo, then f € Hol(D (z,2) \ {#}) belongs to

P (D (z,1)\ {2}) if and only if f has a pole of order at most n, , or a removable

singularity at 2. In particular, {2} is removable for B, if and only if n, , = 0.
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(iv) If oo ¢ Q, then n , = 0 if and only if there is a non-zero function in .77 (C).
Why? If ne, = 0, then either there is f € &/ (C) with an essential singularity
at oo, or 1 € &/P(C). On the other hand, if f € #P(C), f # 0, does not have an
essential singularity at oo, then 2" € 7P(C) for some n > 0. It follows directly that
1 € #P(C) and neo,, = 0, moreover this happens exactly when u(C) < oo.

(v) If oo ¢ Q and there exists f € &/P(\ {oo}) with an essential singularity at
oo for some domain ' 3 oo, and N = inf{n € N: 27" € #P(S\ D)} < oo, then
Moo, = 0. Why? Without loss of generality we can assume that f € «/P(C\ D).
Then also f(z)z77 € #P(C\D) for 0 < j < N. By taking a non-trivial linear
combination of these functions we find a function g € &7 (C\D), with Laurent series

[e.9] oo
g(z) = Za_jzj + Z arz™* |zl > 1,
3=0 k=N

i.e. the linear combination is chosen to make a; = ... = ay—1 = 0. By the choice
of N we directly have h(z) :== Y. arz~* € &/P(S\ D), and hence g — h € &/F(C).
k=N

If g did not have an essential sir;gularity at oo, then f would not have an essential
singularity at oo either, a contradiction. Hence g — h has an essential singularity
at oo.

(vi) Note also that if n, ;, = o0, z # oo, then there is a function in &/?(D (z,1)\{z})
with an essential singularity at z. If not, then ((—2)™" € &/P(D (z,1)\{2}) for alln €
N. Hence coeflicients a; # 0 can be found so that i aj((—2)"" € &P (D (z,1)\{z}),

7=0
a function with an essential singularity at z.

Theorem 9.5. Assume that ne, < oo. Then A is weakly removable for
P (Q\ A) if A is weakly removable for B, or C\ (Q2\ A) = Ay U Az, where A; is

I’

strongly removable for B},(Q\ A), A2 = {z1,...,zm} and Y 1z 4 < Moo pi-
k=1
Furthermore, if A is weakly removable for </P(Q2\ A), then A is weakly removable

for B, or C\ (Q\ A) = Ay U Ay for some sets Ay and Ay with A; weakly removable
for BY, Ay = {z1,...,2m} and ];1 Nz < Moo, pu-

Remarks. Note that it is not assumed that A; C A. Nor is it assumed that A;
and A, are disjoint, though this can always be achieved by replacing As by Az \ A;.

Note, also, that if 1., = 0, then A is weakly removable for &/?(Q2\ A) if and
only if A is weakly removable for BI.

Remarks 4.2 show that the situation can be quite different when n, , = oco.

The proof below works equally well if we replace B, by Bz‘ﬁn or BZ bdd-
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Proof. We start with the first part. If A is weakly removable for BJ, then
A is weakly removable for «7P(Q2\ A), by Proposition 9.1. We therefore assume
that C\ (2\ A) = A; U Ay, where A, is strongly removable for Bf(Q\ A), A2 =

m
{z1,...,2m} and > n,, , < Noo, (note that this is never possible if ny, = 0).

=1
Let f € #P(Q\A) C BL(Q\ A) = BL((2\ A)U A1) C BE(C\ Az). The function
f can have a pole of order up to n., , at the point z;. This means that g(z) =

m o0
f(2) TI (z — zx)™=»» is an entire function. Furthermore, f(z) = Y. cpz~* for
k=1 k=nco,
m " "
|z| large, and since > n;, , < Moo, We see that g(z) — 0, as z — co. Liouville’s

k=1
theorem shows that g = 0, and hence f =0 € &/P(Q).

We next turn to the second part and assume that A is not weakly removable for BY.
Let Q" = J{Q": BL(Q\ A) C Hol(Q2") and Q" is a domain} NC = C\ Az. Since A
is not weakly removable for B, by assumption, Ay # 0. Let further A" = C\ (Q\ A4).

We split the rest of the proof into the following cases:

(a) Noo,u = 0;

b) Neo,, > 0 and A’ not totally disconnected,;

(
(€) Moo, > 0, A’ totally disconnected and A, infinite;
(d) Moo, > 0 and there is zg € Ay with n., , = oo;

(

m
€) Mooy >0, Ao ={z1,...,2m} and N,y < D Ny < 00.
k=1

If none of (a)—(e) holds, then As is finite and it follows that A; := Q' \ (2\ A)
is weakly removable for BE(Q' N (2 \ A)), and hence for BL(Q2\ A). Moreover,

Do M < Moo
z€As

Thus, by Theorem 9.2, it is enough to show that in each case (a)—(e) there is
a non-zero function in </P(2\ A), to conclude that A is not weakly removable for
P\ A), and thus finish the proof.

(a) There is a non-zero function in /(2 A), either 1 or one with an essential
singularity at oo, see Remarks 9.4 (iv).

b) There exist ny , pairwise disjoint compact continua Ki,..., K, c A
s 00, 1
Since K; is not totally disconnected, by Axiom A4, it is not removable for B?, so
J Iz
Noo,p

there is a non-constant function f; € BE(S\ K;) with fj(c0) = 0. Let g = [] f;.
j=1

Let also €, ...,Q,, , be pairwise disjoint neighbourhoods of {oo}, K1,..., Kp_ ,,
respectively. There is a constant C, such that |g(z)| < C|f;(z)| for z € Q; \ K; and
|fi(2)| < Clz| 7! for z € Qo, 1 < j < Noo - Thus g € P (\K), 1 < j < Mooy, and

since [g(z)| < CMeon|z| 7w for 2 € Qo, also g € (). Finally, g is bounded on
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the bounded set S\ DM Q;, and hence g € &7 (S\ U K; ) P (Q\ A). Moreover
g is non-constant.

(c) We can find 21, ..., 2, , € A2. Find pairwise disjoint neighbourhoods G; of
z;. By the maximality of Q', G;; N A’ is not weakly removable for Bf. Hence there
is a compact set K; C G; N A" which is not removable for Bf,. We can now proceed
as we did in (b).

(d) As we have observed there is fo(z) = i ax(z — z0) % € P(D (20,1) \ {20})

k=1
with an essential singularity at zg. For j > 1 let recursively f;(z) = (z—20) fj—1(20) —

aj = apyj(z—20)"" € ,;zflf’(D (20,1)\ {20}), and let g(z) = > cx(z —20) F be a
k=1 k=1
non-trivial linear combination of fy, ..., fnoo’u such that ¢ =co =... =¢p_,, = 0.

By Remarks 9.4 (i) we see that g € @/?(S\ D(z0, 3)), and hence g € &?(S\{z0}) C
P(Q\ A). If g were constant, then fo would be a rational function, a contradiction.

