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STRONG CONVERGENCE OF AN ITERATIVE METHOD
FOR VARIATIONAL INEQUALITY PROBLEMS
AND FIXED POINT PROBLEMS

XIAOLONG QIN', SHIN MIN KANG!, YONGFU Su?, AND MEIJUAN SHANG?

ABSTRACT. In this paper, we introduce a general iterative scheme to investigate
the problem of finding a common element of the fixed point set of a strict
pseudocontraction and the solution set of a variational inequality problem
for a relaxed cocoercive mapping by viscosity approximate methods. Strong
convergence theorems are established in a real Hilbert space.

1. INTRODUCTION AND PRELIMINARIES

Variational inequalities introduced by Stampacchia [16] in the early sixties have
had a great impact and influence in the development of almost all branches of
pure and applied sciences and have witnessed an explosive growth in theoretical
advances, algorithmic development, see [4]-[22] and references therein. In this paper,
we consider the problem of approximation of solutions of the classical variational
inequality problem by iterative methods.

Let H be a real Hilbert space, whose inner product and norm are denoted by
(,+y and || ||, C a nonempty closed convex subset of H and A: C'— H a nonlinear
mapping.

Recall the following definitions.

(a) A is said to be monotone if
(Ax — Ay,z —y) >0, Va,yeC.

(b) A is said to be v-strongly monotone if there exists a constant v > 0 such
that

(Ax — Ay,x —y) > vz —y||*, Yaz,yecC.
(c) A is said to be p-cocoercive if there exists a constant y > 0 such that
(Ax — Ay, x —y) > pl|Az — Ay||?, Vaz,yeC.
Clearly, every p-cocoercive mapping is 1/u-Lipschitz continuous.
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(d) A is said to be relaxed p-cocoercive if there exists a constant p > 0 such
that

(Az — Ay,x —y) > (—p)|| Az — Ay|*, Vz,yeC.

(e) Aissaid to be relaxed (u, v)-cocoercive if there exist two constants u, v > 0
such that

(Az — Ay, —y) > (—p)|| Az — Ay|* +v|z —y|*, YVayeC.

The classical variational inequality is to find u € C such that
(1.1) (Au,v —u) >0, VveC.

In this paper, we use VI(C, A) to denote the solution set of the problem ([1.1)).

It is easy to see that an element u € C is a solution to the problem (|1.1)) if and
only if u € C is a fixed point of the mapping Po(I — AA), where Pc denotes the
metric projection from H onto C, A is a positive constant and I is the identity
mapping.

Let T: C — C be a mapping. In this paper, we use F(T') to denote the set of
fixed points of the mapping T'. Recall the following definitions.

(1) T is said to be a contraction if there exists a constant o € (0, 1) such that
[Tz =Tyl < allz—yl, Vazyel.
(2) T is said to be nonexpansive if
[Tz =Tyl < [lo—yll, Vaz,yel.
(3) T is said to be strictly pseudo-contractive with the coefficient k € (0,1) if
1T — Tyl < o — yl> + KI(I - T — (I~ T)yll?, ¥ayeC.
For such a case, T is also said to be a k-strict pseudo-contraction.
(4) T is said to be pseudo-contractive if
(Tx —Ty,x—y) < ||z —yl|*, Va,yeC.

Clearly, the class of strict pseudo-contractions falls into the one between classes
of nonexpansive mappings and pseudo-contractions. We remark also that the
class of strongly pseudo-contractive mappings is independent of the class of strict
pseudo-contractions; see, for example [II [24].

The class of strict pseudo-contractions which was introduced by Browder and
Petryshyn [2] is one of the most important classes of mappings among nonli-
near mappings. Within the past several decades, many authors have been devo-
ting to the studies on the existence and convergence of fixed points for strict
pseudo-contractions. Recently, Zhou [23] considered a convex combination method
to study strict pseudo-contractions. More precisely, take ¢t € (0,1) and define a
mapping S; by

Siw=te+1—-t)Tz, Vael,
where T is a strict pseudo-contraction. Under appropriate restrictions on ¢, it
is proved that the mapping S; is nonexpansive. Therefore, the techniques of
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studying nonexpansive mappings can be applied to study more general strict
pseudo-contractions.

For finding a common element of the set of fixed points of nonexpansive map-
pings and the set of solution of variational inequalities for a-cocoercive mapping,
Takahashi and Toyoda [19] introduced the following iterative process:

20 €C, ZTpt1 = anty+ (1 —a,)SPo(z, — \Az,), Yn>0,

where A is a-cocoercive mapping and S is a nonexpansive mapping with a fixed
point. They showed that if F/(S) N VI(C, A) is nonempty then the sequence {z,}
converges weakly to some z € F'(S)NVI(C, A) under some restrictions imposed
on the sequence {a,} and {\,}; see [18] for more details.

On the other hand, for solving the variational inequality problem in the finite-
-dimensional Euclidean space R™ under the assumption that a set C' C R"™ is closed
and convex, a mapping A of C into R™ is monotone and k-Lipschitz-continuous
and VI(C,A) is nonempty, Korpelevich [9] introduced the following so-called
extragradient method:

ro=z€ C,
Yn = PC(l‘n _>\Axn)7
In+1:PC(SCn*)\Ayn)7 vn207

where A\ € (0,1/k). He proved that the sequences {z,} and {y,} generated by this
iterative process converge to the same point z € VI(C, A).

