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Abstract. Let {Xa}qep be a family of topological spaces and za € Xa, for every a € A.
Suppose X is the quotient space of the disjoint union of X’s by identifying x,’s as one
point o. We try to characterize ideals of C'(X) according to the same ideals of C'(X«)’s. In
addition we generalize the concept of rank of a point, see [9], and then answer the following
two algebraic questions. Let m be an infinite cardinal.

(1) Is there any ring R and I an ideal in R such that [ is an irreducible intersection of m
prime ideals?

(2) Is there any set of prime ideals of cardinality m in a ring R such that the intersection
of these prime ideals can not be obtained as an intersection of fewer than m prime
ideals in R?

Finally, we answer an open question in [11].

Keywords: pasting topological spaces at one point, rings of continuous (bounded) real
functions on X, z-ideal, z°-ideal, C-embedded, P-space, F-space.
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1. INTRODUCTION

In this paper, by R we mean a commutative ring with unity, and every ideal is
proper. The ring of continuous (bounded) real functions on X is denoted by C(X)
(C*(X)). Suppose f € C(X), we denote f~1{0} by Z(f) and the complement of Z( f)
by coZ(f). An ideal I in C(X) is a z-ideal (z°-ideal) if whenever Z(f) C Z(g)
(intx Z(f) Cintx Z(g)) and f € I, then g € I (for more information about z°-ideals
see [2] and [7]). Also an ideal I in C(X) is convezx (absolutely convex) if whenever
0<g<f (gl <I|f]) and f € I, then g € I. Let p € BX, we say p is a P-point
(F-point) with respect to X if OP(X) = {f € C(X): p € intgxclgx Z(f)} is a
maximal ideal (prime ideal) in C(X). In addition, p is an almost P-point if for every
f € C(X), whenever p € clgx Z(f), then intgx clgx Z(f) # 0. Clearly p € 8X is an
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almost P-point if and only if M?(X) is a z°-ideal, see [1]. For undefined terms and
notions, see [7].

Let {X,}aca be a family of topological spaces and z, € X,, for every a € A.
Suppose X is the quotient space of the disjoint union of the X, ’s by identifying x,’s
as one point 0. We denote X by J(Xa,Za)aca. We can easily see that for any
x # o, the neighborhood base of x is the same in X, (which contains x) and open sets

containing o are of the form |J U,, where U, is an open set in X, containing o. So,
a€EA
by renaming x,, to o, we can consider X,, as a closed subspace of X = J(Xu, Ta)acA-

The “pasting of topological spaces at one point” is very useful when regard-
ing C(X) and owing to the simplicity of structure allows us to easily construct
many examples for different purposes. One of these applications can be found in [3]
and some others in this paper.

Our aim is to characterize the ideals of C(X), by using the same ideal structures
of C(X,)’s. In C(X) the ideals, in particular prime ideals, containing OP(X), where
p € B(X), are important and hence we focus on these ideals. To do this, we divide
these ideals into three classes. The first class is the set of ideals over OP(X), where

pe U clgx Xo \ {0}, and it will be characterized in Section 2. The second class is
a€A
the set of ideals over O, (X). In Section 3 we first determine a new class of ideals

and then we deal with the second class of ideals. The third class is the set of ideals

over OP(X), where p € X\ |J clgx Xo. Dealing with this class is not easy and
aint A
needs more future work. Finally in Section 4 we will give some applications and

answer two questions that we already mentioned. We also apply this method to
answer the open question that appeared in [11] following Lemma 3.3.

Remark 1.1. For every B C A and every f € C ( U Xa) there is a continuous

aEB
extension f to X = J(Xa,Ta)aca defined as follows

f(x) = f(x) where z € U X, and f(z) = f(o) where v € X\ U Xa.-

aeB a€EB

Henceforth, we use f with this meaning. Also, if B C A, f, € C(X,) and f,(0) =1,

for every a € B, then the function f: |J X, — R with f(z) = fo(z), where
aEB
z € X,, is continuous and we denote it by J fa-
a€B

Considering what we have already explained about the quotient space X =
J(Xa, Ta)aea, without loss of generality, we can suppose that

X =J xa, (] Xa = {0}

acA a€EA

1194



and every X, \ {0} is open. Hence, by hypothesis every X, is a C-embedded closed
subset of X for every o € A and clearly the map

Po: C(X) - C(Xa)’ Spa(f) = f|Xa

is an onto homomorphism for every o € A. Also we can easily see that

(1) OG(X) = n 50;1 (OU(XQ))

a€A

and one can show that X is T3 (T3% ,T4) if and only if X, is such, for every a € A.
From now on, we assume that X,’s are T3% and by X we mean X = J(Xa, Za)aca

unless we emphasis otherwise. First we consider the connections between X and
the X, 's.

