Czechoslovak Mathematical Journal

Karla Cipkova
Ideal extensions of graph algebras
Czechoslovak Mathematical Journal, Vol. 56 (2006), No. 3, 933-947

Persistent URL: http://dml.cz/dmlcz/128118

Terms of use:

© Institute of Mathematics AS CR, 2006

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128118
http://dml.cz

Czechoslovak Mathematical Journal, 56 (131) (2006), 933-947

IDEAL EXTENSIONS OF GRAPH ALGEBRAS

KARrLA CIPKOVA, Bratislava

(Received May 6, 2004)

Abstract. Let o/ and % be graph algebras. In this paper we present the notion of an
ideal in a graph algebra and prove that an ideal extension of </ by % always exists. We
describe (up to isomorphism) all such extensions.
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0. INTRODUCTION

In this paper we study congruence relations on graph (Shallon) algebras and intro-
duce the notion of an ideal in the graph algebra determined by a congruence. Then
the aim is, for two given graph algebras 2 and %/, to construct a graph algebra .o/
for which we can find a congrunce © on <7 such that the ideal of &7 determined by the
congruence O is the algebra 2" and the quotient graph algebra 7 /6 is isomorphic
to the graph algebra #/. (The algebra o/ will be referred to as an ideal extension
of 2" by #.) Our objective is to answer the following questions:

(Q1) is the ideal extension always possible?
(Q2) is it possible to determine all ideal extensions?

We construct a class of ideal extensions of 2" by % and denote it by g o (Z, ¢).

The construction itself enables us to answer the question (Q1l). Afterwards we
show that the class I'a" @ (Z, ¢) contains all ideal extensions.

Similar ideal related extensions were carried out for other algebraic structures, for
instance for lattice ordered groups (cf. [7]), semigroups (cf. [1]), ordered semigroups
(cf. [2] and [5]), lattices (cf. [4]) and for partial monounary algebras (cf. [3]).

Supported by grants G 1/3025/06 and G 1/3005/06 of the Ministry of Education of the
Slovak Republic.
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1. PRELIMINARIES

Let A be a nonempty set, F a binary relation on A. Then the corresponding
relational structure (A, E) is called a (directed) graph. We admit the existence of
loops in a graph.

To a directed graph (A, E) there corresponds an algebra (A U {oo},0,00) where
oo ¢ A is a nullary operation and for any z,y € A U {oco}, the binary operation o is
defined by the formula

xz if (z,y) € E,
roy=
oo otherwise.
Then (AU {00}, 0,00) is called the graph algebra corresponding to the graph (A, E).

1.1 Definition. Let & = (AU {c0},0,00) be an algebra such that co ¢ A is
a nullary operation and o is a binary operation satisfying xz oy € {z,00} for any
z,y € A and x oy = oo if at least one of x, y is co. Then the algebra .o/ will be
called a graph (or Shallon) algebra.

Remark. By writing & = (A U {00}, 0,00) we shall always mean that co ¢ A.
Thus this assumption will not be repeated.

Graph algebras were introduced by R. C. Shallon [12] and were studied, e.g. in [6],
[8]-[11].

1.2 Definition. Let &/ = (AU {0}, 0,00) be a graph algebra and let © be an
equivalence relation on .«7. The relation © is called a congruence if

(a,b) € © and (¢,d) € © imply (aoc,bod) € © whenever a,b,c,d € AU {oo}.
The class of all equivalence relations on & will be denoted by Eq(</) and the class
of all congruences on &7 will be denoted by Cong(<7).

1.3 Definition. Let o/ = (AU{oc}, 0,00) be a graph algebra and let © € Eq(«7).
Denote by Id(«7, ©) the class of the equivalence © containing the element oo, i.e.

Id(e/,0) ={a € AU{0}: (a,00) € OF.

Then the subalgebra ¥ (&) = (Id(«/,©),0,00) of & will be referred to as an ideal
in the graph algebra < determined by the equivalence © or shortly an ideal in the
graph algebra <7 .