(e) Let fr(z) = (z — zx) "=er € FP(D (2k,1) \ {z}) and g = H fx, then also

g € P (D (2k,1) \ A2), 1 <k < m. Since there is a constant C such that |g(z)| <
C|z|~™een for | | > C, we also have g € &/P({z €S: |z| > C}). Since g is bounded

on D(0,0) \ U D (2x,1), it follows that g € @/P(S\ A2) C &/P(Q\ A). Since g is
non-constant we are done. O

As a corollary we obtain the following characterization of weak removability for
AP,
m

Theorem 9.6. Let v = p|o\a and assume that n.,, < oo. Then A is weakly
removable for «7P(Q2\ A) if and only if A is weakly removable for Bf,, or C\ (2\ A) =

m

Ay U Ay, where A, is weakly removable for BY, Ay ={z1,...,zm} and > n, . <
k=1

Moo,

Remarks 9.7. In this corollary we can make the requirement that n,, , > 1
for z € Ag, since if, e.g., n,, , = 0, then, as v(4;1) = v({z1}) = 0, we have A,
and {z1} both being strongly removable for B2, by Proposition 3.4, independently
of the domain. Hence Ay U {z1} is also strongly removable for B? and thus weakly
removable for Br, and z; can be moved from Ay to A;. It is possible to require that
Nz, = 1 for 2, € Ay in the first part, but not in the second part, of Theorem 9.5.

It is obvious that n,, > n., for z # oco and that ne, < neo,. It is easy to
construct examples with at least one strict inequality. In view of Theorem 9.6, this
shows that it is not possible to find a necessary and sufficient condition using n .
The reason behind this is that weak removability for &/P(2\ A) is independent of
p outside of 2\ A, whereas n. , depends on y outside of 2\ A. The number n ,,
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on the other hand, is independent of u outside of Q\ A. The drawback is obvious,
instead n , has to be made dependent on ©\ A. Recall that n. , is independent of
Q and A, apart from depending on whether or not oo € €.

Proof. Since &7P(Q\ A) = P(Q\ A), A is weakly removable for &/(Q2\ A) if
and only if A is weakly removable for &7 (2\ A). Similarly, A is weakly removable for
BY if and only if A is weakly removable for Bf. Moreover for any domain Q' D A,
Proposition 3.4 shows that A; is weakly removable for BY if and only if A; is strongly
removable for BE(Q' \ A;). By applying Theorem 9.5 to &P (Q \ A) we obtain the
result. O

10. MUCKENHOUPT A, WEIGHTS

Definition 10.1. A Radon measure p on C is doubling if there exists a constant
C such that u(D (z,2r)) < Cu(D (z,r)) for all z€ C and r > 0.

A non-negative function w is doubling if the corresponding measure u, defined by
dp = w dm, is doubling.

Definition 10.2. Let 1 < p < co. An A, weight w is a non-negative function
such that there exists a constant C so that

p—1
(10.1) (%/ w dm) (ﬁ/ w!/ =) dm) < C for all discs D C C.
m D m D

An A; weight is a non-negative function w such that there exists a constant C' so
that

1

(10.2) D)

/D w dm < CessDinfw for all discs D C C.

Remarks 10.3. In particular, 0 < w < oo a.e., w is doubling and w is a
p-admissible weight, see Chapter 15 in Heinonen-Kilpeldinen-Martio [18].

It is easy to see from the definition that if 1 < p < oo, w’ = w'/(=P) and
1/p+1/p’ =1, then w' is an A, weight if and only if w is an A, weight.

If p < g and w is an A, weight, then w is an A, weight. Moreover, if pg =
inf{p: wis an A, weight} > 1, then w is not an A, weight, this being the so called
open-end property, see e.g. [18], Section 15.13.

We want to make our results more general and therefore make the following defi-

nition.

Definition 10.4. Let 1 < p < co. A local A, weight w is a function such that
for each R > 0 there exists an A, weight v such that w|p,r) = v|p(o,r)-
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Remarks. It follows directly that if 1 < p < oo, w’ = w'/=P) and 1/p+1/p’ =
1, then w’ is a local A, weight if and only if w is a local A, weight.
It is not true in general that local A, weights are doubling, consider, e.g., w(z) =

el

Proposition 10.5. Let 1 < p < oo and let w be a non-negative function. Then
w is a local A, weight if and only if for each R > 0 there exists a constant Cr such
that for all discs D C D (0, R),

1 / ) ( 1 / 1/(1-p) )p_l ,
——— [ wdm || ——— | w Pl dm <Cpgr, Ifl<p< o,
<m<D> D m(D) Jp 8

N
m(D)

and

/ wdm < Cressinfw, ifp=1.
D D

Proof. The necessity is clear, we want to prove the sufficiency, without loss of
generality we can assume that R = 1. We also assume that 1 < p < co.

Let ~ be the equivalence class on C defined by saying that +1+x+yi ~ £1—z+4yi
and zr +i+yi~x+i—yi, x,y € R, i.e.invariance under reflections in the sides of
Q =[-1,1] x [-1,1]. Let v = w on @ and continue v using reflections in the sides,
ie.v(z) = v(() if z ~ (. We have v|p = w|p and need only prove that v is an A,
weight.

Let D = D (zp,r), without loss of generality we can assume that zo € Q. We see
that D intersects at most (r + 2)? squares of the form Q + 2(j + ki), j,k € Z. Note
also that for each z € C there is a unique ¢ € Q) with z ~ {, and moreover, if z € D,
then ¢ € D. We see that

/vdmg(r+2)2/ vdm:(r+2)2/ wdm<(r+2)2/wdm,
D DNQ DNQ D

and similarly for v" := v/ (=P) Let also w’ := w'/(1=),
If r <1, then D C D(0,1+ /2) and we have

k)
(s o) o) <
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On the other hand, if 7 > 1, then DNQ C D' = D (0, \/5), and we get

(o) sl ) %1

The proof for p = 1 is easier, we leave it to the interested reader. (I

Remark. With obvious modification of constants this proof characterizes local
AP weights on R™ also when n > 2.

Definition 10.6. Let 1 < p < oo and let du = w dm. Let K C ) be compact.
Then we define

cap,, ., (K, Q) = inf {|Vol[}, 1 ¢ € 67 (Q)

and ¢ =1 in an open set containing K},

where %5 () denotes the set of infinitely differentiable functions with compact sup-
port in 2. For an arbitrary set A C 2 we define

cap, ,,(A,Q) = sup{cap, ,(K,Q): K C A is compact}.

Remarks. In the unweighted case, when w = 1, we usually drop w from the
notation.

Note first, that since cap, ,,(-,) is increasing there is no ambiguity in defining
cap,, ,(K, ) twice for compact K. Note also that as elsewhere in this paper our
functions are complex-valued, but in the definition of cap, ,, the optimal is to have
Imyp =0.

