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Abstract. The exponential stability property of an evolutionary process is characterized in
terms of the existence of some functionals on certain function spaces. Thus are generalized
some well-known results obtained by Datko, Rolewicz, Littman and Van Neerven.
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1. INTRODUCTION

One of the most remarkable results in the theory of stability for a strongly con-
tinuous semigroup of linear operators has been obtained by Datko [1] in 1970 and
it says that the semigroup 7 = {T'(¢)};>0 is uniformly exponentially stable if and
only if, for each vector « from the Banach space X, the function ¢ — || T(¢)x|| lies in
L?(R;). Later, A. Pazy [see for instance 9] shows that the result remains true even if
we replace L*(R, ) with LP(R, ), where p € [1,00). In 1973, R. Datko [2] generalized
the results above, and proved that an evolutionary process Z = {U(t, s)}1>s>0 with
exponential growth is uniformly exponentially stable if and only if there is p € [1, 00)
such that sup [ |U(t, s)z||P dt < oo, for each = € X. This result was improved by
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Rolewicz in 1986 (see [10]) when he proved that if ¢: Ry — R4 is a continuous,

nondecreasing function with ¢(0) = 0 and ¢(u) > 0 for each strictly positive u,

and Z = {U(t,s)}i>s>0 is an evolutionary process on X with exponential growth

such that s1>1p [ o(|U(t, s)z||dt < oo for each x € X then % is uniformly expo-
s2>20

nentially stable. We note here that an analogous result was obtained independently
by Littman [4] in 1989, in the case of Cy-semigroup, but without the assumption
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of continuity for ¢. Jan van Neerven generalized the results above in the case of
Cy-semigroups and he presented a unified treatment in terms of Banach function
spaces as in [6], Theorem 3.1.5. In fact he proved that the semigroup .7 = {T'(¢)}:>0
is exponentially stable if there exists a Banach function space E over R, with the
property that tlg{)l() I X[0,4] = oo such that ||T'(-)z|| € E for all z € X. The Datko-
Pazy theorem follows from this by taking £ = LP(R, ) and Rolewicz’s result can be
derived as well by taking for E a suitable Orlicz space over R;. These and related
results were extended recently by Jan van Neerven where characterizations of expo-
nential stability for semigroups in terms of lower semi-continuous functionals were
obtained. In the spirit of this idea the aim of this paper is to extend this line of re-
sults on the general case of evolutionary processes using another type of functionals.
A discrete-time variant of the obtained results is also presented.

2. PRELIMINARIES

In the beginning of this section let us recall some standard notations. In all that
follows R, denotes the set of all positive real numbers, R = Ry \ {0} and N* the set
of all strictly positive natural numbers. Also, X will be a Banach space, and B(X)
the Banach algebra of all bounded linear operators from X into itself. We recall that
a family of bounded linear operators {U (%, s) }+>s>0 is called an evolutionary process
if

ep1)

€p2)

U(t,t) = I (where [ is the identity operator on X), for all ¢ > 0;
U(-, s)x is continuous on [s,00), for all s > 0, z € X;

U(t,-)x is continuous on [0,t), for all t > 0, x € X;
eps) U(t,s) =U(t,r)U(r,s), for all t = r > s > 0;

epy) there exist M,w > 0 such that
|U(t,s)]| < M@ forall t>s>0.

We also remind that an evolutionary process % = {U(t,s)}i>s>0 is uniformly
ezponentially stable (u.e.s.) if there exist N,v > 0 such that |U(t + s, s)|| < Ne ",
for all (¢,s) € R2.