Remark. The ideal .# (&) in the graph algebra &7 is a graph algebra as well.
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1.4 Notation. Let &/ = (AU {oco},0,00) be a graph algebra. We introduce
“successors” % () and “predecessors” P (x) of an element = € A by

() ={y € A: xoy=u},
Pg(x)={ye A: yox =y}.
For completeness we put
T (00) = Poy(00) = 0.

If there is no danger of confusion, we shall ommit indices “27” in .7y (x) and P (z).
Next, let € A. Then 7 (z) will denote the set of those elements y in A for which

there exists exist n € N and a sequence {z;}, with zo,...,x, € A such that
To =2,
In =Y,
Tiy10x; =x;4q for i =0,....,n—1

For an element co we put <7 (c0) = 0.

Remark. It is worth realizing that for € A we have & () C &/ (x).

2. CONGRUENCES ON GRAPH ALGEBRAS

2.1 Theorem. Let &/ = (AU {00}, 0,00) be a graph algebra, © € Eq(«/) and
let the subalgebra (X U {oco},0,00) of &/ be the ideal in </ determined by the
equivalence ©. Then © € Cong(«) if and only if the following three conditions
hold:

(i) o/ (z) C X whenever z € X U {00},
(ii) if (z,y) € O then S (x) = .#(y) whenever z,y € A\ X,
(iii) if (z,y) € O then P (x) \ X = Z(y) \ X whenever x,y € AU {c0}.

Proof. First let © be a congruence on 7.

(i) f # = co then &/ () =0 C X. Let z € X and y € &/(x). Then (z,00) € O
and there exist n € N and a sequence {x;}7_, with zq,...,z, € A such that 2y = z,
Ty =Yy, and x;41 0o x; = x;41 for ¢ = 0,...,n — 1. We shall proceed by induction
with respect to n, the length of the sequence.

If n = 1 then y o x = y. The relation O is reflexive, thus (y,y) € ©. Since O is
a congruence, (y o x,y o oo) = (y,00) € O, which implies that y € X.

Let n € N, n > 1. Suppose that for all elements y in o/ (z) with the corresponding
sequence of length at the most n we have y € X. If § € &/(z) and xp = z, Ty 41 = 7,
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Ziy1 0x; = x4 for ¢ = 0,...,n then the element y = x,, € &/ (x) belongs to X and
by the assumption for sequences of length 1, namely for Zg =y, 1 = ¥ and

T10Z0 =YOY = Tpy1 0Ty = Tpg1 =Y = I1,

we obtain § € X. Therefore <7 (z) C X.

(ii) Now take 2,y € A\ X such that (x,y) € O. If x = y then obviously . (z) =
7 (y). Let & # y. If both the sets .7 (x) and . (y) are empty, the equality .7 (z) =
7 (y) holds. Now suppose that at least one of . (x) and .¥(y) is nonempty. Without
loss of generality let .7 () # 0.

Take s € (), i.e. xos = 2. Then (z,y) € © and (s,s) € © imply (xos,yos) =
(z,y 0o s) € ©. By Definition 1.1, y o s € {y,00}. In the case yos = co we get
(z,00) € O, which contradicts the assumption z € A\ X. Necessarily, yos =y
which yields s € .(y). We have obtained . (z) C . (y). Analogously, we can infer
S (y) C L (x). Thus . (y) = S (x).

(iii) First, consider an element z € X U {oco}. If z = co then & (z) = 0 and thus
P(x)\ X = 0. Now let x # oco. Since Z(x) C &/ (), in view of (i) we obtain
P(x) C X, thus for x € X U {oo} we get Z(z)\ X = 0. The assumption (z,y) € O
implies y € X U {oo}, thus £ (y) \ X = 0. Therefore Z(z)\ X = Z(y) \ X.

Now take z € A\ X. Clearly, (z,y) € © implies y ¢ X. If Z(x)\ X = () then
trivially 2(z) \ X C Z(y) \ X. Assume that Z(z) \ X # (. Then there exists
an element z € A\ X such that zox = z. From (z,2) € © and (z,y) € © we get
(zox,zoy) = (z,z0y) € O. The element z does not belong to X, therefore zoy = z.
Consequently, z € Z(y) \ X. We have shown that Z(z) \ X C Z(y) \ X. In an
analogous way we can prove the converse inclusion Z(y) \ X C Z(z) \ X. Thus
D)\ X = P(y)\ X.

