Czechoslovak Mathematical Journal

Ying Ge; Shou Lin
g-metrizable spaces and the images of semi-metric spaces

Czechoslovak Mathematical Journal, Vol. 57 (2007), No. 4, 1141-1149

Persistent URL: http://dml.cz/dmlcz/128231

Terms of use:

© Institute of Mathematics AS CR, 2007

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128231
http://dml.cz

Czechoslovak Mathematical Journal, 57 (132) (2007), 1141-1149

g-METRIZABLE SPACES AND THE IMAGES OF
SEMI-METRIC SPACES

YING GE, Jiangsu, SHOU LIN, Fujian

(Received November 8, 2005)

Abstract. In this paper, we prove that a space X is a g-metrizable space if and only
if X is a weak-open, m and o-image of a semi-metric space, if and only if X is a strong
sequence-covering, quotient, w and mssc-image of a semi-metric space, where “semi-metric”
can not be replaced by “metric”.

Keywords: g-metrizable spaces, sn-metrizable spaces, weak-open mappings, strong
sequence-covering mappings, quotient mappings, m-mappings, o-mappings, mssc-mappings

MSC 2000: 54C10, 54D55, 54E25, 54E35, 54E40

1. INTRODUCTION

g-metrizable spaces as a generalization of metric spaces have many important
properties [17]. To characterize g-metrizable spaces as certain images of metric spaces
is an interesting question in the theory of generalized metric spaces, and many “nice”
characterizations of g-metrizable spaces have been obtained ([6], [8], [7], [13], [18],
[19]).

Theorem 1.1. The following are equivalent for a space X.
(1) X is a g-metrizable space.
(2) X is a quotient, 7, o-image of a metric space [6].
(3) X is a compact-covering, quotient, 7, o-image of a metric space [13].
(4) X is a 1-sequence-covering, quotient, o-image of a metric space [8].

Recently, the following results were given.
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Proposition 1.2. The following are equivalent for a space X.
(1) X is a g-metrizable space.
(2) X is a weak-open, 7, o-image of a metric space [10].
(3) X is a strong sequence-covering, quotient, 7, mssc-image of a metric space [9].

Unfortunately, the proposition is not true. In this paper, we give an example to
show that there exists a g-metrizable space which is not a weak-open, 7, o-image of
a metric space and is not a strong sequence-covering, quotient, 7w, mssc-image of a
metric space. As a further investigation on g-metrizable spaces the following is the
main theorem of this paper.

Theorem 1.3. The following are equivalent for a space X.
(1) X is a g-metrizable space.
(2) X is a weak-open, 7, o-image of a semi-metric space.
(3) X is a strong sequence-covering, quotient, 7, mssc-image of a semi-metric space.

Throughout this paper, all spaces are assumed to be regular and 77, all mappings
are continuous and onto.

2. DEFINITIONS AND REMARKS

Definition 2.1 [4]. Let X be a space.
(1) P C X is called a sequential neighborhood of z in X, if each sequence {z,}
converging to z is eventually in P.
(2) A subset U of X is called sequentially open if U is a sequential neighborhood
of each of its points.
(3) X is called a sequential space if each sequential open subset of X is open.

Definition 2.2 [14]. Let & = |J{Ps: = € X} be a cover of a space X with
each v € (| Z,.
(1) & is called a network of X, if for each € U with U open in X, there exists
P e &, such that P C U, where &2, is called a network at x in X.
(2) £ is a cs*-network of X, if each sequence S converging to a point 2 € U with
U open in X, is frequently in P C U for some P € &,.

Definition 2.3. Let & = J{Z,: = € X}, where &, is a network at = in X,
and satisfies the following condition (x) for each z € X.
(x) If P1, P> € &,, then there exists P € &, such that P C P, N P,.
(1) & is called a weak base of X [1], if whenever G C X and for each x € G there
exists P € &, such that P C G, then G is open in X, where &2, is called a
weak neighborhood base at = in X.
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(2) & is called an sn-network of X [12], if each element of &, is a sequential
neighborhood of x for each x € X, where &, is called an sn-network at z in X.

Definition 2.4.
(1) A space X is called g-metrizable [17] (resp. sn-metrizable [5]), if X has a o-
locally finite weak base (resp. sn-network).
(2) A space X is called g-first countable [1] (resp. sn-first countable [5]), if X has
a weak base (resp. an sn-network) & = |J{P: © € X} such that &, is
countable for each z € X.