For p-admissible weights, in particular for A, weights, the capacity is the same
as the one defined in Heinonen-Kilpeldinen-Martio [18], Chapter 2, p.27, when G
is compact or open, see the discussion on pp.27-28 in [18]. In fact the definitions
coincide for Suslin sets, see Theorem 2.5 in [18]. All Borel sets are Suslin sets.
Suslin sets are sometimes called analytic sets, despite the fact that analytic set has
a different meaning in the theory of functions of several complex variables.

Definition 10.7. Let 1 < p < oo and let w be a local A, weight. For a complex-
valued ¥ function, i.e. a complex-valued infinitely differentiable function, ¢: C —
C we let the Sobolev norm of ¢ be

1/p
Il = ( [ el + 19 dm) .
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We let the Sobolev space WLP(C) be defined by

WaP(€) ={p € €=(C): [lollyrr < oo},

where the closure is taken in the || - [|;;;1.» norm. We further define the Sobolev space

WLP(Q) = €°(Q), where the closure is also taken in the || - [[yy2.» norm.

Remark. Sobolev spaces defined in this way are often denoted by the letter H
instead of W, since we use H for Hardy spaces we will use W instead. In fact for
A, weights this definition is equivalent to the definition of Sobolev spaces usually
denoted by W, see Kilpeliinen [24]. We prefer this definition since it follows our
main source, Heinonen-Kilpeldinen-Martio [18], on the theory of weighted Sobolev
spaces.

Definition 10.8. Let 1 < p < oo and let w be a local A, weight. For a compact
set K C C we define the Sobolev (p,w)-capacity by

capy1x (K) = inf{[lo[[}, 1,1 ¢ € WLP(C) and ¢ = 1 in an open set containing K}.
For an arbitrary set A C C we define the Sobolev (p,w)-capacity by
capy1.p (A) = sup{capy1,(K): K C A is compact}.

Remarks 10.9. In the unweighted case, when w = 1, we usually drop w from
the notation.

This definition is a little different from the definition in Section 2.35 in Heinonen-
Kilpelidinen-Martio [18], where they are only concerned with the case when w is an
A, weight. The two definitions coincide when A is a Suslin set and w is an A, weight,
see Theorems 2.5 and 2.37 in [18].

If K is compact, {2 D K is a bounded domain and w is a local A, weight, 1 < p <
00, then capy,1.» (K) = 0 if and only if cap, ,,(K,) = 0, the proof of this fact on
p.49 in [18] directly extends to local A, weights.

Theorem 10.10. Let 1 < p < oo and let w be an A, weight. Let also py =
inf{g: w is an A, weight}. If capy1,(A) = 0 for some non-empty A C C, then
p < 2po and capyy1,p/p0 (A) = 0. In particular, dimyg A < 2 — p/po.

Remarks. This is Corollary 2.33 in Heinonen-Kilpeldinen-Martio [18]. Recall
also that py < p, see Remarks 10.3.

This theorem is sharp in the sense that given pg < p < 2pg there is a weight
w with po = inf{g: w is an A, weight}, and a set A with capy,1.,(4) = 0 and
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dimyg A = 2 — p/pg, and hence capy1.4(A4) > 0 for all ¢ < p/po, see Theorem 13.1.
One such example is obtained by letting w(z) = dist(z, A)PPo~1/Po where A C R is
an unbounded self-similar Cantor set with dimg A = 2 —p/pg. In higher dimensions
similar examples can be obtained with A being an unbounded self-similar Cantor set
in some hyperplane.

The theorem is not sharp for all weights. Consider for instance a power weight
w(z) = |2|%, B >0, an A, weight for p > 1+ %ﬁ, and let K be a compact set. Since
w and 1 are comparable away from the origin we see that if capy,1.» (K) =0, then
capy1.p (K \ {0}) = 0, which is stronger than the theorem above.

Lemma 10.11. Let 1 < p < oo and let w be an A, weight. Then there is a
constant C' > 0 such that

RS

C||\V p < B) p < AV p
IVeollLr, < 100l \/5” ellee,

for all ¢ € 65°(C).

Remark. Here, as usual, 9; and J> denote the partial derivative operators with
respect to the real and imaginary variables, respectively, and 0 = %(81 +10s).

Proof. The second inequality follows directly from |9¢p(2)| < |[Vi(2)|/v/2 and
therefore holds much more generally.

Let f(¢) = fc/fiz)e’mezg dm(z) dEIlOte the Fourier transform of f. Let also
¢ =&+ in. Then 01p(¢) =1£p(C) and d2¢0(¢) = inp(¢). It follows that

& —ién,

2 _ — 3.
& —idn €+ mP0) = iEB(0) = dip()

e dp(C) =

2
and similarly

2677—17725(0 & —in?,

000 = F g i+ ma(0) = (o) = Bp(C).

The Riesz transforms are defined by their Fourier transforms,

To() = i

0] nd é\ :filA .
ICIQP(O a 20(C) ICISO(O

So we get

81<p = —2(%12 — i%ll@g)ggo and 62@ = —2(%1%2 — 2%22)5(,0
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The crucial point now is that since w is an A, weight, the Riesz transforms are
bounded operators on LP (C), see Theorem IV.3.1 in Garcia-Cuerva-Rubio de Fran-
cia [13]. (In fact, this is only true for A, weights, see Theorem IV.3.7 in [13].) Thus
there exists a constant C’, independent of ¢, such that

101l s, < C'l[Dpllr, and  [|O2¢l s, < C'[|0¢]| e,
Hence there exists C' > 0 such that
ClIVellLy, < [10pllLy,  for all ¢ € 65°(C).

O

The following corollary may be of independent interest, although we do not need it.

Corollary 10.12. Let 1 < p < oo and let w be a local A, weight. Let € be a
bounded domain. Then there exists a constant C > 0 such that

— 1 o
Clellwre <110¢lle, < —zllellyrr  for all o € WiP(Q).

V2

Proof. The Poincaré inequality, see Heinonen-Kilpeldinen-Martio [18], Sec-
tion 1.4, says that there exists a constant C’, independent of ¢, such that

lelly, < ClIVellry,  for all ¢ € €5°(9).
Combining this with Lemma 10.11 we see that there is a constant C such that

= 1
Cllellwyr < 19elLs, < EHSOHWM

for all ¢ € 65°(Q2), and hence by continuity for all o € WLP(Q). O
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11. CRITERIA FOR n; ,

Proposition 11.1. Let du = w dm and assume that there exists € > 0 such that
w™¢ is integrable in a neighbourhood of zy # co. Then n, ., < 2(1+ 1/¢)/p.

If there exists C' > 0 such that w > C a.e. in a neighbourhood of zy, then n ,, <
2/p.

In particular, if w is a local A, weight, 1 < ¢ < 0o, then n, ., < 2¢/p.

Remarks. Recall that n,,,, = 0 if and only if {29} is removable for BE,.
A direct consequence is that if g9 = inf{g: w is an A, weight}, then n., ., <
[290/p]. If w is a local A; weight we can improve this slightly obtaining n,, ., <

[2/p] - 1.