Conversely, suppose that © is an equivalence satisfying the conditions (i)—(iii).
Assume that a,b,¢,d € AU{oco} and (a,b) € O, (¢,d) € O. Taking into account that
x oy € {x,00}, we obtain four possible combinations to verify.

First, let aoc = a and bod = b. In this case the result is trivial because
(aoc,bod) = (a,b) € 6.

Next, let aoc = oo and bod = b # oco. Evidently, d # oco. If a = oo then
b € XU{oo}. Thus (aoc,bod) = (00,b) € O. If a # oo and ¢ = oo then d € X U{o0}.
In view of (i) for b € £(d) we obtain b € X, thus again (a o¢,bod) = (c0,b) € 6.
Now let a # 0o # ¢. The assumptions yield a ¢ Z(c) and d € . (b). If a ¢ X, then
b ¢ X. By (ii) we have .#(a) = .(b). Therefore d € .(a), or inversely a € Z(d).
In view of (iii) we obtain &(c) \ X = £(d) \ X. Since a ¢ X we get a € H(c), a
contradiction. Necessarily, a € X and consequently b € X, which implies (b, c0) € 6.
Therefore (a o c¢,bod) = (00,b) € O.
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The following possibility, aoc = a # oo and bod = oo, is analogous to the previous
one because the relation © is symmetric.

Finally, let aoc¢ = 00 and bod = 0o. Now (aoc¢,bod) = (00,00) € O because the
relation O is reflexive. O

3. EXTENSIONS OF GRAPH ALGEBRAS

Let o = (AU {0}, 0,00) be a graph algebra and @ a congruence relation on 7.
In what follows, we denote by [z]e the set {y € AU {o0}: (z,y) € O}. We define
a quotient graph algebra &7/60 = (AU{c0}/6O, e,1d(<7,O)) in a natural way, i.e. the
binary operation e is defined as follows:

[x]o ® [yle =[x oyle whenever [z]o,[y]lo € AU {xx}/O.

3.1 Definition. Let 2" = (X U{cog},®,002), ¥ = (Y U{coa}, A, 009) be
graph algebras. A graph algebra & = (AU {00}, 0,00) is called an ideal extension of
the graph algebra 2" by the graph algebra %, if X C A, 0o = co 2 and there exists a
congruence © on &7 such that the subalgebra (X U{oc}, 0, 00) of & is the ideal in o7
determined by the equivalence © and the quotient graph algebra 27 /O is isomorphic
to .

Now our aim is to describe, for given graph algebras 2~ and %/, all possible ideal
extensions 7, as well as to determine whether an ideal extension of 2~ by % always
exists. Conforming with Definition 3.1, we shall take algebras &/ with A O X and
the nullary operation identical to that of %2 . Therefore the index “2™ in oo g will
not be necessary.

3.2 Definition. Let 2" = (X U{oo},®,00) and # = (Y U {c0a }, A\, 00a) be
graph algebras such that X NY = (.

Take an arbitrary set Z such that ZN (X U{oco}) = ZN (Y U{cow}) =0 and any
mapping ¢: Z — Y.

We define a graph algebra &7 = (A U {o0},0,00). The base set of &7 is X UY U
Z U {oc}, i.e. we put A = X UY U Z. The operation o is defined in the following
way:

> if a = 0o or b = oo then

(3.2.1) aob = oc;
> if a,b € X then
(3.2.2) aob=a@®b;
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> ifa€e X and b€ Y UZ then

(3.2.3) aob e {a,o0};
>ifaeYUZand be X then

(3.2.4) aob=oc;

> if a,b € Y then

if a Ab=a,
(3.2.5) aob= @ na ¢
oo if aAb=oow;

> ifaeY and b € Z then

Cope {a if o(b) € S (a),

(3.2.6) .
oo if ¢(b) ¢ S (a);

>ifa€ Zand beY then

Woh— {a if p(a) € P»(b),

(3.2.7) oo if p(a) ¢ Py (b);

> if a,b € Z then

(3.2.8)

. { it p(a) € P (¢ (b)),
o if ¢la) ¢ Pa(ob))

We denote the class of all graph algebras &7 constructed in this way by g o (Z, ¢).