Notation 2.5. Let d be a non-negative real valued function defined on X x X such
that d(x,y) = 0 if and only if x =y, and d(z,y) = d(y, ) for all z,y € X. d is called
a d-function on X. For each z € X,n € N, put S, (z) = {y € X: d(z,y) <1/n}.

Definition 2.6. Let d be a d-function on a space X. A space (X, d) is called an
sn-symmetric space (resp. a symmetric space, a semi-metric space), if d satisfies the
following condition (A) (resp. (B), (C)), where d is called an sn-symmetric (resp. a
symmetric, a semi-metric) on X.

(A) {Sn(x)} is an sn-network at z in X for each x € X.
(B) {Sn(z)} is a weak neighborhood base at = in X for each z € X.
(C) {Sn(z)} is a neighborhood base at = in X for each z € X.

Remark 2.7. Each weak base of a space is an sn-network, and each sn-network
of a sequential space is a weak base [12]. Thus
(1) g-metrizable spaces <= Sequential and sn-metrizable spaces.
(2)
(3) g-first countable spaces <= Sequential and sn-first countable.
(4)

Symmetric spaces <= Sequential and sn-symmetric spaces.

Semi-metric spaces <= First countable and sn-symmetric spaces.

Definition 2.8 ([15], [18]). Let (X,d) be an sn-symmetric (resp. symmetric,
semi-metric, metric) space. A mapping f: X — Y is called a m-mapping with
respect to d, if for each y € U with U open in Y, d(f~1(y), X — f~1(U)) > 0.

Definition 2.9. Let f: X — Y be a mapping.

(1) f is called a 1-sequence-covering mapping [12], if for each y € Y there exists
x € f~Y(y) such that whenever {y,} is a sequence converging to y in Y, there
exists a sequence {z,} converging to x in X with each z,, € f~1(y,).

(2) f is called a strong sequence-covering mapping [9], if whenever {y,} is a con-
vergent sequence in Y, there exists a convergent sequence {z,} in X with each

f(xn) = Yn-
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(3) f is called a sequentially quotient mapping [2], if whenever S is a convergent
sequence in Y, there exists a convergent sequence L in X such that f(L) is a
subsequence of S.

(4) f is called a weak-open mapping [20] if there exists a weak base | J{Z,: y € Y}
of Y such that for each y € Y, there exists x € f~!(y), such that whenever U
is a neighborhood of z in X, then P C f(U) for some P € Z,.

(5) f is called a o-mapping [13], if there exists a base & of X such that f(%) is
o-locally-finite in Y.

(6) f is called an mssc-mapping [13], if X is a subspace of the product space [[ X,
neN
in which each X, is metrizable, and for each y € Y, there exists a sequence {V,, }

of open neighborhoods of i in Y such that each p, (f~1(V;,)) is a compact subset
of X, where p,,: [[ X; — X,, is the projection.
ieN
Remark 2.10.

(1) “Strong sequence-covering mappings” in Definition 2.9(2) were called “sequence-
covering mappings” in [7], [12], [16], [18], [19], [20].

(2) Quotient mappings from sequential spaces are sequentially quotient [2].

(3) Sequentially quotient mappings onto sequential spaces are quotient [2].

(4) Weak-open mappings from first countable spaces are equivalent to 1-sequence-
covering, quotient mappings [20].

(5) mssc-mappings are o-mappings [13].

3. THE MAIN RESULTS

The following example shows that Proposition 1.2 is not true.

Example 3.1. There exists a g-metrizable space which is not a strong sequence-
covering, m-image of a metric space.

Proof. Let (), be a convergent sequence containing its limit point p,, for each
n €N, where C, NC,, =0 if n # m. Let Q = {g,: n € N} be the set of all rational
numbers of the real line R. Put M = (P{C,: n € N}) @ R, and let X be the
quotient space obtained from M by identifying each p,, in C,, with ¢, in R. Then

(1) X is a quotient, compact image of a separable metric space M from [18,
Example 2.14(3)]. So X has a countable weak base from [12, Corollary 4.7], thus X
is g-metrizable, hence X is symmetric.