Proof. Without loss of generality we can assume that zo = 0 and that w™° €
L'D). Let q=1+1/e,1/q+1/¢ =1, w = w'/0~9 =w=¢ fc .&P(D)\{0}) and
z € D(0,1). Since |f[P/9 is subharmonic we have

p/a 1 p/q
FEP < /D(Z?Z)lf(g“ﬂ dm()
:L p/q 1/q, /(M\1/q
2|2 /D(z,z)|f<4)| w(€) 1w () dm(C)

N

! p/q v
1 ey [ o am)
|22 L(D(z,]2])) D(z2])

Both the middle and the last factors on the right-hand side tend to 0, as z — 0. Hence
f cannot have an essential singularity or a pole of order > 2q/p = 2(1 + 1/¢)/p at
the origin. This concludes the first part.

For the second part, we can assume without loss of generality that zyp = 0 and
that w(z) > C for z € D. Since |f|P is subharmonic we have

» 1 P dm 1 P L m
2 <K|Z| . H)| OF am(© =i [ 1HOPRQ) ey dmi©
CTE|Z|2 HfHLp )

The last factor in the right-hand side tends to 0, as = — 0. Hence f cannot have an
essential singularity or a pole of order > 2/p at the origin.

The last part follows directly from the A; condition (10.2), if ¢ = 1, and from
the A, condition (10.1) which, in particular, requires w'/(!=9 to be integrable, if
1< q<o0. ([
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Proposition 11.2. Let i be a doubling measure with doubling constant C'. Then
Moo < | (logy C)/p| + 1.

Proof. Letn=|(log,C)/p]+1and f(z) =z". Then

[ < 320 (0,29) < 2u) YO < o
Q\D j=1 j=1
since 27"PC < 1. O

Lemma 11.3. If i is a doubling measure with doubling constant C, then

w(D(2,2r)) = (1+C~*)u(D (z,7)) for all z € C and r > 0.

Proof. Without loss of generality we can assume that z = 0 and » = 1. We
find that

p(D(0,2)) = u(D) + p(D(%,5)) = w@) +C°u(D(3,4)) > (D) + C~>u(D).
0

Proposition 11.4. Let w be an A, weight, 1 < g < co. Then 1 < new < [2¢/p].

Remark. A direct consequence is that if go = inf{q: w is an A, weight}, then
1 < Nooyw < |290/p] +1. As we will see in Proposition 11.5 this is best possible (also
when w is an A; weight).

Proof. Let1/¢g+1/¢ =1 and w' = w'/(1~9. Since w’ is an A, weight it is
doubling. Let C’ be the doubling constant of w’, and also du’ = w’ dm.

Consider first f € &7P(C) and let D = D (z,r). Since |f|P/? is subharmonic we
have, using the A, condition (10.1) with A, constant C,

| ( |p/q

p/q m(¢ 1 POy (Y 9 (Y dm
P am(Q) = =z [ 1HOF (€)1 a0

Hf| L”(D) (/ 1q —-1/q
< ——w W' dm) < Cl/a f p/q (/ w dm) =0,
m<D) D || ”L&(C) D(z,r)

as r — 00, since it is a consequence of Lemma 11.3 that fD(z W dm — oo, as
r — co. Hence f = 0, and since this also shows that 1 ¢ /(S \ D), we see that

Neo,w 2 1.

211



From the A, condition (10.1) and Lemma 11.3, it follows that

Cm(D (0,29))1 - Cnd ( 224 )J
w(D(0,27))a=t = (D)=t N1+ (C)3)at /-

u(D (0,27)) <

Let f(z) = 2=™, n = [2¢/p]. Then

> , , C2Pnd X2 92q—np g
FIPdu < S 20=9m (D (0,27)) < ( ) < .
/C\D 7! ;1 (B(0.2)) p [D)a=t =\ (1 +(C7)~3)a!
Hence noow < [2¢/p]. O

Proposition 11.5. Let w(z) = [2|%, B > —2. Then ng. = [(2 + B)/p] — 1,
nz,w = |72/p‘| - 15 z 7é Oa z 7& OO? and noo,w = L(2 +ﬂ)/pJ + 1

Remarks. The condition 8 > —2 is needed for w dm to be a Radon measure.

It is well known, and easy to check, that w is an A, weight exactly when g > 1+ % 0,
B8 20,and g > 1, —2 < 8 < 0. This shows that the upper bound on n ., is the best
possible in Proposition 11.4, since for 8 > 0 we have n ., equal to the lowest upper
bound obtainable from Proposition 11.4, when varying ¢. This also shows that ng ,,
equals the lowest upper bound obtainable from Proposition 11.1, when varying g,
when 8 > 0, unless (2 + 3)/p is an integer, in which case ng ,, is one less.

Proof. Propositions 11.1 and 11.4 rule out essential singularities and it is easy
to check which negative integer powers belong to «/?(D (z,1) \ {z}) and «Z2(S\ D).
O

12. REMOVABILITY FOR MUCKENHOUPT A, WEIGHTS

Lemma 12.1. Let 1 < p < oo and du = w dm. Let also w' = w*/1~P) and
1/p+1/p’ =1. Let K C Q C C be compact. Assume that w' € Li (). Then the
annihilator of ZP(Q\ K) C LE(Q) is {0p: ¢ € 65°(2\ K)}, where the closure is
taken in the LZ:,(Q) norm.

Ifp=1and w™! € L (Q), then the same is true with the closure taken in the

loc
norm g +— ||g/w||Loo(Q).

Remarks. In this lemma we do not require Q \ K to be connected, &2 (2 \ K)
being defined in the obvious way.

In the unweighted case, with 1 < p < 0o, this is Lemma 1 in Havin-Maz’ya [15].
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Proof. First we need some clarification. We will say that an equivalence class
[f] in L2(Q) is in &/2(Q\ K) if there is a representative f € [f] which is analytic in

If m(K) = 0, then each function in &P (Q \ K) corresponds to just one equivalence
class in LP (Q). On the other hand, if m(K) > 0, then there are infinitely many
equivalence classes in LP (£2) corresponding to each function in «ZP(Q\ K).

We want to find the dual space LP ()" with respect to the pairing (f,g) =
Jo fg dm. Since L% (Q)" = LP () with pairing Jo fgw dm = (f, ), where g = gw €
Lﬁ:, () if and only if g € L () (with equal norms), we find that L2 ()" = Lﬁ:, Q).
For p = 1 we see that L;,(Q)* = {g: gw™" € L>(Q)} with [|g]|11 () = lg/wl]lL(0)-

Denote the annihilator of </2(Q\ K) C L2 () by «/2(Q\ K)*. By definition

AP\ K)" = {ge LE(Q)*: (f.g) =0 for all f € ZP(Q\ K)}.