3.3 Lemma. Let 2" = (X U{c0},0,00), ¥ = (Y U {oog}, A, 00), o =
(AU {oo},0,00) be graph algebras such that X NY =0, o € I'e- o(Z, ) and let
© be an equivalence relation on < satisfying the following conditions:

(a) ifx € X U{oo} and (z,y) € O theny € X U {0},

) ifz,y € X U{oco} then (x,y) € O,
c) (z, y) € O if and only if x = y, whenever z,y € Y,

) (z,y) € O if and only if p(y) = z, whenever x € Y, y € Z,

) (x, y) € O if and only if p(y) = ¢(x), whenever x,y € Z.
Then O is a congruence relation on </ and Id(«7,0) = X U {c0}.

(b
(
(d
(e

Proof. Let © be an equivalence relation on & satisfying the conditions (a)—(e).
We shall verify the conditions (i)—(iii) of Theorem 2.1.
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(i) For = oo the condition (i) holds. Let x € X and y € A(z), i.e. there exist
n € N and a sequence {z;}} such that zo = z, x, = y, and ;41 o x; = x;41 for
1=0,...,n—1. If x; € YUZU{oo} then by (3.2.1) and (3.2.4) we have z; oxy = o0,
a contradiction. Therefore 1 € X. By induction with respect to n we obtain that
y=x, € X.

(ii) Now take z,y € Y U Z such that (z,y) € ©. If = y then obviously Sy (x) =
Ser(y). Let & # y. If both the sets Sy(x) and S (y) are empty, the equality
Se(x) = S (y) holds. Now suppose that at least one of Sy(z) and Sy (y) is
nonempty. Without loss of generality let S (z) # 0.

First, if ,y € Y then (x,y) € © implies by (c) the equality = y, a contradiction
with the above assumption.

Next, let z € YV, y € Z. Then (z,y) € © implies z = ¢(y) (see (d)). Let
v € S (), i.e. xov = 2. In view of Definition 3.2 we obtain for the element v € A
that v is either in Y or in Z. If v € Y then (3.2.5) implies z A v = x. Therefore
oly) =z € Py (v) and in view of (3.2.7) we get yov =y, i.e. v € L (y). Now let
v € Z. Then (3.2.6) yields p(v) € Yo (x), thus x € Pa(p(v)). Since x = ¢(y), we
get o(y) € Pa (¢(v)) and therefore by (3.2.8), y o v = y. Consequently, v € L (y).

Finally, if 2,y € Z then by (e) we have p(x) = ¢(y). Again, let v € Ly (z).
Then z ov = 2. In view of Definition 3.2 we infer that v € YU Z. If v € YV
then p(z) € Pa (v) by (3.2.7) and consequently p(y) € Pa (v). Thus yov =y,
ie.v € Sy(y). fv e Z then by (3.2.8) we have p(x) € P (p(v)) and consequently
o(y) € Pay (o). Thus yov =y, i.e. v € Lo (y).

In all cases we have shown that Sy (z) C % (y). In a similar way we can prove
that Sg(y) C L (x). Thus Sy (y) = S (2).

(iii) Let z,y € AU{oo} and (z,y) € ©. Assume that z € X U{co}. In view of (a)
and (b) we have (z,y) € © if and only if y € X U {oo}. Notice that for x = co we
have 2. (x) = () and obviously & (x)\ X = 0. In the case x € X, we get by (3.2.2)
and (3.2.4) the inclusion 2, (z) C X. Consequently £, (z)\ X = 0. Therefore for
z,y € X U{oo} we obtain Py (z)\ X = Zy(y) \ X.

Let z,y € Y. Then (x,y) € © implies x = y, thus Py () \ X = P (y) \ X is
valid.

To verify all the remaining possibilities, take v € P (x) \ X, i.e. v ¢ X and
vox =v. First, suppose that € Y and y € Z. The assumption (z,y) € © implies
o(y) = x. Let v € Y. Then in view of (3.2.5), v oz = v implies v A 2z = v and
x € So(v). Since ¢(y) = x, we obtain ¢(y) € o (v), i.e. v € Pa (p(y)). Therefore
by (3.2.7) we get voy = v. If v € Z then vox = v yields p(v) € P (z) = Pa (p(y))
(see (3.2.7)). Consequently, by (3.2.8) we get voy =v.