Proposition 1.2.
(a) U BX. CBX.

a€cA
(b) If X,’s are not empty or singleton, then |J 58X, is compact (equivalently

a€eA
U BX, = BX) if and only if A is finite.
acA
(¢) BXa, NBX,, = {0} for every a; # as.

(d) BXa\ {o} is an open set in B(X).

Proof. Since the X,’s are C-embedded in C(X), (a) and (b) follow clearly.
(c) Suppose © # o, then there exists an open set U in X such that o € U and
x ¢ clgx U. Define

A=(X-U)NXq,, B=(X-U)NXq,.

It is easy to see that A and B are completely separated and so = ¢ clgx ANclgx B.
Hence = ¢ clgx A or x ¢ clgx B. For instance if x ¢ clgx A, then

x¢clgxUUclgxy A=clgx(UUA) Dclgx Xo, = 2 ¢ X0, =z ¢ 0Xa, NFXa,.

(d) Without loss of generality we can suppose X, ’s are compact and then prove
that X, \ {o} is an open set in 3(X). Suppose p € X, \ {c}, then there exists
fo € C*(X,) such that p € coZ(f,) and o € Z(f,). Suppose g is the extension
of fo to 3X, then obviously p € coZ(g) = coZ(fa) C Xa \ {0} O
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2. FIRST CLASS OF IDEALS

In what follows, we consider the class of ideals of C'(X) containing OP(X'), where
pe U BXa\{o}. We first need the following lemma.
ach

Definition 2.1. Let X be a topological space and p € X, an X-neighborhood
of p is a subset A of X such that there exists a neighborhood B of p in X such that
A=BnX.

Lemma 2.2. Let X be a topological space, p € X and A be a C-embedded
X -neighborhood of p, then there exists a one to one correspondence preserving in-
clusion between the ideals in C(X) containing OP(X) and the ideals in C(A) con-
taining OP (A).

Proof. Note that, since A is a C-embedded X-neighborhood of p, p € clgx A =
BA and consequently OP(A) is well-defined. Suppose ¢ is the restriction homo-
morphism from C(X) to C(A). Clearly ¢ is onto. It only remains to prove that
ker(¢) C OP(X) and this is easily seen. O

Proposition 2.3. Let p # o and p € X, for an « € A, then the map I — ¢, (I)
is a one to one correspondence preserving inclusion between the ideals in C(X)
containing OP(X) and the ideals in C(X,) containing OP (X,).

Proof. By Lemma 2.2, this is clear. a

Clearly the map I — ¢, (I) preserves prime ideals, z-ideals, z°-ideals, convex
ideals and absolutely convex ideals.

It is obvious that for every prime ideal P in C(X,), ¢, (P) is a prime ideal
in C(X) and ¢_!(P) is a maximal ideal whenever P is a maximal ideal in C(X,).
Now a natural question is this, “Is every prime (maximal) ideal @ in C(X) of the
form ¢, 1(P)?” By Proposition 2.3 if the ideal @ is maximal or in the first class of
ideals, then it is of the form ¢_!(P). So it is enough to consider nonmaximal prime
ideals that are not in the first class of ideals. But, before answering this in general,
let us consider some special cases.

Proposition 2.4. Let A be finite and @ be an ideal in C(X). Q is a prime ideal
in C(X) if and only if there is a prime ideal P in C(X,) such that Q = ¢_*(P) for
some « € A.