If feLP(Q)and D C Qis a disc then

1/ 1/p’
/D|f| dm:/D|f|w1/p(w/)l/p/ dm < (/D|f|pw dm) p(/Dw/ dm) ’ < 0.

(For p = 1 the last integral should be understood as [[w™!|| = (p).) Thus LE(Q) C
Li () € 2'(C), where 2/(C) is the set of all distributions on C, and we consider
functions in L{,(£2) to be 0 on C\ Q.

Using Weyl’s lemma (see, e.g., Hérmander [19], Theorem 4.4.1) we find that f €
LP (Q) is analytic in Q\ K if and only if 9f = 0 in Q\ K in the sense of distributions,

i.e.

(f,5g0>=‘/ﬂf5<pdm:0 for all ¢ € 65°(02\ K).

Therefore
{0p: ¢ € €5°(Q\ K)} C #H(Q\ K)™.

Moreover, since Weyl’s lemma only requires these functionals to be 0, and
P(Q\ K)* is closed, Hahn-Banach’s theorem shows that

FYOQ\K)T ={0p: 9 € 6(Q\ K)},

where the closure is taken in the LZ:, norim. O
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Theorem 12.2. Let 1 < p < oo and dp = w dm. Let also w’ = w'/(=P) and
1/p+1/p'=1. Let K C Q C C be compact. Assume that w’ € L{, (2). Then

1. = o
capdg(Kvg) = E lnf{Ha<)0H p e (KO (Q)a

LY (Q\K)

¢ =1 in an open set containing K}.

Ifw™! € LS (Q), then

loc

capu (K, Q) = %inf {H%‘P P BN,

HLO"(Q\K)

¢ =1 in an open set containing K }

Remarks. As in Lemma 12.1 we do not require 2 \ K to be connected.
In the unweighted case, with 1 < p < oo, this is part of Proposition 11.1.10 in
Adams-Hedberg [1], which comes from the proof of Lemma 1 in Hedberg [16].

Proof. Let h € 65°(2) be equal to one in an open set containing K, and let y
be a smooth cycle in {z: h(z) =1} \ K with winding number wind,(z) =11if z € K
and wind,(z) =0 if z ¢ Q. Let f € /2 (Q\ K). Then by Stokes’ theorem we have

L/f(z)d,z: L/f(z)h(z)dz:—L A(fh)(z)dz A dz

2m 2m 2mi Q\K
1 _
=—= f(2)0h(z) dm(z).
TJo\K

Hence the functional f — (1/2xi) fv f(2) dz is represented by the function —(1/x)0h.
We obtain, using the Hahn-Banach theorem (cf. Exercise 4.19 in Rudin [29]) and
Lemma 12.1,

1 _
cap g (K, 2) = —sup{[(f,0h)|: f € ZZ(Q\ K) and |[f]lr, k) <1}

D ge dPQ\K)")

1. 3
- inf{||0h + g”LZ//(SZ\K)

1. .= -
=~ 0t {30+ D)l 7 # € GO\ K}

1. = oo
E lnf{Ha(pHLZ’I(Q\K): pE (50 (Q)’

@ =1 in an open set containing K }

This concludes the proof of the first part. The proof of the last part is similar. [
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Corollary 12.3. Let 1 < p < oo and du = w dm. Let also w' = w'/(=P) and
1/p+1/p'=1. Let AC Q C C. Assume that w' € L}, (). Then

cap » (A, Q) cap, (4, Q)r

Tt\/_

Proof. Assume first A to be compact, since |dp| < |V¢|/v/2 the inequality
directly follows from the previous theorem. For general A the inequality follows after
taking suprema on both sides over K C A compact. O

Theorem 12.4. Let 1 < p < oo and let w be an A, weight. Let alsow’ = w'/(1~7)
and 1/p+ 1/p’ = 1. Then there exists a constant C such that if A C Q C C, then

1
c Py, o (AP < capr (A, Q) cap, (4, Q)

m/_

Remark. An immediate consequence of this together with Theorem 7.7 is
that if Q satisfies condition (2.1), then A is removable for B2 if and only if
Capp/,w/(A, Q) = O.

Proof. Let K C A be compact. By Theorem 12.2 together with Lemma 10.11
we see that there exists C such that

1 /
~CaAPy 4y (K7 Q)l/p < cap gr (K7 Q)

c —=cap,y ., (K, Q)7

n\/_

In fact we can choose C = nC’, where C’ is the constant given by Lemma 10.11 for
p’ and w’, so C is independent of K and (2.
Taking suprema over compact K C A yields the desired inequalities for A. O

Theorem 12.5. Let 1 < p < oo and let w be a local A, weight. Let also
w' =w'/=P) and 1/p+1/p’ = 1. Then cap,,»(A) = 0 if and only ifcapw:lp/ (A)=0.

Remark. Recall that Theorem 10.10 gives an upper bound on dimpy A when
capy 1. (A)=0.

Proof. Let first K C A be compact, and let 2 D K be a bounded domain.
Let v be an A, weight that coincides with w on ©, and let v’ = v*/(!=?). Obviously
cap,y (K, Q) = cap,, ,, (K, ) and capr (K, Q) = capr (K, Q). By Theorems 7.7
and 12.4, capz(K) = 0 if and only if cap, ,,(K,€2) = 0, which is equivalent to
CaPyy1 51 /(K) =0, see Remarks 10.9.

The full result follows directly by taking suprema over K C A compact. (Il

A consequence of Theorems 9.5 and 12.5 and Propositions 11.1 and 11.4 is the
following result.
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Theorem 12.6. Let 1 < p < oo and let w be an A, weight. Let alsow’ = wl/(1=p)
and 1/p+ 1/p’ = 1. Then A is removable for «/F(Q2\ A) if and only if either
capy1 (A) = 0, or there is z such that cap .., ((C\ (2 \ A4)) \ {z}) = 0 and

fc\u) 1|U2|7pw(2) dm(z) = oo.

Remark. Recall that weak and strong removability are the same in this case,
by Proposition 8.1.

Proof. Proposition 11.4 shows that 1., = 1 0r N,y = 2, and thus neg . = 2
is equivalent to fC\D |z|Pw(z) dm(z) = oo. Let A be as in Theorem 9.5. We may
assume that if z € Ay, then n,,, > 1, see Remarks 9.7. If no ., = 1, then we have
Az = ), and hence the result follows from Theorems 9.5 and 12.5.

On the other hand, if 7o = 2, then card Ay < 1. The necessity follows directly
from Theorems 9.5 and 12.5. As for the sufficiency, let As = {z}. Proposition 11.1
shows that n,, < 1, and hence removability follows from Theorems 9.5 and 12.5,
regardless of whether n, ,, =0 or n,, = 1. [l

Corollary 12.7. Let 1 < p < oo and let w be an A, weight. If A is removable
for Z2(2\ A), then dimpy A < 1.

It is an open problem if there exists a set A with dimyg A = 1, weakly removable
for B, for some Radon measure x and some p < oo.