Further, if z,y € Z, the assumption (x,y) € © by (e) yields p(x) = p(y). Ifv e Y
then in view of (3.2.6) vox = v implies p(z) € Lo (v), thus ¢(y) € Y& (v) and again
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by (3.2.6) we get v oy = v. Finally, if v € Z then v o 2 = v together with (3.2.8)
yields the relation p(v) € Pa (p(x)). This implies p(v) € P (¢(y)), thus again
by (3.2.8) we obtain voy = v.

To sum up, in all cases v € P (y) \ X therefore P (x)\ X C Py (y)\ X. The
converse inclusion can be proved analogously, thus & (z)\ X = Z5(y)\ X. O

3.4 Theorem. Let 2 = (X U {o0},®,00) and # = (Y U {ooa }, A, 009 ) be
graph algebras such that X NY = (). Let & = (AU {o0},0,00) be a graph algebra
from the class I'a o (Z, @) (for an arbitrary set Z and any mapping ¢: Z — Y ).
Then the graph algebra </ is the ideal extension of 2~ by % .

Proof. Assume the equivalence relation © on &/ with one class X U {oco} and
all other classes containing one element y of Y each and the elements of the set Z
distributed to classes according to the mapping ¢ in the following way:

[vle ={ytU{z€ Z: o(z) =y} whenever y €Y.

In this way the equivalence O is uniquely determined and satisfies the conditions (a)—
(e) of Lemma 3.3. Thus © € Cong(«).

In view of conditions (a) and (b), Id(<7,0) = X U {oc}.

We shall prove that &7 /6 = % . We recall that ¢ is an arbitrary mapping Z — Y.
Define a mapping ¢: AU {oc0}/© — Y U {coa} such that

oog if e X U{oo},
O([z]e) =} if x €Y,
o(z) if xeZ.
First, we shall look into the correctness of ¢ by showing for z,y € AU {oco} the
implication
if [z]lo = [yle then &([z]o) = 2([ylo).
Let [z]o = [y]o, i-e. (z,y) € ©. By (a) we obtain that x € X U {oco} and (x,y) € O
yield y € X U {oo}, thus &([z]g) = cor = ?([yle). If z,y € YV then (z,y) € O
implies z = y, thus &([z]e) =z =y = P([y]o). Next, ifx € Y,y € Z and (z,y) € O
then = = ¢(y), therefore &([z]lo) = = = ¢(y) = P([yle). Finally, if x,y € Z then

(z,y) € O yields p(z) = ¢(y), and so &([z]e) = ([y]e)-
Next, we shall prove injectivity of @, i.e. for x,y € AU {oco} the implication

if #([z]e) =P([yle) then [z]o = [y]o-

If € XU{oo} then &([y]lo) = P([z]e) = cow, which yields y € X U{oc}. Therefore
by (b) (z,y) € © and thus [z]e = [y]e. In view of (c)—(e) we obtain the following
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results. If z,y € Y then z = &([z]le) = P([yle) = v, ie. [x]lo = [ylo. Next, if
x €Y,y € Z then x = P([z]lo) = ®([yle) = ¢(y) again implies (z,y) € O. Finally,
if z,y € Z then ¢(z) = &([z]o) = 2([yle) =
[z]e = [yle-

Now we shall show that @ is surjective. Take an arbitrary y € Y U {oog }. If

©(y), giving the same result as above:

y = ooy then P([z]g) =y for any z € X U {oo}. In the case y # ocos we take y as
a pre-image of y, i.e. ?([ylo) = y.
Finally, we have to prove that ¢ is a homomorphism, i.e. for z,y € AU {oo}

?([z]o ® [ylo) = P([z]o) & 2([yle)-
Since z oy € {x, 00}, we shall consider two cases. If 2 o y = co then
P([z]o @ [ylo) = @([z o ylo) = P([oc]o) = ooz