Proof. Clearly in this case SX = |J BX4. Therefore, by Proposition 2.3,

a€cA
without loss of generality we can assume that @ is a prime ideal over O, (X). Hence
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by (1)
ﬂ @gl(OU(Xa)) = OU(X) cQ.

a€cA

Since A is finite, there exists an a € A such that

02 (05(Xa)) € Q = ker(pa) CQ = ¢, 0a(Q) = Q

where P = ¢,(Q) is a prime ideal in C'(X,). The converse is trivially true. a

Later, we will find that the above theorem is true in general if and only if ¢ is a
P-point with respect to all but finitely many of the X,’s. Therefore, if we choose
X, ’s such that o is not a P-point with respect to infinitely many of them, then there
exist prime ideals which are not of the form (_!(P). Most important is that if we
choose X, ’s such that ¢ is not a P-point with respect to X, for every a € A, then
the number of ideals that are not of this form is > 22‘/\‘, see Proposition 4.2.

Proposition 2.5. Let ) be a nonmaximal prime ideal in C(X). @ is of the form
05 Y(P) (where P is a prime ideal in C(X,)) if and only if there exists an o € A such
that ¢, (Q) is a nonmaximal ideal in C(X,).

Proof. Suppose po(Q) & Mg, where M, is a maximal ideal in C(X,). It is
enough to show ker(¢,) C Q. Since ¢ (Q) C M,, there exists an fo, € My \ va(Q)
such that f, (o) = 0. Now, if g € ker(p4), then gf, = 0 € Q and so g € Q. Therefore
ker(¢o) C @ and we are done. The converse is obvious. O

Corollary 2.6. If Q) is a prime ideal in C(X), then ¢,(Q) is a prime ideal, for
every a € A. Moreover ¢, (Q) is a maximal ideal for every o € A, except at most

one.

We conclude this section with some definitions and lemmas which will be used in
Section 3 for characterization of the second class of ideals in C'(X).

Definition 2.7. Let R be a ring, J be an ideal in R and I be an ideal in J. We
say I is a prime ideal with respect to J if whenever a,b € J and ab € I, then a € T
or b € I. The similar definitions hold for z-ideals, z°-ideals and so on.

Lemma 2.8. Let X be a topological space, p € 3X and I be an ideal in C(X)
containing OP(X). I is a prime ideal if and only if T is a prime ideal with respect
to MP(X).

Proof. Let I be an ideal containing OP(X) and prime with respect to M?(X).
Suppose fg € I. If f,g € MP(X), then we are finished. Therefore, we may suppose
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that f or g (say g) does not belong to MP?(X) and hence there exists h € OP(X)
such that Z(h) N Z(g) = 0. Defining k = 1/(g? + h?), we have

Vo € Z(h) 1—g*(z)k(z) =0 therefore Z(h) C Z(1 — ¢%k)
=1-¢’kcOP(X)CI=f—fg’kecl=>fel.
Therefore, I is a prime ideal. The converse is trivially true. O
Note that this assertion is not true in general, for instance take I = MP(X) N
M9(X) where p # q.
Lemma 2.9. Suppose OP(X) C I # MP(X), then I is a z°-ideal if and only if
I is a z°-ideal with respect to MP(X).

Proof. = This is clear.

<: Suppose OP(X) C I # MP(X) and I be a z°-ideal with respect to MP(X).
Suppose intx Z(f) Cintx Z(g) and f € I. It is sufficient to show that g € MP(X).
To the contrary suppose that g ¢ MP(X), then p ¢ clgx Z(g) and consequently
h € OP(X) exists such that Z(h) N Z(g) = 0. Clearly h? + f2 € I and

intx Z(f*+ h?) =intx Z(f) Ninty Z(h) Cintx Z(g) Nintx Z(h) = 0.
Therefore, intx Z(f? + h?) = () and since I is a z°-ideal with respect to MP?(X), it
follows that I = MP(X) and this is a contradiction. |

3. SECOND CLASS OF IDEALS

Now we define a new class of ideals that contains the class of ideals of the form
- (J) and plays an interesting role in our study.

Definition 3.1. Let F be an ultrafilter on A and for every a € A, I, be an ideal
in C(X,). We define

(2) I={feC(X): 3Ac FoVacA, vuolf)€l,}

and denote it by I(F,{Is}aca). Exactly I = |J () ¢, 1. This kind of ideals is
AEF acA
very useful and the following theorems witness this claim.
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Lemma 3.2. Suppose I = I(F,{Io}aca), then I isanideal in C(X) and moreover
I C M,(X), if and only if there exists A € F such that I, C M,(X,) for every « € A.