Proposition 2.1. The following statements are equivalent
(i) Z ={U(t,s)}izs>0 is u.es.;
(ii) there exists a sequence a: N — Ry with

iI}Nf a(n) =0, [[Un+s,9)|| <a(n), forall (n,s)eNxRy;
neN*
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(iii) there exists a function b: Ry — Ry with

ggb(t) =0, |U(t+s,s)|<bl), foral (ts)eR:.
Proof. (i) =(ii) It is obvious for a(n) = Ne ™.
(ii) = (iii) If (¢,s) € R2 and n = [t] then

U+ s, )l S NU(E+ 5,0+ $)[[|U(n+ s, 5)]| < Me"a(n) = b(t)

(iii) = (i). Let d > 0 be such that b(d) < e~ !, (t,s) € R&, n = [t/d]. It is easy to
check that

[U(E+s,8)[ < U+ 5,10 + 5)[[|[U(nd + 5, )|

< M) TTIU (KRS + 5, (k = 1)8 + 5)|| < Me** T b(6)
k=1 k=1
< Mewée—n < Mewé—%—i—l _ Ne—ut

)

where N = Me*?t1 v = 1.

For (9, <7, 1) a measurable space, we will denote by . (2, R) the space of all
measurable functions from Q to R and by .Z (2, R) the set of all h € .# (2, R) with
h(€) >0, for all £ € Q.

Definition 2.1. A function N: .Z (£, R) — [0, 00] is called a generalized norm
on . (2, R) if the following conditions are satisfied:
(n1) N(h) =0 if and only if h = 0 p-a.e;
(n2) N(h1+ h2) < N(h1) + N(hg), for all hy, hy € #(Q, R);
(n3) N(ch) = |c|N(h), for all ¢ € R and all h € .Z (£, R) with N(h) < oo;
(na) if hy, hy € A (Q, R) with |hq| < |he| then N(h1) < N(h2).

Remark 2.1. If N is a generalized norm on .# (2, R) then F = {f € .#(Q, R):
N(f) < oo} is a normed function space with the norm || f||g = N(f).

If we take Q@ = N with the standard counting measure we have that .Z (N, R) =
Z(R), the space of all real sequences, and .Z(N,R) = T (R), the set of all
positive sequences. Another interesting case is when Q = R, with the Lebesgue
measure. In order to simplify the notations we will use in what follows .#(R;) =
MR, R), AT (RL) = 4T (R, R).

Also let &(N) be the set of all normed sequence spaces with the properties

(e1) Xfo,...m} € E, for all m € N;

(e2) n}gﬂoo HX{O,...,m}HE = 00;

(es) inf lxgmylle > 0.

Here x4 denotes the characteristic function of a set A.
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Example 2.1. [? € &(N), for all p € [1,00). Analogously, we will denote by
&(Ry) the set of all function spaces over Ry with the properties

(e1) Xjo,4 € E, for all t > 0;
(e2) hm X0,/ 2 = o0;
(e3) mf ||X[t t+1)llE > 0.

Example 2.2. LP(R;) € &(R;), for all p € [1, 00).

Another important set in what follows is .%, the set of all functions F': . (R) —
[0, oo] with the properties

(f1) if 51,82 € S T(R) with s1 < s2 then F(s1) < F(s2);

(f2) there exist ¢ > 0 such that F(ax(n}) > ca, for all (a,n) € RY x N*;

(f3) nlLII;O F(axqo,....ny) = 00, for all a € RY..

Example 2.3. The map F: ¥ (R) — [0, cc| defined by

F(s) =) s(n),

n=0

belongs to .%.

Proposition 2.2. If F € %, L > 0 then

lim inf —n =00
n—o00 a€(0,L] [e%

Proof. Let us consider the non-decreasing function r: N — [0, oo] given by

F n
r(n) = inf 7(00({02"”’ })
a€e(0,L] (6%

and denote by [ = lim r(n). We shall prove that [ = co. Assume for a contradiction

that [ < co. Then it is easy to see that for every n € N* there exist o, € (0, L] with

n F Qo n 1
c ca2 < ( X{20 ..... }) <r(n) + =,
Qn a2 a2 n
and hence
c
Oy = for every n € N*
(n)+1/ Y
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Using the fact that | < oo we obtain liminf a,, > 0 which implies that there exist

n—oo

o > 0 and ng € N* such that «,, > « for all n € N with n > ng. Then

L?’F (o, n L2
(Oé X{O,nv., }) <L2T(n) + 7

.....

