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Abstract. If (Q,%) is a measurable space and X a Banach space, we provide sufficient
conditions on ¥ and X in order to guarantee that bvca(X, X), the Banach space of all
X-valued countably additive measures of bounded variation equipped with the variation
norm, contains a copy of ¢g if and only if X does.

Keywords: countably additive vector measure of bounded variation, Pettis integrable
function space, copy of cqg, copy of oo

MSC 2000: 46G10, 28B05

1. PRELIMINARIES

Throughout this paper (€2,3) will be a measurable space and, unless otherwise
stated, X will be a Banach space over the field K of real or complex numbers. Our
notation is standard [2]-[4]. So, ca(X, X) will denote the Banach space over K of
all X-valued countably additive measures F' defined on ¥, endowed with the semi-
variation norm || F'||, and bvca(X, X) will stand for the Banach space of all X-valued
countably additive measures F' of bounded variation defined in ¥, equipped with
the variation norm |F|. If 4 € ca®(X), we shall denote by P(u, X) the linear space
of all classes of scalarly equivalent weakly p-measurable X-valued Pettis integrable
functions f defined on 2, equipped with the norm

1 llpux) = Sup{/Q 2" f(w)]dp(w): =" € X7, [l2"]| < 1}-

A Banach space X is said to have the weak Radon-Nikodym property (WRNP)
with respect to a finite measure space (€2, %, i) if every u-continuous measure F':
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Y — X of o-finite variation has a Pettis u-integrable derivative f: Q — X, i.e. sat-
istying that F(E) = (P) [, f du for each E € ¥ [9]. If X has the WRNP with respect
to every finite measure space, we say that X has the WRNP.

It has been shown [5] that if each nonzero finite positive measure p € ca(X) is
purely atomic, then ca(X, X) contains a copy of ¢y or £ if and only if X contains,
respectively, a copy of ¢y or . With the same hypotheses, the same result holds
for bvca(X, X) [6]. However, if the range space X is a dual Banach space, then
bvca(X, X) contains a copy of ¢y or o if and only if X does, without any condition
on ca®(X) [10]. If X is not a dual Banach space this last statement is no longer
true [11]. In this paper we deal again with the problem of copies of ¢y in bvea(X, X)
by proving Theorems 1.1 and 1.2 below. Both of them are based upon Lemma 2.3
and use a mild consequence of the lifting theorem which will be conveniently recalled.
We state our main theorems.

Theorem 1.1. Assume that Bx~ is weak™ sequentially dense in By« and ¥ =

29, If X is norm-one complemented in X**, then bvca(X, X) contains a copy of cg
if and only if X does.

Theorem 1.2. Assume that X* contains a norming sequence. If X has
the WRNP with respect to each u € ca™(X), then the space bvca(X, X) contains a
copy of ¢y if and only if X does.

It should be noted that the conditions imposed on X in Theorem 1.1 imply that
X has the WRNP with respect to each u € ca™(X). So, a natural question arises
whether Theorem 1.1 remains true under this more general setting. A partial answer
to this issue is given by Theorem 1.2, with the additional requirement that X* con-
tains a norming sequence. As a counterpart, the restrictions on the measurable

space (£2,Y) stated in Theorem 1.1 are waived.

2. SUPPORTING LEMMAS

If (2,%,u) is a complete finite measure space, following [2] we denote by
Ly (p, X*) the linear space of all p-essentially bounded functions ¢: Q@ — X*
which are weak® measurable, and represent by bvca, (X, X*) the linear subspace of
bvca(X, X*) of all those measures F' for which there is @ > 0 (which depends of F')
such that ||F(E)|| < au(E) for each E € ¥. We state the lifting theorem in the
way we shall need in the proof of our main theorems (Lemma 2.1), as well as an
averaging result due to Bourgain (Lemma 2.2) that we shall use to prove Lemma 2.3
below.
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Lemma 2.1 ([2, Theorem 1.5.2]). There is a linear injective map T: bvca, (%,
X*) — Ly+(p, X*) such that for each F' € bvca, (X, X*) the function f = T(F)
satisfies the following two conditions:

1. For each E € ¥ and x € X one has

Fwn=éjwnmw>

2. The function w — || f(w)|| is measurable, belongs to Li(u) and for each E € &
satisfies

wwmaéwwmmwy

Lemma 2.2 ([1], [2, Lemma 2.1.2]). Let X be a seminormed space and let {r, }°2
denote the sequence of Rademacher functions in [0,1]. If {x,} is a sequence in X
such that ian |zn]l > 0 and

ne

1
sup/
neN Jo

then there exists a subsequence {z,} of {x,} which is a co-sequence in X, i.e., there
are K1 > 0 and K5 > 0 such that

n

Z T (t)Il

i=1

dt < oo,

K; sup |ai] €
1<ign

< Ko sup |ay
1<i<n

n
g ;T4
i=1

for all ay,...,ay, € K and n € N.