Proof. Suppose f,g € I, then there exist Ay, As € F such that ¢, (f) € I, for
each a € Ay and @, (g) € I, for each o € Ay. Therefore, v, (f) + va(g) € I, for
every a € Ay N Ay and since Ay N Ay € F, it follows that f 4+ ¢g € I. Similarly if
feland ge C(X), then fgeI.

Now suppose I C M,(X). Taking B to be {a € A: I, € M,(Xa)}, it is enough
to show B ¢ F. To see this, for every a € B, we choose f, € I, \ M,(X,) such that

fa(c) =1 and define f = |J fa, then clearly f ¢ M,(X) and so f ¢ I. Therefore
acB
B ¢ F. The converse is trivial. O

Hence, when we consider the ideals over O,(X) we can suppose I, C My(X,)
for every o € A and when we consider the ideals over OP(X), where p # o, we can
suppose I, € M,(X,) for every a € A.

Next, we show that the class of ideals which is defined by (2) contains the class of
ideals of the form ¢ 1(.J).

Proposition 3.3. Let I = I(F,{Ia}aca) be a nonmaximal ideal, then I is of the
form ¢! (J) if and only if the ultrafilter F is fixed and contains {a.}.

Proof. =-: Suppose I = go;ol(J ) is not a maximal ideal. On the contrary if
{ao} ¢ F, then assuming fo, € M,(X,,) it follows that fo, € I. Since I = ¢ 1(J),
fao € J and consequently J = M, (X,,). This is a contradiction, since I = ¢ !(J)
is not a maximal ideal.

<: Suppose F is fixed. Hence there exists a, € A such that {a,} € F and clearly
in this case I = I(F,{Ia}aen) = @5 (Ia, )- O

Now, we are ready to show the properties of the ideals of the form I(F, {I,}aen)-

Lemma 3.4. Let I = I(F,{Is}acn) and J = I(F,{Ja}acn), then I C J if and
only if A € F exists such that I, C J, for every a € A.

Proof. <«: Suppose f € I, then A, € F exists such that ¢, (f) € I, for every
a € A,. Hence, by hypothesis ¢, (f) € I, C J, for every @ € A, N A. This implies
f € J. Therefore I C J.

=: Suppose that for all A € F there exists an o € A such that I, € J,. Put
B={aeA: I, £ J,}. We can easily see that B € F and for every a € B there
exists an f, € I, \ Jo. Without loss of generality we can suppose f,(c) = 0 (or
fa(o) = 1) for every a € B. Now we define f = |J fo. Clearly f € I\ J and

consequently I € J. ach O
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It follows from above that I = J if and only if there exists A € F such that
I, = J, for every a € A.

Proposition 3.5. Let I = I(F,{Is}aen) and J = I(F,{Jo}acn), then

INnJ= I(]:, {Ia N Ja}aé/\)a
I + J - I(]:, {Ia + J(x}ael\)'

Proof. This is easy. O

Proposition 3.6. Let Fy # Fa, I = I(F1,{Ia}acn) and J = I(Fa, {Ja}acn)-
(a) If1,J C M,(X), then I + J = M, (X).
(b) If I € M,(X) or J € M,(X), then I + J = C(X).

Proof. The proof is routine. a

In the main result of this section which follows, we can see as well that there exists
a close connection between a big class of ideals of C'(X) and the ideals of C'(X,)’s.

Theorem 3.7. Suppose I = I(F,{I}aca), then:

(a) If O,(X) C I, then there exists A € F such that O,(X,) C I, for every « € A.

(b) I is a prime ideal if and only if there exists A € F such that I, is a prime ideal
for every a € A.

(c) I is a maximal ideal if and only if there exists A € F such that I, is a maximal
ideal for every o € A.

(d) Let I # M,(X). I is a minimal prime ideal if and only if there exists A € F
such that I, is a minimal prime ideal for every o € A.

(e) I is convex (absolutely convex) if and only if there exists A € F such that I, is
convex (absolutely convex) for every a € A.

(f) I is a z-ideal if and only if there exists A € F such that I, is a z-ideal for every
ae A

(g) If O,(X) C I # My(X), then I is a z°-ideal if and only if there exists A € F
such that I, is a z°-ideal for every a € A.

(h) If I ¢ M,(X), then I is a z°-ideal if and only if there exists A € F such that
I, is a z°-ideal for every a € A.