It makes sense to consider also the set ¢ of all functions G: .Z(R) — [0, 0]
with the properties:

(g1) if u1,us € A" (R) with u; < uz then G(u1) < G(us);

(g2) there exists ¢ > 0 such that G(ax[,41)) = ca, for all (o, t) € RY x Ry ;

(93) tli)rgo G(axpo,1) = o0, for all a > 0. O

Example 2.4. The function G: .#Z*(R) — [0, oo] defined by

G<f>=/0°°f,

belongs to ¢.

Let ® be the set of all nondecreasing functions ¢: Ry — Ry with the property
©(t) > 0, for all t > 0.

Proposition 2.3. If ¢ € ® then the function ¥: Ry — R, defined by ¥(t) =

t . . . o
fo ©(s) ds, is a non-decreasing, continuous bijection.

Proof. It is easy to see that ¥ is continuous, ¥(0) = 0 and tlim U(t) = oo,
which implies that U is surjective. If there exists t; < t3 such that U(t1) = U(ta)

then . .
to —1 t t 2 2
0< 2o (B ) < [ vas< [etds=o
2 2 114;2 1
and hence cp(%(tl + t2)) = 0, which is a contradiction because t; + t2 > 0. O

3. DISCRETE CHARACTERIZATIONS FOR THE UNIFORM EXPONENTIAL STABILITY
OF THE EVOLUTIONARY PROCESSES

Let 7 = {U(t,s)}+>s>0 be an evolutionary process. For every (z,t9) € X x Ry
we denote by s;+,: N — R, the sequence defined by

Sa,t0 (1) = U (n + to, to)z]|.
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Theorem 3.1. The evolutionary process % is u.e.s.if and only if there exists
F € F such that the set

Ap = {SE € X: sup F(sgy,) < oo}

t0=0
is of the second Baire category.
o0
Proof. Necessity. This is a simple verification for F(s) = > s(n).
n=0

Sufficiency. Having in mind that Ap = |J (Arp N{z € X: ||z|| < n}), it results

n=1
that there exists ng € N* such that the set Ap N{z € X: ||z| < no}, denoted by

Ay, is of the second Baire category. Let L = sup ||z|| and
x€Ap

M, = sup F(sg4,), for x€ Ay.

to =0
One can see that
1 1 1
S%to(n) < EF(SI,to(n)X{n}) < EF<SI¢0) < EMJC?
for all (x,t9,n) € Ag x Ry x N*. It follows that
sup U (n + to, to)z|| < oo

(n,to)EN*XR 4

for all z € Ag. Using the fact that Ag is of the second Baire category by the Uniform
Boundedness Principle (see for instance [3], Theorem 2.5.5, page 26), we obtain

(%) K, = sup U (n+ to, to)] < co.
(n,to)eNXR

On the other hand we have

S2,t0(M)X{0,...,n} = Z U (n+ to, to) x| xgxy < D 1T (n+to, k + to) 52,10 (k) x 1y
k=0 k=0

< K, Z Se.t0 (B)X (6} = K182,t0X70,...n} < K182,

and s; 4,(n)/K1 < L, for all (z,t0,n) € Ag x Ry x N which implies that

2
Sx,t (n) Sx,t (n)
fg% r(n) < F<7I§1 X{O,m-,n}) < F(sg,10) < My,
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for all (z,t0,n) € Ag x Ry x N and hence

sup Vrm)||U(n + to, to)z|| < oo,

(n,to) ENXR

for all x € Ag. Using again the fact that Ay is of the second Baire category and the
Uniform Boundedness Principle we obtain

(%) Ky = sup Vrm)||U(n+ to, to)]| < oo.
(n,to)ENXR L

Adding up (*) and (xx) we obtain that |U(n + to,t0)| < (K1 + K2)/(1+ y/7(n)).
Denoting by a: N — Ry, a(n) = (K1 + K2)/(1+ /r(n)), by Proposition 2.2. we
have inf a(n) = 0 and by using Proposition 2.1. we obtain that % is u.e.s. O

neN

Corollary 3.1. The evolutionary process % is u.e.s.if and only if there exists
p € [1,00) such that the set