Lemma 2.3. Let (2,%, 1) be a complete finite measure space and X a Banach
space. If there is a sequence {g,} of functions g,: € — X such that

(1)
() inf fo lln()] dpfee) > 0 and
(iii) there exists K > 0 with

Sup/
neNJQ

then X contains a copy of cg.

> Eigi(-)H € Lyi(u) for each finite set of signs {e1,...,en},
i=1

éwwww<m

Proof. Let us remark that no measurability requirement is imposed on the
functions g,. To start with, let us see that condition (iii) implies that the sequence
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{llgn(")||} is uniformly integrable. This statement is almost contained in the proof
of [2, Theorem 2.1.1], so we just sketch the argument. Assume on the contrary that
{llgn()||} is not uniformly integrable. Then the scalar measures f(.) lgn(w)|| d(w)
are not uniformly countably additive, so there are ¢ > 0, a sequence {A,} C X of
pairwise disjoint sets and a subsequence of {g,, }, that we shall denote in the same way,
such that [, [lgn(w)|ldu(w) > 2¢ for each n € N. Defining py: ¥ — R by py(E) =
S llgn(w)|| du(w) for each n € N, Rosenthal’s disjointification lemma [3, Chapter 7]

determines a strictly increasing sequence {n;} C N with ,um.( U Anj) < ¢ for
JEN, j#i

each i € N. Hence 3 fA l|gn, (W)|| du(w) < € for each i € N. Since (iii) ensures

Jj=1, j#i
Ja

w)H dp(w) < K for each m € N, we have
> an(0)] ) =3 [

S

> [l i > [ o line) >

i=1j=1,j7#i

oo

j=1

"z "z

for each m € N, a contradiction.
Setting A1 = {w € Q: lim, . ||gn(w)| > 0}, we claim that y(A;) > 0. Otherwise
lim ||gn(w)|| = 0 for almost all w € £ and since the sequence {||gn(-)||} is uniformly

integrable, it follows from Vitali’s lemma [8, Exercise 13.38] that

nlinéo[) [ gn(w)|| dp(w) =

contradicting condition (ii).
Denote by A the product space {—1,1}", by I' the o-algebra of subsets of A
generated by the n-cylinders of A, n = 1,2,..., and by v the probability measure

@ v; on T, where v;: 2{=11F — [0, 1] satisfies v;(0) = 0, v;({—1}) = v;({1}) =
i=1
and v;({—1,1}) = 1 for each i € N. Now consider the non-negative y-measurable

o) avte

for n=1,2,.... Hence (iii) and Fubini’s theorem yield

map ¢, : 2 — R defined by

sup / pa(w) dp(w) < K.

neN
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Taking into account that
> eigi(w)|| dv(e) = _ >
; Al

(8175274--7571)6{ 171} v
/
0

Z €igi(w)

i=1

n

Z 7i(t)gi(w)

i=1

dt

we have for each w €

n

Z 7i(t)gi(w)

i=1

dt.

sonw)/ol

So it follows from [2, Proposition 2.1.2] that {¢,} is a monotone increasing sequence

of non negative functions. Consequently, the monotone convergence theorem provides

a p-null set A € ¥ such that sup p, (w) < oo for each w € Q' \ As. Considering the
neN
set A := A; N (Q\ Az), it is obvious that p(A) > 0, hence A # (). Moreover,

lim,, oo ||gn(w)]| > 0 and

sup
neN

Hdt<oo
=1

for each w € A. Choose wg € A and a strictly increasing sequence of positive
integers {n;} such that iné [lgn; (wo)|| > 0. Then, setting y; := gn, (wo) for each i € N
[S]

and using the properties of the measure space, we conclude that

1
Sup/
neNJo

Since X is a Banach space, according to Lemma 2.2 there is a subsequence of {y,}

n

> ity

i=1

dt < .