Proof. The proof of (a) is routine.

(b) =: Suppose I = I(F,{ln}aca) is a prime ideal. Let B = {a € A:
I, is not a prime ideal}. It is enough to show that B ¢ F. By hypothesis, for
every @ € B there exist fo,g90 ¢ Io such that f,g, € I,. Of course we can
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choose fa, go such that there are fixed real numbers r and s such that f, (o) = r

and g, () = s for every o € B. Define f = |J fo and g = |J go. On the contrary
aEB acB
if Be F, then f,g ¢ I while fg € I and this is a contradiction.

<: Let A € F be such that I, is prime for every a € A and fg € I. Define
Ay ={ae€ A: po(f) €1y}, As={ac A: ¢u(g) € I,}.

It is easy to see that A1 U Ay = A € F and since F is a prime filter, A; € F or
Ay € F and consequently f € I or g € I. Therefore, I is a prime ideal.

(c) =: Evident.

<: Suppose A € F and [, is a maximal ideal in C(X,,) for every a € A. If f ¢ I
and 0 < f < 1, then there exists B C A such that B € F and ¢, (f) ¢ I,, for every
a € B. Hence for every a € B, there exists g, € I, such that ¢, (f) +go =1 0n X,
for every a € B. Clearly go(0) = 1 — f(o) for every a € B and so we can define

gd= U ga- Clearly g € I and f + g > 0 and so is a unit. Therefore, I is a maximal
aEB
ideal.

(d) =: Suppose I = I(F,{In}aca) is & minimal prime ideal. Let B = {«a €
A: I, is not a minimal prime ideal}. We must show that B ¢ F. To see this,
by hypothesis for every a € B, there exists a prime ideal P, in C(X,) such that
P, C I,. By extending these P,’s to the family {P,}oca we will obtain the prime
ideal P = I(F,{P.}aca) and if on the contrary B € F, then P is strictly contained
in I and this is a contradiction.

<: Without loss of generality, we can suppose I = I(F,{I,}aca) where I, is a
minimal prime ideal in C(X,) and not equal to M, (X,) for every o € A. Let f € I,
then there exists A € F such that ¢, (f) € I, for every a € A. So, there exists

Jo € My(Xa) \ I such that go@a(f) = 0 for every a € A. Define g = |J gq, then
a€cA
clearly fg =0 and g ¢ I. Therefore, I is a minimal prime ideal.

The proofs of (e) and (f) are routine.

(g) =: Let I be a nonmaximal z°-ideal containing O,(X). By (a) and (c) there
exists A, € F such that O,(X,) C I, # M,(X,) for every a € A,. Take B C A,
such that I, is not a z°-ideal for all @ € B. We must show that B ¢ F. To see this,
by Lemma 2.9, for every « € B ther exists f, € I, and g, € My(X,) \ I, such that
intx, Z(fo) Cintx, Z(ga). Again, we take

f:: LJ j@» g = LJ Yo

acB aEB

Clearly intx Z(f) C intx Z(g). Now, on the contrary if B € F, then f € I, g ¢ I
and this is a contradiction.
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«<: Let A € F and I, be a z°-ideal for every a € A. Suppose intx Z(f) C
intx Z(g) and f € I. Hence, for every a € A

(3) XoNintx Z(f) € X, Nintx Z(g).
We claim for every a € A,

(4) intx, Z(¢a(f)) C intx, Z(palg))-

To prove our claim, by (3) it is enough to show that if o ¢ intx, Z(pa(g)), then
o ¢ intx, Z(pa(f)). To see this, suppose o ¢ intx, Z(pa(g)) and U, is an ar-
bitrary neighborhood of ¢ in X,. By hypothesis there exists xz, € U, such that
o ¢ Z(pal(g)). Then z, ¢ Z(g) and hence z, ¢ intx Z(f). Therefore, U, ¢
intx, Z(pa(f)) and consequently o ¢ intx_, Z(va(f)). Hence, (4) holds and it fol-
lows that ¢, (g) € I, for every a € A and so, g € I. Therefore, I is a z°-ideal.