Recall that a symmetric space (Y,d) is a Cauchy space if for each convergent
sequence {y,} in Y and each € > 0, there exists k£ € N such that d(y,,ym) < € for
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all n,m > k. Y. Tanaka[18] proved that a space is a Cauchy space if and only if it
is a strong sequence-covering, quotient, m-image of a metric space.

(2) X is not a Cauchy space from [11, Example 3.1.13(2)], so X is not a strong
sequence-covering, quotient, m-image of a metric space by Tanaka’s result. X is not
a strong sequence-covering, m-image of a metric space from Remark 2.10(3).

The mistake in the papers [9, 10] is the following lemma: Suppose (X,d) is a
metric space and f: X — Y is a quotient mapping. Then Y is a symmetric space if
and only if f is a m-mapping with respect to d. The example 16 in [13] shows that
there exists a metric space (M, d) and a quotient mapping f: M — X such that X
is a symmetric space, but f is not a m-mapping with respect to d. O

The following Lemma is due to the proof of [12, Theorem 4.4].

Lemma 3.2. Let f: X — Y be a mapping. If {B,} is a decreasing network
at some z in X, and each f(B,) is a sequential neighborhood of f(x) in Y, then
whenever {y,} is a sequence converging to f(x) in Y, there is a sequence {x,}
converging to x in X with each z,, € f~(yn).

Proof. Let {y,} be a sequence converging to y = f(x) in Y. For each k € N,
there exists ny € N such that y,, € f(By) for each n > ny. Thus f~(y,) N By # 0
for each n > ny;. Without loss of generality, we can assume 1 < ny < ng41 for each
k € N. For each n € N, pick

F yn), n < ni,
Tn € 4
7 (Yn) N B, nkp <n < ngga.
Then each z,, € f~!(y,). We show that {z, } converges to z as follows. Let U be
a neighborhood of z. There exists £ € N such that x € By C U. For each n > ny,
there exists k' > k such that ngy < n < ngy1, so &, € By C By C U. This proves
that {x,,} converges to x. O

Lemma 3.3. Let f: M — X be a mapping with sn-symmetric d on M.
(1) If X is an sn-symmetric space, then f is a w-mapping with respect to some
sn-symmetric on M.

(2) If f is a sequentially quotient, m-mapping, then X is an sn-symmetric space.

Proof. (1) Let (X,d') be an sn-symmetric space. Put d(a,b) = d(a,b) +
d'(f(a), f(b)) for a,b € M. It is clear that ¢ is a d-function on M. Let a € M,z € X
and n € N; we denote {b € M: §(a,b) < 1/n}, {b € M: d(a,b) < 1/n} and
{y€ X: d'(z,y) < 1/n} by Sp(a), St(a) and S2(x) respectively.

1145



Claim 1. {S,(a)} is a network at a in M for each a € M.

Let a € U with U open in M. Since d is an sn-symmetric on M, there exists n € N
such that S}(a) C U. Since d(a,b) < 6(a,b) for each b € M, S,(a) C Sk(a) C U.
Hence {S,(a)} is a network at a in M.

Claim 2. S,(a) is a sequential neighborhood of a for each a € M,n € N.

Let {ar} be a sequence converging to a in M. Then {f(ax)} converges to f(a) in
X. There exist ko € N such that d(a,ar) < 1/2n and d'(f(a), f(ar)) < 1/2n for all
k > ko. Then d(a,ar) = d(a,ar) + d'(f(a), f(ax)) < 1/n for each k > k. That is
ag € Sp(a) for all k > ko. So {ax} is eventually in S, (a), and S,(a) is a sequential
neighborhood of a in M.

By Claim 1 and Claim 2, § is an sn-symmetric on M.

Claim 3. f is a m-mapping with respect to d.

Let z € U with U open in X. There exists n € N such that S2(z) C U. If
a€ f~Yz),b € M — f~1(U), then f(b) ¢ U, and d'(z, f(b)) = 1/n, thus 6(a,b) >
d'(f(a), f(b)) = d'(z, f(b)) = 1/n. So 6(f~ (z), M — f~H(U)) = 1/n.

(2) Let f be a sequentially quotient, m-mapping. Put d'(z,y) = d(f~1(x), f~(y))
for each z,y € X. It is clear that d’ is a d-function on X. Let a € M,z € X and
n € N; we denote {b € M: d(a,b) < 1/n} and {y € X: d'(x,y) < 1/n} by S,(a)
and S) () respectively.