Proof. Let w' = w0~ and 1/p + 1/p’ = 1. Let also pj = inf{q:
w' is an A, weight}. Recall that the open-end property says that pj < p’, see Re-
marks 10.3. Then by the above theorem, there is 2 such that cap 1, (A\ {z}) = 0.

By Theorem 10.10 and the open-end property

/
dimy A = dimg A\ {z} <2- 2 < 1.

/
0

13. THE UNWEIGHTED CASE

For the unweighted Sobolev capacity we want to recall the following well-known
theorem.
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Theorem 13.1. Let 1 < p < oo, Ay denote the d-dimensional Hausdorff measure
and cap,,, denote the logarithmic capacity. Then, the following are true:

dimg A >2—p = capy1(4) >0, 1<p<2
Ao p(A) <00 = cappy,(4) =0, 1<p<2;
cappog(A4) = 0 <= capy1.2(4) = 0;
A=0 < capy1,(4) =0, p>2.

Theorem 13.2. Let cap,,, denote the logarithmic capacity and 7 denote the
analytic capacity. Then A is removable for BP if and only if

A=0, 0<p<2,
caplog(4) =0, p=2,
capyi,(A) =0, 2<p<ooandl/p+1/p' =1,
’Y(A) =0, p=oo0.

Remark. Recall that weak and strong removability are the same in the un-
weighted case, by Proposition 8.1. We assume that y(A4) = sup{y(K): K C
A is compact}.

Proof. For0 < p < 2 this follows directly from the fact that z=! € &/?(D\ {0}).
For 1 < p < oo it follows directly using Theorems 7.8, 12.5 and 13.1.

For p = co we know that &7°°(Q2) = B>(Q) = H>*(Q) for all domains, and that
~ characterizes the removable singularities for H>, see e.g. Garnett [14]. O

Theorem 13.3. Let cap,,, denote the logarithmic capacity and v denote the
analytic capacity. Then A is removable for o/?(Q\ A) if and only if

)<1, 0<p<2andp#1,
)<2, p=1,
capg(4) =0, p=2,
)=0, 2<p<ocandl/p+1/p' =1,
)=0

, p = Q.

This result is not new, see Carleson [10], Theorem 6.1, Hedberg [17] and Adams-
Hedberg [1], Section 11.1.
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Proof. For 2 < p < oo condition (2.1) holds for all domains, so A is removable
for &/P(Q\ A) if and only if A is removable for B?, and Theorem 13.2 yields the
result.

For p = 2 we have n, = 0 for z # oo by Proposition 11.1. So if C\ (Q\A) = A;UAs,
where A; is removable for B2 and Ay = {21,...,2m}, then A is removable for B2,
by Theorem 8.2. Hence Theorem 9.5 shows that A is removable for &/2(Q\ A) if
and only if A is removable for B2, and Theorem 13.2 yields the result.

For 0 < p < 2 only the empty set is removable for BP, by Theorem 13.2. By
Theorem 9.5 we see that A is removable for &/?(2\ A) if and only if C\ (2 \ A) =

As ={z1,...,2m} and Z Nz, < Neo- By Proposition 11.5, n,, = [2/p]—1, 21, # o0,

and ne = [2/p] + 1. In partlcular Ns < 2/p < N, and hence A is removable for
GP(Q\ A)if card As < 1. Furthermore, n,, +n,,—n. = [2/p|+([2/p]—|2/p])—3 <
0 if and only if [2/p] =2 and 2/p € Z,i.e.p = 1. So, if p # 1 and card Ay = 2, then
A is not removable for &/?(Q\ A).
Finally, for p = 1 we have n, = 1 for z # oo and n, = 3. Hence A is removable
for &71(2\ A) if and only if card Ay < 2. d

Proposition 13.4. Let du = w dm and assume that for every z € A there is a
neighbourhood of z in which w is bounded from above and below (away from zero).
Then A is removable for BY, if and only if A is removable for BP.

Remarks. Recall that weak and strong removability are the same in this case,
by Proposition 8.1.

If Q satisfies condition (2.1), a direct consequence is that A is removable for
AP(Q\ A) if and only if A is removable for &/P(Q2\ A).

Much of the theory of weighted Bergman spaces has been developed with weights
locally bounded from above and below, and the problem of removable singularities
has the same solution as in the unweighted case.

Proof. Assume that A is removable for BY. Let z € A be arbitrary, and let
Q. C Q be a domain in which w is bounded from above and below. Then Q. N A is
removable for BE. Thus BP(Q2,\A) = B2 (2,\A) C Hol(2.), and capg, (AN,) =0
It follows from Proposition 4.14 that A is removable for BP.

The proof of the other direction is similar. g

In this section we also want to observe that the spaces &7 ( -) are not conformally
invariant (not even for bounded domains). However, despite this, removability is
conformally invariant for BP. For 1 < p < oo this can also be concluded from the
conformal invariance of cap,,, see, e.g., Viisild [31], together with Theorem 12.4,
but as we shall see below it is much easier to prove than that.
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Example 13.5. Let 0 < 0 < 21, Dy = {z € D: 0 < argz < 0} and fu(2) =

27 = e~@l82 where we choose any branch of log containing Ds;. Then f, €
/P(Dyp) if and only if

1
00 > / ||~ dm(z) = 9/ rioP dp,
Dy 0

i.e.if and only if o < 2/p.

Let now 0 < 6 < mand p: Dy — Doy, p(2) = 2%, As already observed f, €
/P (Dqg) if and only if o < 2/p. However, f, 0 p(z) = 272%, 50 fo 0@ € P(Dy)
if and only 2a < 2/p, i.e.a < 1/p. The conclusion is that </P is not conformally

invariant for any p, 0 < p < oco.

Proposition 13.6. Let 2 C C be a domain and let ¢: 2 — C be a conformal
mapping. Then A is removable for B? if and only if ¢(A) is removable for BP.

! is also a conformal mapping it is enough to show that if A is

Proof. Since ¢~
removable for BP, then so is p(A). Assume therefore that A is removable for B?.

Let K’ C ¢(A) be compact. Since ¢ is conformal K := ¢~ (K’) is also compact.
We can therefore find a bounded domain Q' with K C Q' € Q. As ¢’ is continuous
and non-zero on )/ there exists C' > 0 such that |/(z)| = C for all z € (V.

Now ¢ gives a one-to-one correspondence between Hol(Q'\ K') and Hol(p(2')\ K’).