{:17 € X: sup Z |U(n + to, to)z||P < OO}

t0>0n 0

is of the second Baire category.
Proof. This follows from Theorem 3.1.for
o 1/p
F(s) = (Z s(mp) .
n=0

O

Corollary 3.2. The evolutionary process % is u.e.s.if and only if there exists
E € &) and Ay a set of the second Baire category such that s;., € E, for all
(x,to) S AO X R+ and

sup |8z 1, llE < 00, forall x € Ag.
to=>0

Proof. This follows from Theorem 3.1.for F(s) = N(s), where N is given by
Definition 2.1.for Q@ = N. O
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Corollary 3.3. The evolutionary process % is u.e.s.if and only if there exists
o € @ such that the set

A, = {SE € X: sup Z(p U (n+ to, to)z||) < oo}

to=0,—o

is of the second Baire category.

Proof. Necessity. This is a simple verification for ¢(t) = t.

Sufficiency. First we will denote by M, = sup > @(||[U(n + to,to)x||) for all

t0>0 n=0
x € A,. Next we shall prove that sup |U(n + to, to)z|| < oo, for all x € A,,.
(n,to)ENXR 4
Assume for a contradiction that there exist z9 € A, such that sup |U(n +

(n,to)eNXR
to, to)on = o0

Ses) .
It is clear that Y ¢(e“") = co and so we can consider ng € N such that
i=0

0
Zg@(em) > M, + 1.

Taking into account that  sup ||[U(n + to,t0)zo]| < oo we have  sup
n<no,to =0 n2=no,to =0

|U(n + to, to)xo|| = oo and so there exist ny > ng,t; > 0 such that
|U(n1 + t1,t1)xol| = Me“™.

However,

ni
U (ny + t1,t1)zo||
Z‘P |U(F + t1,t1)zol]) kZ()w( Mew(ni—F)

k=0
fz |U(n1 +t1,t1) 0| S |U(n1 +t1,t1) 0|
s v Mewi v Mewi
Jj=0 j:O
no
2 SD(u.)no j) ZSD wz /Mx0+1;
=0

which is a contradiction. Hence, we have

sup |U(n+ to, to)z|| < oo, forall ze A,
(n,to)ENXR
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and so using the fact that U(t) < to(t), for all ¢ > 0 we obtain that

K, = sup Z U(|lU(n+to, to)x|) < oo, forall zeA,.

to=>0 n=0

Let F': T (R) — [0, 00] the map defined by
F(s) =01 3 U(s(n)) ).
(X e)

Then F € % and A, C {IE € X: sup F(sz4,) < oo}. By Theorem 3.1.we obtain
t020
that % is u.e.s.

4. CONTINUOUS CHARACTERIZATIONS FOR THE UNIFORM EXPONENTIAL
STABILITY OF THE EVOLUTIONARY PROCESSES

Let 7 = {U(t,s)}+>s>0 be an evolutionary process. For every (z,t9) € X x Ry
we denote by f;:,: Ry — Ry the function defined by

Jato(8) = Ut + to, to)z]|.

Theorem 4.1. The evolutionary process % is u.e.s.if and only if there exists
G € ¢ such that the set

Bg = {x € X: sup G(frr,) < oo},

to =0
is of the second Baire category.

Proof. Necessity. This is a simple verification for G(f) = fooo f.
Sufficiency. For every (x,tg) € X x Ry let us consider the map

1
M e~

grto: Ry — Ry defined by gq.,(t) = IU([t] + 1+ to, to) |-

Also for s € ./ T(R) let gs: Ry — Ry be the map given by g5(t) = s([t] + 1)/Me®
and Fg: 1 (R) — [0,00] the function defined by Fg(s) = G(gs). Using the fact
that G € & one can easily verify that Fg € % and by observing that

FG(SI,tQ) = G(gz,tg) < G(fx,t0)7 for all (‘T,to) e X x R+

it follows that Bg C A, and hence A, is a set of the second Baire category. By
Theorem 3.1. we obtain that % is u.e.s.
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Corollary 4.1. The evolutionary process % is u.e.s.if and only if there exists
p € [1,00) such that

{xeX: sup/ ||U(t+t0,to)x||pdt<oo},
0

to=0

is of the second Baire category.