Claim 1. {S] (x)} is a network at z in X for each z € X.

Let U be an open neighborhood of z in X. There exists n € N such that
d(f~*z),M — f7Y(U)) > 1/n. Ify & U, then f~*(y) € M — f~1(U), hence
(,y) = d(f @), W) = d(f @), M — f71(V)) > 1/n, 50 y & §,(x). This
proves that S! (z) C U.

Claim 2. S, (z) is a sequential neighborhood of z for each x € X,m € N.

Let {x,} be a sequence converging to x. Since f is sequentially quotient, there
exists a sequence {ay} converging to a € f~!(z) such that each f(ar) = zy,.
There exists kg € N such that d(a,ar) < 1/m for all k& > ko. So d'(z,z,,) =
d(f~Y(x), fH(xn,)) < d(a,ax) < 1/m for all k > ko, that is, z,, € S/, (z) for all
k > ko. Thus {z,} is frequently in S/ (x). It is easy to check that S/ (x) is a
sequential neighborhood of .

By Claim 1 and Claim 2, d’ is an sn-symmetric on X. O

Corollary 3.4. FEach sn-metrizable space is an sn-symmetric space.

Proof. Let X be an sn-metrizable space. Then X is a sequentially quotient,
m, o-image of a metric space from [6, Theorem 3.4]. Thus (X, d) is an sn-symmetric
space by Lemma 3.3(2). O
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Theorem 3.5. The following are equivalent for a space X.
(1) X is an sn-metrizable space.
(2) X is a 1-sequence-covering, w, mssc-image of a semi-metric space.
(3) X is a sequentially quotient, 7, o-image of an sn-symmetric space.

Proof. Since each mssc-mapping is a o-mapping by Remark 2.10(5), we only
need to prove that (1) = (2) and (3) = (1).

(1) = (2). Suppose that X has a o-locally-finite sn-network & = |J{P,: z €
X} = U{Z: n € N}, where each &, is an sn-network at = in X and each &, =
{Ps: B € A,} is alocally finite family of subsets of X. Without loss of generality, we
can suppose that each &7, is closed under finite intersections and X € &, C & 41.
Each A,, is endowed the discrete topology. Put

M={b=(8,) € H A, {Pg,} is a network at some point z; in X}.
neN

Then M is a metric space, and f: M — X defined by f(b) = x} is a mapping.

Claim 1. f is a 1-sequence-covering mapping.

Let z € X. For each n € N, there exists §, € A, such that Pg, = ({P €
Py, P e P} € P,. Thus {Pg,} is a network at z in X. Put b = (8,), then
be f~l(x). Let B, = {(7) € M: v = By for k < n} for each n € N. We prove
that f(By) = () Ps, € &, for each n € N as follows.

k<n
In fact, let ¢ = (y&) € Byn. Then f(c) € () Py, C () Ps,, s0 f(Bn) C () Pg,-
keN k<n k<n
On the other hand, let y € () Ps,. Then there exists ¢ = (v;) € M such that
k<n
f(d) =y. For each k € N, put v, = ¢ if £ < n, and v, = ~;_,, if £ > n. Then

{P,, } is a network at y in X. Let ¢ = (), then ¢ € B, and f(c) =y, soy € f(By).
Thus () Ps, C f(By).
k<n

It is obvious that { B, } is a decreasing neighborhood base at b in M. Thus f is a
1-sequence-covering mapping by Lemma 3.2.

Claim 2. f is an mssc-mapping.

For each x € X,n € N, there exists an open neighborhood V,, of  in X such that
V,, only meets with finite by many elements in &Z,, because &2, is locally finite in X.
Let A, = {8 € A,: P3NV, # 0}, then A, is finite in A,, and p,(f~1(V,)) C A, is
compact. Hence f is an mssc-mapping.

Claim 3. f is a m-mapping with respect to some semi-metric on M.
X is an sn-symmetric space from Corollary 3.4. Thus f is a m-mapping with
respect to some semi-metric on M from Lemma 3.3(1) and Remark 2.7(4).
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(3) = (1). Let M be an sn-symmetric space, and f: M — X a sequentially

quotient, 7, o-mapping. Then X is an sn-symmetric space from Lemma 3.4(2).