Let f o p~! be an arbitrary function in 277 (p(2') \ K') = P(p( \ K)), then
0> / 1f oo™ ()P dmf(w) = / FEPIF G dm(z) > Cl ).
P(U\K) V\K

Thus f € @/P(Q \ K) C Hol()'), and hence f o p~! € Hol(¢()')). Since f was
arbitrary this shows that K’ is removable for B?. We conclude from Proposition 4.7
that ¢(A) is removable for BP. O

14. COUNTEREXAMPLES
In the following example we will show what can happen when weak and strong

removability do not coincide. Before giving the example we give a lemma that will
be useful in this section.
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Lemma 14.1. Let 0 < p < co. Let du = w dm-+do, where w(z) = |Im z|P~1(z)
and for every a € R\ {0}, w is bounded from above and below (away from zero) in a
neighbourhood of a. (The measure o is an arbitrary positive Radon measure.) Then
{a}, a € R\ {0}, is removable for BY,. Moreover, if £ C R\ {0} is a countable set
with no finite non-zero limit point, then E is weakly removable for BY,.

Proof. Proposition 11.1 and a simple calculation show that n,., =0, a € R\
{0}, and hence {a} is removable for BL,. Since B} (2\ {a}) C BL(Q\{a}) C Hol(Q2),
it follows directly that {a} is removable for B},. Proposition 4.6 then shows that £
is weakly removable for BY. O

Example 14.2. Let 0 < p < oo, w(z) = min{|Im z|P~!|Re z|P~, |2| 73} and

1
onp

dpy =w dm + Z (bg-n +_o-n).
n=0

Let By = {27": n €N}, By = —Ey, K1 = EyU{0}, K3 = E,U{0} and K = K{UK,.

Lemma 14.1 shows that the sets F1, Fs and E1 U Fs all are weakly removable for
BP. However, z~! € B (D\ {0}), so {0} is not removable for B,.

Let f € Bjj(S\K) C Hol(S\{0}). Since [|f||rzs\x) = lf Lz s\r) = [1f 22,5\ {01)5
we can use Proposition 11.1 to show that BA(S\ K) = {b+cz7": b,c € C}. Tt is
now easy to see that z=' ¢ B(S\ K;) and 27" ¢ BE(S\ K3), so that BE(S\ K;) =
BE(S\ K2) = BL(S\ {0}) = BE(S) = {f: f is constant}. This shows that none of
Ey, Ey and E1 U By is strongly removable for B (S \ K), despite all of them being
weakly removable for BJ.

This also shows that K7 and K5 are both removable for Bﬁ, but K = K1 U K>
is not removable for BY, cf. Proposition 4.10 and Theorem 8.2. Since E; C K1, we
also see that it is not possible to replace weak removability by strong removability
in Proposition 4.8. Furthermore, FE is strongly removable for B (S \ K1), so strong
removability is dependent on the domain, cf. Remark 4.1.

Finally, £ is weakly removable for B},(S \ K) and Kj is weakly removable for
BE(S\ K3), but E1 U K3 = K is not weakly removable for Bf(S \ K), which shows
that strong removability cannot be replaced by weak removability in Proposition 3.3
for BY.

Since ;(S) < oo we have @/P(Q?) = B(Q) = Bj, 5,(2) for all domains Q C S.
Hence all of the above discussion also applies to &/} and B} 4 . Since By, | ;4(€) =
BE(£2) when  is bounded or co € 2, the above discussion also applies to Bz,bdd‘

We next want to show that it is possible for some of the above properties to fail,
without all of them failing. It follows, however, from Theorem 8.2 that if any of these
properties fail, then weak removability is different from strong removability.
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Example 14.3. Let 0 < p < 0o, w(z) = min{|Im 2|?~1|Re z|?’~,|2| 3} and
— 1
d‘u =W dm + Z 22—77,17(52771' + 5_2—71,).
n=0

Let By = {27": n e N}, By = —Fy, K; = E1U{0}, K3 = E;U{0} and K = K1 UK.
Lemma 14.1 shows that the sets F1, Es and E; U E5 all are weakly removable for
BE.

Let f € B(S\K) C Hol(S\{0}). Since | fllLzs\x) = I/ z2,s\x) = [ fll L2, (5\0})
we can use Proposition 11.1 to show that BE(S\ K) = {b+cz~'+ dz"2: b,¢,d € C},
After that it is easy to see that BL(S\ K1) = BE(S \ Ka) = B5(S\ {0}) = {b+cz":
b,c € C}. This shows that none of F;, Fy and E; U Fs is strongly removable
for BE(S \ K), despite all of them being weakly removable for BY. Moreover, F;
is strongly removable for B (S \ K1), so strong removability is dependent on the
domain.

Let now K’ C C be a totally disconnected compact set. If 0 € K’, then 27! €
BE(S\ K'), so K is not removable for BY,. On the other hand, if 0 ¢ K', then we can
find a bounded domain Q O K', with dist(0,(2) > 0. It follows that B} (2 \ K') =
B (Q2\ K') and similarly B (2) = B, (2). Hence K’ is removable for BY, if and only
if K’ is removable for B?, and 0 ¢ K'.

Let now K, K} C C be compact sets removable for BY, and hence totally dis-
connected sets removable for B and not containing 0. It follows from Theorem 8.2
that K7 U K is removable for Bf, and hence for BJ}, by the discussion above.

As in the previous example the above discussion also applies to /7, Bz,ﬁ and

Bﬁ,bdd'
In the next two examples we will look at the differences between strong remov-
ability for Bf, B 5., B} 44 and &}

Example 14.4. Let 0 < p < 0o, w(z) = min{1, |2|7P73} min{1, [Im 2|P~*} and

- 1/kP, k=1 (mod 2),
dp=w dm+Zak5k, where ap = ¢ 1, k=2 (mod 4),
h=1 kP, k=0 (mod 4).

Lemma 14.1 shows that N is weakly removable for BY, B 5, B} | 44 and #?(C\N)
({0} is removable!).

Furthermore, B, |, 14,(C \N) C Hol(C) = B}, ;,44(C), since any function in Hol(C)
is bounded on bounded sets. Hence N is strongly removable for Bi’b 4a(C\N). On

the other hand, z € BZﬁD(C \N) = BE(C\N) = &P(C\N), but z ¢ BZﬁn(C),

221



z ¢ BY(C) and z ¢ /P(C). Hence N is not strongly removable for B}, ; (C\N),
BE(C\N) nor for #P(C\N).

Let next f € B} 4 (C\N) = BE(C\N) = &/P(C\N) C Hol(C), n € N\ {0},
lzol = n+ %, D = D(2,3%), ¢ = max{2,2p} and 1/q + 1/¢’ = 1. Using the
subharmonicity of |f|P/¢ we find that

Gl <2 [ 1P an)

4
— _/ |£(2)[P/)Im 2| P~ /4| Im 2| =P)/ 9 dm(2)
TJp

1/ 1/q’
< %(/D|f(z)|p|1mz|pl dm(z)) q(/D|1mz|<1p>Q’/q dm(z)) '

4 _ , 1/‘1
< 22l I ey ([ MmslOP )
I H D

The latter integral has a bound independent of zy, which shows that f does not
have an essential singularity at co. Since, u(C\ 2N) < co and 2z ¢ B}, 5, (C\ 2N),
we have that B ¢ (C\ 2N) = BE(C\ 2N) = &P(C\ 2N) = {f: f is constant}.
Moreover, 1 € B} 4 (C), but 1 ¢ Bf(C) = #/7(C). Hence 2N is strongly removable
for B} 5, (C\ 2N), but not for Bf(C \ 2N), nor for &/?(C\ 2N).