which is a basic sequence in X equivalent to the unit vector basis of cg. O

3. PROOF OF THEOREM 1.1

Let us suppose that {F},} is a normalized basic sequence in bvca(Z X) equivalent
to the unit vector basis of ¢y and define u € ca®t(¥) by u = Z 27" Fy.

will assume without loss of generality that the measure space (€2, E M) is complete.
Clearly ||F,(E)|| < 2"u(E) for each E € ¥ and n € N and, if we consider each F,
as a map from ¥ into X**, then span({F,: n € N}) C bvca, (X, X**).
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According to Lemma 2.1 there is a linear injective map 7' from bvca,, (3, X**)
into Loy« (1, X**) satisfying conditions 1 and 2 therein. Therefore, if f := T'(F) with
Fe bvcau( , X**), then

(a) x = [, f(w)z* du(w) for each z* € X* and E € ¥, and
(b) |F| fE () du(ew) for each £ € X

Since BX* is weak® sequentially dense in By, given u € Bx=++ there is a
sequence {xf} in Bx- that converges to u under the weak* topology of Bx«x.
Then, choosing a fixed F' € bvca, (X, X) and setting f := T'(F), the latter implies
that 2 f(w) — uf(w) for each w € Q. So, given that |f(w)z}| < || f(w)|| for p-almost
all we Q and || f(-)|| € L1(u), we have uf € L1(p) and

(3.1) i@ du) = [ ur)aut)

for each £ € ¥ by virtue of the dominated convergence theorem. This shows that
the map f: Q — X** is Dunford integrable in €, so that (D) [, fdu € X****. Since
(3.1) and condition (a) above imply that

uF(E) = [ uf(e)duw)

for each u € X*** and E € %, it follows that (D) fE fdu € X** and, consequently,
F(E) = (P) [, fdu for each E € X, i.e. f € P(u, X**).

As a consequence of the fact that uf € L1 (u) for each u € X*** if S is a norm-one
linear projection operator from X** onto X and z* € X*, the fact that S*z* € X***
guarantees that the integral

[ span= [ (st ran

is well defined, i.e. z*(Sf) € Li(u) for each z* € X*. So, keeping in mind that
F(E) € X, one has

D) [E SFdu) = /E 2 (Sf)du = (8a", F(E)) = (2, S(F(E))) = 2" F(E)
for each z* € X*. This establishes that Sf € P(u, X) and
(3.2) F(E) = (P) /E (S0 f)(w) du(w)

for each F € ¥. Using the fact that the mapping w — [|Sf(w)]| is p-measurable
(since each set in € is y-measurable), we conclude that (3.2) implies

IF(E)| < sup /|a: (S o £)(w)| dpu(w /n SF)(w) | duw),

llz=]I<1
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which leads to the inequality

(3.9 FI< [ 18] dufe).
On the other hand, since ||.S]| = 1, we have

ISf @)l < [1f (@)l

for each w € Q. Thus, according to property (b) one has

(3.4) / 155 (@) du(w) < / 1£(@)] duw) = |F].

On the basis of (3.3) and (3.4) we conclude that

(3.5) IF| = / 157 (@) | dp(ew).

Summarizing, if F' € bvca, (X, X) and f = T'(F), we have shown that
(i) SfePpX),
(ii) F(E)= (P) [, Sfdu for each E C Q and
(i) [F| = [o |1Sf ()] du(w).
Let us write g, := ST (F),) for each positive integer n.

o0
Given that the series Y  F;, is weakly unconditionally Cauchy there is K > 0 such

n=1

that < K for all n € N. So, according to (3.5), we have

n
E;
=1

1=

/Q i&gi(w) du(w)AHST<§5iFi)(w) é&Fl

for each n € N. This verifies conditions (i) and (iii) of Lemma 2.3. As moreover

dp(w) = <K

[ lonllanto) = 151 =1
Q

for each n € N| an application of Lemma 2.3 concludes the proof. O

Remark 3.1. Note that if the dual ball of X is weak* dense in Bx««~ and, in
addition, X* is separable, then X cannot contain any copy of c¢g. Otherwise, since
X is separable, Sobczyk’s theorem [3, Chapter 7] ensures that ¢y embeds comple-
mentably in X and, consequently, X** does not contain a copy of .. This is a
contradiction since, according to Odell-Rosenthal’s theorem [3, Chapter 8], Bx s« is
weak* sequentially compact.
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Corollary 3.1. Assume that ¥ = 29 and let X be a Banach space such that
X* is separable and contains no copy of £1. If X is norm-one complemented in X**,
then bvca(X, X) does not contain a copy of co.