(h) =: Let I € M,(X) be a z°-ideal. Suppose B C A is such that I, is not
a z°-ideal for every o € B. We must show that B ¢ F. By hypothesis, for every
a € B, there exist f, € I, and g, ¢ I, such that intx, Z(f,) Cintx, Z(ga). Since
I ¢ M,(X), we can choose f, and g, such that f,(0) = go(0) =1, for every a € B.

Define
f= U fa, 9= U Yo
acB acB
Clearly intx Z(f) C intx Z(g) and if B € F, then f € I and g ¢ I, which is a
contradiction. O

Remark 3.8. Similar to part (d) of the above theorem, we can conclude that
it I = I(F,{Ia}aca) and J = I(F,{Ja}aca), then J € Min(]) if and only if there
exists A € F such that J, € Min(I,) for every a € A.

By the previous discussion, a natural question is this: “Are all of the prime ideals
(at least minimal prime ideals) in C(X) of the form I(F, {In}aeca)?” We leave it as
an open problem. We partially answer this question in the next lemmas.

Lemma 3.9. Let P be a prime ideal containing O,(X), then there exists an
ultrafilter F on A such that I(F,{Os(Xa)})aca C P.

Proof. Without loss of generality, we can suppose that P is not a maximal

ideal. Put F = {A CA: N ¢3'0,(Xa) C P}. It suffices to show that F is an
a€cA
ultrafilter on A. We first show that

(5) AcFe A°¢ F,
(6) AUBeF=AcF or BelF.



Suppose A, A¢ € F, then we can easily that see

(] ¢a'0s(Xa) + [ ©a'00(Xa) = Ma(X)

acA acAc

and this a contradiction. Hence, (5) holds. To prove (6), suppose that AU B € F,
then

(N %100()(&)) (N ma%)) A et e

acA aEB a€AUB
:ﬂgo_lO )T P or ﬂ(p_lO JCP=Ae€F or BelF.
acA a€B

Therefore, (6) holds and it remains to be shown that F is a filter on A. Suppose
A,B € F. By (5) A, B¢ ¢ F and by (6) (AN B)¢ = A°U B¢ ¢ F, thus by (5)
AN B € F. Finally suppose that A C B where A € F and B C A, then clearly
BeF. O

Lemma 3.10. Suppose that I = I(F,{I,}aca) C Jo and f € J, \ I, then there
exists J = I(F,{Ja}aen) such that (I, f) C J C Js.

Proof. The proof is routine. O

4. SOME APPLICATIONS

In this section we consider some applications and we answer the two questions
already mentioned. Also at the end of this section we will give an example which
shows that the answer to an open question in [11] is negative.

Proposition 4.1.

(a) o is a P-point with respect to X if and only if o is a P-point with respect to X,
for every o € A.

(b) Assuming o is a nonisolated-point with respect to X,’s, then o is an almost
P-point with respect to X if and only if ¢ is an almost P-point with respect to
at least one of the X, ’s.

(c) o is an F-point with respect to X if and only if o is an F-point with respect to
one of the X,’s and is a P-point with respect to the others.

Proof. (a)and (b) are clear. (c¢) Suppose o is an F-point with respect to X,
then O,(X) = ﬂ 021(0s(X,)) is a prime ideal. But, ¢, 1(0,(X4)) is a z-ideal
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containing O, (X) for every a € A. Hence ¢, (O,(X,)) is a prime ideal, for every
a € A. Then, O,(X,) = paps'(0s(X,)) is a prime ideal. In addition, for every
a # B, o (1) and gpgl(lﬁ) are comparable if and only if I, or Iz is a maximal
ideal. Therefore, all of the O,(X,)’s are maximal ideals, except at most one. The
converse is obvious. ]

Proposition 4.2. Let ¢ be an F-point with respect to each of the X, ’s and m be
the cardinal number of a’s for which ¢ is not a P-point with respect to X, then:
(a) Each P € Min(O, (X)) is of the form I(F,{Is}acA)-
(b) If m is finite, then |Min(O,(X))| = m.
(c) If m is infinite, then |Min(O,(X))| = 22".