Proof. This follows from Theorem 4.1.for G: .# ™ (Ry) — [0, o]

o= ([ fp)l/p.

O

Corollary 4.2. The evolutionary process % is u.e.s.if and only if there exist
E € &(R;) and a set By of the second Baire category such that f,., € E for all
(x,to) S BO X R+ and

sup || fu,toll < oo, forall =€ By.

0=

Proof. This follows from Theorem 4.1.for G: .# " (Ry) — [0,00], G(f) =
N(f) where N is given by Definition 2.1.for = R... (]

Corollary 4.3. The evolutionary process 7 is u.e.s.if and only if there exists
@ € ® such that the set

B, = {x € X: Sup/ (Ut + to, to)x|) dt < oo},
to=0J0

is of the second Baire category.

Proof. Necessity. This is a simple verification for ¢(t) = t.
Sufficiency. Let v: Ry — Ry, v(t) = p(t/Me*). It is obvious that v € ® and

S AU+ o, o)z ]) = (]} + / " o(gnie ()t

n=0

<l + [ oo @)dt, forall (ot € X x R
0

where ¢, ;, was defined in the proof of Theorem 4.1.
It follows that B, C A, and hence A, is of the second Baire category and by
Corollary 3.3. we obtain that % is u.e.s.

434



1]

[10]

[11]

References

R. Datko: Extending a theorem of Liapunov to Hilbert spaces. J. Math. Anal. Appl. 32

(1970), 610-616. Zbl 0211.16802
R. Datko: Uniform asymptotic stability of evolutionary processes in a Banach space.
SIAM. J. Math. Analysis 3 (1973), 428-445. Zbl 0241.34071
E. Hille and R. S. Phillips: Functional Analysis and Semi-groups (revised edition). Amer.
Math. Soc. Colloq. Publ. Vol. 31, Providence, R.I., 1957. Zbl 0078.10004
W. Littman: A generalization of the theorem Datko-Pazy. Lecture Notes in Control and
Inform. Sci., Springer Verlag 130 (1989), 318-323. 7Zbl 0782.47038
J. M. A. M. van Neerven: Exponential stability of operators and semigroups. J. Func.
Anal. 180 (1995), 293-309. Zbl 0832.47034
J. M. A. M. van Neerven: The Asymptotic Behaviour of Semigroups of Linear Operators,
Theory, Advances and Applications, Vol. 88. Birkhauser, 1996. Zbl 0905.47001
J. M. A. M. van Neerven: Lower semicontinuity and the theorem of Datko and Pazy. Int.
Eq. Op. Theory 42 (2002), 482-492. Zbl 1040.47033
A. Pazy: On the applicability of Liapunov’s theorem in Hilbert spaces. SIAM. J. Math.
Anal. Appl. & (1972), 291-294. Zbl 0242.47028
A. Pazy: Semigroups of Linear Operators and Applications to Partial Differential Equa-
tions. Springer-Verlag, 1983. Zbl 0516.47023

S. Rolewicz: On uniform N-equistability. J. Math. Anal. Appl. 115 (1986), 434-441.
Zbl 0652.46010

J. Zabczyk: Remarks on the control of discrete-time distributed parameter systems.

SIAM J. Control. Optim. 12 (1974), 721-735. Zbl 0254.93027

Author’s address: Petre Preda, Dept. of Mathematics, West University of Timi-

goara, Romania, e-mail: preda@math.uvt.ro; Alin Pogan, Dept. of Mathematics, Univer-
sity of Missouri, MO 65211, U.S.A., e-mail: pogan@math.missouri.edu; Ciprian Preda,
Dept. of Electrical Engineering, University of California, Los Angeles (UCLA), CA 90095,
U.S.A., e-mail: preda@ee.ucla.edu.

435



		webmaster@dml.cz
	2020-07-03T15:57:04+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