To determine &([z]o) A P([y]o) we distinguish:
> if . € XU{oo} then &([z]o) AP([ylo) = ooz AD(Jyle) = cow (the assumption
y € X U{oo} leads to the same result);
> if 2,y € Y then by (3.2.5)

o([z]e) A ¥([yle) = cow;
> ifz €Y and y € Z then ¢(y) ¢ Z& (x) by (3.2.6), which implies

O([x]o) & B([yle) = = A p(y) = 00w
> ifz € Z and y € Y then ¢(z) ¢ Py (y) by (3.2.7), thus

O([z]o) & D([yle) = p(x) Ay = 0w
> if 2,y € Z then ¢(z) ¢ P (p(y)) by (3.2.8), therefore

P([z]e) A D([yle) = ¢(z) A p(y) = 00w

Next, let # 0 y = , hence ®([z]e » [ylo) = P([x o ylo) = B([z]o). Again, we

distinguish the following possibilities:
> if z € X U{oo} then

P([z]e) & 2([yle) = oo A P([yle) = coa = P([z]e);
> the assumptions y € XU{oo} and x ¢ X U{oo} lead to a contradiction zoy = oo;
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> if 2,y € Y then we get by (3.2.5)
P([zle) Ao([ylo) =z Ay =0y =2 =2([z]6);
> ifz €Y and y € Z then o(y) € . (z) by (3.2.6), therefore
P([z]o) A P([yle) = v A e(y) =z = P([z]e);
> if z € Z and y € Y then p(z) € P (y) by (3.2.7), thus
P([z]o) A P([yle) = ¢(z) Ay = o(z) = D([x]o);
> if x,y € Z then p(z) € Pa (p(y)) by (3.2.8), which yields

P([z]e) & D([ylo) = ¢(x) & ¢(y) = ¢(z) = 2([z]o).

For completeness we have to note that ¢(Id(«7,0)) = ¢([0]e) = cow .
Now we can conclude that #: AU {oc0}/6O — Y U {cow} is a bijective homomor-
phism, therefore o7 is an ideal extension of 2" by #'. O

In this way we can construct graph algebras &/ which are ideal extensions of 2
by %'. Therefore the answer to the question (Q1), whether the ideal extension is al-
ways possible, is affirmative. In what follows we shall show that the class I o (Z, ¢)
contains all ideal extensions. In other words: if £ is an ideal extension of 2~ by %
then there exists a graph algebra &7 € I'y 2 (Z, ¢) which is isomorphic to %. Thus
in the end we shall be able to claim that the reply to the question (Q2) is affirmative
as well.

3.5 Theorem. Let 2" = (X U{0},®,0), ¥ = (Y U {oog }, A, c0), B =
(B U {oo},0,00) be graph algebras, X N'Y = () and let & be the ideal extension
of " by % . Then there exists a graph algebra of = (AU {o0},0,00) such that
o €Ly o(Z, o) and of = AB.

Proof. Let % be theideal extension of 2 by #". Thus there exist X' € Cong(%)
with Id(%, X) = X U{oco} and an isomorphism 2: BU{oco}/X — Y of the quotient
graph algebra #/X = (B U {oco}/X,0,1d(4, X)) onto % = (Y U {cow }, A\, 009 ).

By Axiom of Choice there is a mapping v: B U {c0}/X — B in which to each
equivalence class of X' there corresponds a representant of the class.

Since {2 is bijective we can put

Z =B\ (X U{v(27'(y)): y € Y} U{oo})
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where 27! is the inverse mapping to {2 and thus 2~ !(y) € BU{oo}/X. Notice that
the sets X, {v(£271(y)): y € Y} and {co} are mutually disjoint because if

(X U{ooh) N {v(27'(y): ye Y} #0

then there is an element z € X U {oo} satisfying 2 = v(£271(y)) for some y € Y.
Therefore 2-1(y) = Id(%,Y) = X U {oc} and thus y = cog, a contradiction to
yevY.

Now, we shall define an algebra «/. Denote A = X UY U Z U {00} and take
a mapping ¢: Z — Y defined by the formula p(z) = 2([z]x).