Proof. (a) follows by Lemma 3.9. (b) is clear. To prove (c), without loss of
generality, we can suppose ¢ is not a P-point with respect to X, for every a € A.
By (a) every minimal prime ideal containing O, (X) is of the form I(F,{P,}aca)
where P, = O,(X,) for every a € A. Since for every F; # Fa, we can see that
L(F1, {Pataen) # I(F2, {Pataca), we get

IMin(O,(X))| = card{F: F is an ultrafilter on A} = 92" = 927,

We already mentioned that if A is finite, then any prime ideal containing O, (X)
is of the form ¢ !(P,). Hence if O,(X) # M,(X), then

Min(Oy (X)) = {03 (Pa): a € A, Pa € Min(Oy(X,)), Pa# My (Xa)}.

Therefore, if A is finite, then X is an FMP-space if and only if X, is an for every
a €A O

Recall that if p € X and the number of minimal prime ideals contained in M, is
equal to n € N, then the rank of p is n and we write rk(p) = n. For more information
about an FMP-points or points with finite rank, see [8], [9] and [11]. We need the
following generalization of this concept.

Definition 4.3. Let p € fX and m be a cardinal number. We say that p € X is
an mM P-point with respect to X if there exists a subfamily { P3}gep of Min(OP (X))
such that OP(X) = () Pjs, this intersection is irreducible and m is the smallest

BeB
cardinal with such property.

In the following as the main theorem of this section we will show that there exists
an mM P-point for any given cardinal number m. In addition, by the following
theorem we will answer the first two questions automatically.
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Theorem 4.4. Let m be a cardinal number. There exist a topological space X
and o € X such that o is an mM P-point.

Proof. Let A be an arbitrary set such that |A] = m. Put X, = ¥ and
2o = o for every o € A (where ¥ = N U {o}, see [7] 4M). Clearly by (1) O,(X) =
N ¢21(0,(X4)) where O,(X,) is a prime ideal in C(X,,) for every a € A. For
acA

each 8 € A, suppose fo € O (X,) for every a # § and fz € M,(Xg)\ Oy(X3), then
we can see easily that

U fa€ [ 0a'(0s(Xa)) \ 951 (05 (Xp))-

a€EA a€A

It follows that the above intersection is irreducible. To complete the proof, suppose

{Ps}pep is a family of prime ideals such that O,(X) = ()| Pg. It is enough to
BEB
show that this family contains the family {¢;'(Os(X4s))}aca. On the contrary,

let o € A be such that p;!(0,(Xq,)) does not belong to the family {Ps}ses.
By Proposition 4.2 every Pg is of the form I(Fg,{log}taca). Also we can clearly
suppose that Ing = M, (X,) where a = a, for every 8 € B and I,z is a prime ideal
over O, (X,) for every o € A and every § € B. Taking fo, € My;(Xa,) \ Oc(Xa,),

fa € 05(Xy)and f = |J fa,clearly f € [ Pg\Oy(X) and this is a contradiction.
aEA BeB
O

Remark 4.5. It is good to know that if |A|] = m, then since the number of
ultrafilters on A equals to 22, according to what has been asserted in Section 4,
o is an mM P-point while the number of minimal prime ideals containing O, (X)
equals to 22", Also it follows from the above that for any given cardinal number m
there exists a ring R and an ideal I in R such that [Min(I)| = 22”. Now, we have
a natural question. For any given infinite cardinal number m, is there a ring R and

an ideal I in it such that |Min(I)| = m? This is an open problem.

We conclude the paper by an example that answers the following open question
which has occurred in [11] following Lemma 3.3.

“Let X be a completely regular space such that every maximal ¢-ideal of C'(X)
has finite rank less than some m (i.e., rk(p) < m for every p € 8X). It is an open
question as to whether or not the set of points of X of rank greater than one is
closed.”

Example 4.6. By Theorem 4.4 for any n € N, we can construct a space ¥ =
D U {o} where D is discrete and rk(c) = n > 1. Now, let A be an uncountable set
and {Yx}rea be a family of mutually disjoint copies of Y. Suppose X is the disjoint
union of Y)’s and T'= X U {a} where X is open in T and the open neighborhood
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system of « consists of co-countable subsets of T containing . We can easily see

that T is a normal space and rk(a) = 1 (exactly « is a P-point). Since every point

of T has rank less than or equal to n, by Theorem 5.10 of [9] every maximal ideal
of C(X) has finite rank less than m = n + 1. But rk(oy) = n for every A € A and
« is a limit point of {oy: A € A}, therefore the set of points of T' of rank greater

than one is not closed.
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