Proof. Another application of Odell-Rosenthal’s theorem guarantees that the
dual ball of X is weak* dense in Bx««+. Hence, the previous remark prevents X from
containing a copy of ¢y and Theorem 1.1 applies. (Il

4. PROOF OF THEOREM 1.2

Let {F,} be a normalized basic sequence in bvca(Z X) equivalent to the unit
vector basis of ¢o and define p € ca®(X) by u = Z 27"|F,|. As in the proof of the

previous theorem, ||F,,(F)|| < 2"u(E) for each E € E and n € N and span({F,}) C
bvca,, (X, X**) when each F), is considered as a map from ¥ into X**. By Lemma 2.1
there is a linear injective map T from bvca, (X, X**) into Ly (u, X**) such that
(i) **F(E) = [, TF(w)x* du(w) for each z* € X* and E € 3, and

(i) |F|(E fE |ITf(w)| du(w) for each E € .
Set h,, := TFn for each n € N.

Since X has the WRNP with respect to (€, %, 1), there exists a sequence { f,,} in
P(u, X) such that F,(E) = (P) [, fn(w)du(w) for each £ € ¥ and n € N. Given
n fixed numbers ¢; € {—1,0,1}, 1 < i < n, it follows from

Zaihi dp(w) =
Elli=1

n

T(Z; giFi)

= zn: EiFi (
=1

that

z* (igifi)‘dﬂ < W)Hdﬂ(w)

for each #* € Bx~ and E € X. Consequently, for each z* € Bx-+ there is a

null set N(e1,...,en,2%) € ¥ such that :1:*(2 sifi(w)>‘ < hi(w) ’ for all
i=1
weQ\N(ey,...,en,x%). If {z},} denotes a norming sequence in (the unit sphere
of) X*, setting N(ey1,...,e,) := |J Nl(e1,...,en,xk,) we have ‘ fn(z Eifi(w)>’ <
m=1 i=1

hz(w)H for each w € Q\ N(e1,...,e,) and all m € N. This implies that

alfl(w)H < 1> Eihi(w)H for each w € Q\ N(e1,...,&,). Therefore, setting
i=1 =1
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N:=U U Nf(e,-..,en), we conclude that N is a p-null set such that

n=1(e1,....en)

S

i=1

Zﬁifi(w)H <
=1

for each w € Q\ N and each finite set {1, ...,&,}. Moreover, as each scalarly valued

Xn: eifi(w)

i=1

function w — is pu-measurable as a consequence of the fact that

for all w € ©, it follows that || > eifi(.)H e Li(p).

i=1
In particular, ||f,(-)|| € L1(n) for all n € N and, consequently,

[En(E)[ = sup [z7°F(w)| < sup /Elw*fn w)| dp(w /Ilfn ) dp(w)

llz=l<1 llz*I<1

for each n € N and F € 3. This implies that

IFal < /Ilfn )] da(w /nh ) duw) = |,

that is, [q, || fn(w)| du(w) =1 for each n € N.

o0
Since the series Y. F), is weak unconditionally Cauchy there is K > 0 such that

n=1

;| < K for all finite set of numbers ¢; € {—1,0,1}. So, according to what we

i=1
have established above, we have

i Z eifi(w)| dp(w)

> el | anco)

n
</
Q =1

= ié‘iFi <K
=1

for each g; € {—1,0,1}, 1 <i <nand n € N. Since [, || fn(w)| du(w) = 1 for each
n € N, Lemma 2.3 leads to the conclusion. a
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Corollary 4.1. Let X be a real Banach space of infinite dimension whose dual
unit ball has countably many extreme points. If X has the WRNP with respect
to each pu € ca™(X), then the space bvca(X, X) contains a copy of ¢ if and only if
X does.

Proof. Since the set K = Ext Bx» of the extreme points of the dual unit ball
of X is a James boundary for Bx« [7, Chapter 3], we have ||z|| = sup{|z*z|: z* € K}
and, consequently, Ext Bx- is a norming set for X. Since Ext Bx- is countable by
hypothesis, the preceding theorem applies. ([

Remark 4.1. Let us mention that Theorem 1.2 clearly applies when X is sep-
arable, for X* would contain a norming sequence. However, this case was already
contained in [6, Remark]|, since separability implies that X possesses the Radon-
Nikodym property with respect to each p € ca™(X).
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