Thus X is sn-first countable. Since a space is sn-metrizable if and only if it is an

sn-first countable space with a o-locally finite cs*-network [6], to complete the proof

it suffices to prove that X has a o-locally finite cs*-network. Since f is a o-mapping,
there exists a base # of M such that f(%) is a o-locally-finite family in X. Let S

be

a sequence converging to x € U with U open in X. There exists a sequence L

converging to some a € f~!(x) such that f(L) is a subsequence of S. Thus there
exists B € % such that « € B C f~(U). So L is eventually in B, hence f(L)

is

eventually in f(B) C U. Thus S is frequently in f(B) € f(#). So f(A) is a

cs*-network of X. O

We have the following main theorem of this paper by Remarks 2.7, 2.10 and

Theorem 3.5.

(1)
(2)
(3) X is a weak-open, 7, c-image of a semi-metric space.
(4)
(5)

Theorem 3.6. The following are equivalent for a space X .
X is a g-metrizable space.
X is a weak-open, m, mssc-image of a semi-metric space.

X is a strong sequence-covering, quotient, w, mssc-image of a semi-metric space.
X is a strong sequence-covering, quotient, 7, c-image of a semi-metric space.

Remark 3.7. By Example 3.1, “semi-metric” in Theorem 3.6 can not be replaced

by “metric”.
References
[1] A. V. Arhangel’skii: Mappings and spaces. Russian Math. Surveys 21 (1966), 115-162.
[2] J.R. Boone and F. Siwiec: Sequentially quotient mappings. Czech. Math. J. 26 (1976),
174-182.
[3] R. Engelking: General Topology (revised and completed edition). Heldermann-Verlag,
Berlin, 1989.
[4] S. P. Franklin: Spaces in which sequences suffice. Fund. Math. 57 (1965), 107-115.
[6] Y. Ge: On sn-metrizable spaces. Acta Math. Sinica 45 (2002), 355-360.
[6] Y. Ge: Characterizations of sn-metrizable spaces. Publ. Inst. Math., Nouv. Ser. 74
(2003), 121-128.
[7] Y. Ikeda, C. Liu and Y. Tanaka: Quotient compact images of metric spaces, and related
matters. Topology Appl. 122 (2002), 237-252. zbl
[8] J.Li: A note on g-metrizable spaces. Czech. Math. J. 53 (2003), 491-495.
[9] Z. Li: A note on X-spaces and g-metrizable spaces. Czech. Math. J. 55 (2005), 803-808.
[10] Z. Li and S. Lin: On the weak-open images of metric spaces. Czech. Math. J. 5/ (2004),
393-400.
[11] S. Lin: Point-Countable Covers and Sequence-Covering Mappings. Chinese Science
Press, Beijing, 2002.
1148



[12] S. Lin and P. Yan: Sequence-covering maps of metric spaces. Topology Appl. 109 (2001),
301-314.

[13] S.Lin and P. Yan: Notes on cfp-covers. Comment. Math. Univ. Carolinae 44 (2003),
295-306.

[14] J. Nagata: Generalized metric spaces I. Topics in General Topology, North-Holland,
Amsterdam, 1989, pp. 313-366.

[15] V. I. Ponomarev: Axioms of countability and continuous mappings. Bull Pol. Acad Math.
8 (1960), 127-134.

[16] F. Siwiec: Sequence-covering and countably bi-quotient mappings. General Topology
Appl. 1 (1971), 143-154.

[17] F. Siwiec: On defining a space by a weak base. Pacific J. Math. 52 (1974), 233-245.

[18] Y. Tanaka: Symmetric spaces, g-developable spaces and g-metrizable spaces. Math.
Japonica 36 (1991), 71-84.

[19] Y. Tanaka and Z. Li: Certain covering-maps and k-networks, and related matters. Topol-
ogy Proc. 27 (2003), 317-334.

[20] S. Xia: Characterizations of certain g-first countable spaces. Chinese Adv. Math. 29
(2000), 61-64. (In Chinese.)

Author’s address: Ying G e, Department of Mathematics, Suzhou University, Jiangsu
215006, P. R. China, e-mail: geying@pub.sz. jsinfo.net; Shou Lin, Department of Math-
ematics, Ningde Teachers’ College, Fujian 352100, P.R. China, e-mail: linshou@public.
ndptt.fj.cn.

1149

N N
E E

=2

N

N N
E E

N

l’—‘



		webmaster@dml.cz
	2020-07-03T17:04:31+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