Finally, let @ = C\ D and F = 4N\ {0}. Lemma 14.1 shows that F is weakly

removabol: for BL(Q\E) = #P(Q\E). Let f € BL(Q\E) = #P(Q\ E), then

f(z) = > a;z77, 2| > 1. Since 27" € BA(Q), it follows that f € BA(Q), and hence
j=1

E is strongly removable for B2(2\ E). On the other hand, ™' € &/?(\ E), but

271 ¢ @P(Q), so E is not strongly removable for &/P(Q\ E).

By Remarks 4.2 we see that strong removability for «/P(Q2\ E) does not imply
(Q\ E) or B}, 1,44(2\ E).
In the next example we will show that strong removability for BE(Q2\ £) does not

strong removability for any of the spaces B}, (2 \ E), BS fn

imply strong removability for B 5 (2 \ E).

The author has not been able to determine whether it is true or false that if F is
strongly removable for Bf(Q2\ E) (or BZ an(Q\ E)), then E is strongly removable
for B} | 44(2\ E). Though, since By, , ;4(C) = Hol(C), a counterexample would have

to be of a little different nature.

Example 14.5. Let 0 < p < 00, w(z) = min{1,|z|7?73} min{1, |Im 2|P~*} and

! Ok-

du:wderZ(;karﬁ

k=1
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Let also By = N\ {0}, B2 = —E; and E = Z \ {0}. Lemma 14.1 shows that E is
weakly removable for Bf}(C\ E) and B} ; (C\ E).

Since z € /2(C) and any subset of E» with y(E2) < oo is bounded, 2 € B, 5, (C\
Ey). On the other hand, ;(C\ F2) < oo and z ¢ #P(C\ Ez), so z ¢ B} 4 (C), i.e. By

is not strongly removable for B}, ; (C\ Ex).

w,fin

As in the previous example a function in Bf(C\ E1) C Hol(C) does not have an
essential singularity at co. Since C\ E; satisfies condition (2.1), it is easy to see
that 1 ¢ BL(C\ E1). Hence BE(C\ Ep) = {0}, and F; is strongly removable for
BE(C\ EY).

In the next example we show that Proposition 6.3 does not hold with B? 1 fin T€
placed by BE.

Example 14.6. Let 0 < p < ¢ < oo be such that ¢/p € N. Let further
w(z) = min{1,|z| 7?73} min{1, [Im [P~ 1},

dp =w dm+ ij5j,
j=1
E =N\ {0} and 2 = C. Lemma 14.1 shows that £ is weakly removable for B.
We will first show that E is strongly removable for BE(C\ E). Let f € B (C\E) C
Hol(C). Assume that Q' C C is a domain that satisfies (2.1) for p. Then,

00 > Z JP Z 1 =card(QY' NE).
JEQNE JEQLNE

It follows that 2'NE is compact and hence strongly removable for B (2"\ E). Hence
fE€BE(C\E) C B\ E)= Bh(). It follows that f € B},(C), which shows that
E is strongly removable for BS(C \ E).

Furthermore C satisfies condition (2.1) for ¢. Now [[1{| a2 c\gy < o0 = [[1]|z1(c) -
Hence 1 € Bi(C\ E), but 1 ¢ B{(C), from which it follows that £ is not strongly
removable for Bi(C\ E).

In the next example we show that Proposition 6.3 does not hold when ¢/p ¢ N.

Example 14.7. Let 0 < p < 00, 0 < ¢ < o0 and let ¢/p = N + &, where
0 <e < 1. Let also

dp =w dm + Z'yncsrn, where w(z) =

{ [Tm z|P~1|Re 2| VP~L) if |2] < 1,
n=0

B i[> 1
and where v, will be specified below. Let further E = {27": n € N} and K =

E U {0}. Note that #/?(S\ K) = BL(S\ K) = Mﬁn(S\K) Mbdd(S\K) and
similarly with p replaced by ¢ or S\ K replaced by any domain containing co.
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It follows from Lemma 14.1 that £ is weakly removable for BL(S\ K). It is
now straightforward to verify that 2= € B, (S\ K), m € N, if and only if m <
(N + 1)p/r. Let m, = [(N + 1)p/r —1]. Thus z=™ € B,,(S\ K) if and only if
m < My

Now pm,, = p[N] = Np and

(N+1)p N+1
=q|————1| = (N — =1 > (N > .
qmg q{ . (N +ep| oz (N +¢)p > pmy
Thus we can find -, such that
(14.1) D 2 < oo,
n=1
(14.2) D 2 me = oo,
n=1

If follows from (14.1) that E is strongly removable for Bf(S\ K), whereas from
(14.2) it follows that E' is not strongly removable for B{ (S \ K).

15. ISOMETRICALLY REMOVABLE SETS

We also have a related definition of removability.

Definition 15.1.  The set A is isometrically removable for 7P(Q2\ A) if A is
weakly removable for «/P(2\ A) and

(15.1) £z @\a) = Ifllze ) forall f e P (Q2\ A).

Remark. Isometric removability is a stronger requirement than strong remov-
ability.

Proposition 15.2. The set A is isometrically removable for </7°(Q\ A) if and
only if A is removable for «7,2°(Q2\ A).

Proof. This follows directly from the proof of Theorem 5.2. O
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Proposition 15.3. Assume that 0 < p < oo. Then a sufficient condition for
A to be isometrically removable for «/P(Q\ A) is that u(A) = 0 and A is weakly
removable for @/ (Q\ A). If n(Q2\ A) < oo, then the condition is also necessary.

If Q satisfies condition (2.1) and pu(G) = 0 for all sets G C Q with dimy G < 1,
then A is isometrically removable for /(2 \ A) if and only if A is weakly removable
for /P (Q\ A).

Proof. We start with the sufficiency for the first part. Assume that A is weakly
removable for «7P(Q2\ A) and that p(A) = 0. Let f € &/P(Q2\ A) C Hol(f2). Since
u(A) = 0, we have HfH’iﬁ(Q ||f||Lp () Hence A is isometrically removable for
AP (Q\ A).

For the necessity in the first part we assume that p(2\ A) < oo and that A is
isometrically removable for 77 (Q2\ A). Since 1 € #P(Q\ A), we have

BN A) = 1112, 0y = 11250 = #() = p(@\ 4) + p(A).

As pu(2\ A) < oo we have i(A) = 0. Moreover, A is weakly removable for 77 (Q2\ A).

As for the second part assume that A is weakly removable for &/P(Q\ A) =
BE(Q2\ A). By Corollary 6.2 we have dimy A < 1, and hence p(A) = 0. From
the first part we conclude that A is isometrically removable for 7?(Q2\ A). The
converse follows directly from Definition 15.1. g
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