Now consider a mapping w: A — B defined in the following way:

x if e XUZU{oo},
w(x) =
v(2 Yz) ifzeY.
Notice that for 2 € Y the image is w(z) = v(271(z)) € B\ (X U Z).
We shall show that w is injective. Take z,y € AU {00} such that w(z) = w(y). If
x,y € XUZU{oo} then 2 = w(z) = w(y) = y. If both 2,y € Y, we apply injectivity
of v and 27! to obtain

v @) =v(27 () = 27N (@) = 27 y) = v =y

Further, if v € X UZ U {oo} and y € Y (or conversely) then the assumption w(z) =
w(y) leads to a contradiction because w(z) € X UZU{oco} and w(y) € B\ (X UZ U
{oo}).

Let us prove that w is surjective. If we take x € X U Z U {oo} then the pre-image
in wis x itself, i.e. w(x) = 2. Next, if z € B\ (XUZU{oo}) = {v(27(y)): yeY}
then there exists an element y € Y such that z = v(£271(y)). This very element y
will be the pre-image of z in w, i.e. w(y) = V(2 (y)) = z.

So far, we have proved that w is bijective.

Now, we shall define an operation o on the set AU{oo}. For elements x,y € AU{oo}

we put
zoy=w(w(z) O wy)).

In what follows, we verify that the operation o satisfies the rules (3.2.1)—(3.2.8).
[3.2.1] Let z = cc or y = 00. Then 1oy = w Hw(z) O w(y)) = w (o) = oo.
322] If 2,y € X then x 0y = 2z ©y (£ is the ideal extension of £") and

x @y € {z,00}. Therefore

zoy=w ' (w@) Owy) =w (z0y) =w (z0y) =z0y.
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[3.2.3] Let z € X and y € Y U Z, then z oy € {x,00} is always valid regardless of
the result of w™(w(x) O w(y)).

[3.2.4] Let x € YU Z and y € X. Suppose that w(z) O w(y) = w(x), i.e. w(x) €
Pz(w(y)) = P2(y). In view of the assumption X' € Cong(%) and Theorem 2.1 (i)
we obtain that y € X implies w(z) € P»(y) C A(y) C X. In the case z € Y we get
v(271(x)) = w(z) € X, then 27! (z) =1d(%, X) and thus z = cog, a contradiction
to z € Y. In the case x € Z we get x = w(x) € X, again a contradiction to x € Y.
Therefore w(z) ¢ w(y) = oo and

zoy=w'(wx) Qw(y)) =w (o) = 0.

[3.2.5] Let @,y € Y. Since {2 (and thus 27! as well) is an isomorphism, we obtain

[w(@) O wy)ls = (27 (@) O v (Y)]s
(27 ()]s ¢ (27 ()]s

Q7 (z) 627 (y) =27 (= Ay).

If Ay =z then [w(z) Qw(y)]s = 271 z) = V(271 (z))]s = [w(z)]s. Suppose that
w(z) Q w(y) = 0o. Then [w(z)]y = Id(#,X) and w(x) € Id(£, X)), a contradiction
to w(z) € B\ (X UZ). Necessarily w(z) ¢ w(y) = w(z) and thus

zoy=wl(w@) Qwy) =w (W) ==

Conversely, if z Ay = oo then [w(z) O w(y)]s = 27 (cow) = 1d(%,X). Thus
w(z)Ow(y) € Id(4, X). Since w(x) € B\(XUZ), we can conclude that w(z)Ow(y) =

oo and consequently
zoy=w Ywx) dw(y)) =w () = oco.
[3.2.6] Let € Y and y € Z. Then we have

[w(z) Qw)ls = (27 (@) O y)ls = W27 ()]s ¢ yls

=071 (2) $ 271 (2y]x) = 27 (@ & Qly)x))

=07z Dp(y)).
If o(y) € Lo (z) then [w(z) O w(y)]s = 27 ( ) (274 2))]s = [w(@)]s. Sup-
pose that w(z) ¢ w(y) = oco. Then [w(z)]y = Id(%4,Y) and w(z) € 1d(4,Y), a
contradiction to w(z) € B\ (X U Z). Necessarlly w(z) O w(y) = w(z) and thus

zoy=w (W) Qw(y)) =w  (w() ==
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Conversely, if p(y) ¢ . (z) then [w(z) O w(y)]s = 27 (cow) = 1d(%, X). Thus
w(z)Qw(y) € 1d(A, X). Since w(x) € B\(XUZ), we can conclude that w(z)Ow(y) =
oo and consequently

roy=w Ywx) dw(y)) =w (o) = .
[3.2.7 Let 2 € Z and y € Y. In a similar way we obtain

w(@) Qwy)ls = [z 0v(Q27 (y)]s = [ ¢ (27 W)z
2([z]x)) # 27 (y) = 271 (2([2]x) A y)

If p(z) € Py (y) then [w(x)Ow(y)ls = 271 (¢(x)) = 271 (2([x])) = [2]z. Suppose
that w(z) O w(y) = co. Then [z]y = Id(#,Y) and z € Id(£, X), a contradiction to
x € Z. Necessarily w(z) ¢ w(y) = w(z) and thus

zoy=w (W) Qwy)) =w ' (w() ==

Conversely, if p(z) ¢ P (y) then [w(z) O w(y)]s = 27 (cox) = 1d(%A,X). Thus
w(z)Qw(y) € Id(A, X). Since w(z) =z € Z, we can conclude that w(z) Qw(y) = oo
and consequently

roy=w Ywx) dw(y)) =w (o) = oco.
[3.2.8] Finally, take x,y € Z. In this case

w(z) Ow(y)]s =[x 0yls =272z 0yls)) = 27 (2(x]s ¢ [y]x))
= 0271 2([z]x) & 2[y]x)) = 27 e(x) A p(y)).

If p(z) € Zo(e(y)) then [w(z) O w(y)ls = 27 (p(2)) = 271 (2([z]x)) = [z]=.
Since x € Z we can conclude that w(z) ¢ w(y) cannot be co. Therefore

roy=w (W) Ow(y)) = w (W) = o

Conversely, if p(z) ¢ P2 (p(y)) then we get [w(z) Qw(y)]s = 27 (con) =1d(%5, X)
and this time w(z) ¢ w(y) cannot be w(z) =z € Z. Thus

oy =w (w(z) O w(y)) = w () = .

In this way we have verified that & € I'y o(Z,¢). In view of Theorem 3.4 the
algebra &7 is an ideal extension of 2" by #'.
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Finally, we shall show that the graph algebras &/ = (A U {o0},0,00) and & =
(BU{c0}, 0, 00) are isomorphic. Recall that the mapping w is bijective. Furthermore,
this mapping preserves both operations, i.e. for any x,y € AU {oco} we have

w(zoy) = ww™ (W) Cw(y))) =w@) Ow(y)

and for the nullary operation we get w(oco) = co. Thus w is an isomorphism of &/
onto A. O

Remark. For the graph algebra 7 defined in the proof of the previous theorem
we could consider the binary relation @ on &/ defined by

(z,y) € O <= (w(z),w(y)) € X whenever z,y € AU {oco}.

Since X' € Eq(#) we immediately get © € Eq(«). Now take a,b,c,d € AU {0}
such that (a,b) € © and (¢,d) € ©. Then (w(a),w(d)) € X and (w(c),w(d)) € X.

Since X' is a congruence, we obtain

(w(@) 0 w(e),w(b) O w(d)) = (@ W(a) 0 w(e)),wlw ™ @0) 0 w(d)))
— (w(aoc)wbod) € 5,

which implies that (a0 ¢,bod) € ©. Thus © € Cong(«/). Therefore
A=Y =R/

3.6 Remark. The class I'2" o (Z, ) contains all ideal extensions (up to isomor-
phism) of the graph algebra 2" by the graph algebra #/.

3.7 Remark. In Definition 3.2 we define a new algebra &7 to be really an “ex-
tension” of the algebra 2. Therefore for the elements a,b € X we define the result
of aob to be a®b (see (3.2.2)). Nevertheless, the quotient graph algebra <7 /O does
not depend on the operation “®” in 2". Thus instead of (3.2.2) and (3.2.3) we could

put one common condition
if a€ X and b€ A then aob € {a,c0}.

In this case we do not require 2" to be a subalgebra of 7. Under this assumption
we would construct a larger class Iy o (Z, ¢).
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