To obtain strong convergence theorems, liduka and Takahashi [§] proposed the
following iterative scheme:

20 €C, Tpt1=apr+ (1 —a,)SPo(x, — A\Az,), VYn>0,

where A is a-cocoercive mapping and S is a nonexpansive mapping with a fixed
point. They showed that if F(S)NVI(C,A) is nonempty then the sequence {x,}
converges strongly to some z € F(S) N VI(C, A) under some restrictions imposed
on the sequence {a,} and {\,}; see [8] for more details.

Recently, Yao and Yao [22], further improved Iiduka and Takahashi [9]” results
by considering the following iterative process

o € O,
Yn = Po(x, — A\pAxy,),
Tnt1 = Qutt + BTy + ¥ SPo(I — M A)y,, Yn>0,

where A is a-cocoercive mapping and S is a nonexpansive mapping with a fixed
point. A strong convergence theorem was also established in the framework of
Hilbert space under some restrictions imposed on the sequence {a;,} and {\,}; see
[22] for more details.

In this paper, motivated by the research working going on in this direction, we
continue to study the variational inequality problem and the fixed point problem by
the viscosity approximation method which was first considered by Moudafi [10]. To
be more precise, we introduce a general iterative process to find a common element
of the set of fixed points of a strict pseudocontraction and the set of solutions of
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the variational inequality problem (1.1]) for a relaxed cocoercive mapping in a real
Hilbert space. Strong convergence of the purposed iterative process is obtained.
In order to prove our main results, we need the following lemmas.

Lemma 1.1 ([23]). Let C be a nonempty closed convex subset of a real Hilbert
space H and T: C' — C a k-strict pseudo-contraction with a fixed point. Define
S:C — C by Sx=kx+ (1 —k)Tx for each x € C. Then S is nonexpansive with
F(S)=F(T).

The following lemma is a corollary of Bruck’s result in [3].

Lemma 1.2. Let C be a nonempty closed convez subset of a real Hilbert space H.
Let Th and Ty be two nonexpansive mappings from C into C' with a common fized
point. Define a mapping S: C — C by

Se=XNz+(1-XNTwr, Vzel,
where X is a constant in (0,1). Then S is nonexpansive and F(S) = F(Ty) N F(T3)

Lemma 1.3 ([2]). Let H be a Hilbert space, C' be a nonempty closed convex subset
of H and S : C'— C be a nonexpansive mapping. Then I — S is demi-closed at zero

Lemma 1.4 ([I7]). Let {z,} and {y,} be bounded sequences in a Banach space
X and let {B,} be a sequence in [0, 1] with

0 < liminf 8, <limsup 3, < 1.
n—oo

n—oo

Suppose Tpi1 = (1 — Bn)yn + Buxn for all integers n > 0 and

lim sup([|gn+1 = Ynll = |2n41 = znl]) <0,

n—oo
Then limy,—c0 [|yn — zn|| = 0.
Lemma 1.5 ([21]). Assume that {a,} s a sequence of nonnegative real numbers
such that
ant1 < (1 —yp)an + 6n,

where {7y} is a sequence in (0,1) and {0,} is a sequence such that

(a) 2onty Yo = 003

(b) limsup,, . 6n /¥ <0 or > 07 | |6,] < oo.

Then lim,,_, a,, = 0.

2. MAIN RESULTS

Theorem 2.1. Let H be a real Hilbert space, C' a nonempty closed convex subset of
H and A: C — H a relazed (u,v)-cocoercive and L-Lipschitz continuous mapping.
Let f: C — C be a contraction with the coefficient a € (0,1) and T: C — C
a strict pseudocontraction with a fixed point. Define a mapping S: C — C by
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Sz =kx + (1 —k)Tx for each x € C. Assume that F = F(T)NVI(C,A) # 0. Let
{zn} be a sequence generated by the following algorithm: 1 € C' and

Zn = Wn&n + (1 — wy)Po(z, — t,Axy) ,
Tpy1 = n f(Tn) + BnTn + VYnYn, VYn2>1,

where {an}, {Bn}, {W}, {on} and {w,} are sequences in (0,1) and {t,} is a
positive sequence. Assume that the above control sequences satisfy the following
restrictions:

(a) an + Bn+ 0 =1, for cachn > 1;

(b) 0 < liminf,, o B, <limsup,, . Bn < 1;

(¢) limy, oo p =0, Zf:;l Qp = 005

(d) o<t<t, < 2(”2752“), where t is some constant, for each n > 1;
(€) limp—oo [tn — tnt1] =1

(f) limy,—00 6, =0 € (0,1), limy,— 0o wy, = w € (0,1).

Then the sequence {x,} converges strongly to & € F, where & = Prf(Z), which
solves the following variational inequality

(f() -2,z -2) <0, VzeF.

Proof. First, we show the mapping I —t,, A is nonexpansive for each n > 1. Indeed,
from the relaxed (u,v)-cocoercive and L-Lipschitz definition on A, we have

(I = tnA)z — (I — tn Ayl = [[(x — y) — tu(Az — Ay)[|®
= |lz —y|* — 2tn(z — y, Az — Ay) + £ | Az — Ay|?
<o = yl* = 2tn[—pll Az — Ayl + vz — y|1?] + £ | Az — Ayl
< o = yl? + 2tnpul? |z — yl|* — 2tnvl|z — yl|* + L6 |l — y|1?
= (14 2t, L% — 2t,v + L2tz — y|2
< = —yl?,

which implies the mapping I — ¢, A is nonexpansive for each n > 1.
Next, we show that the sequence {z,} is bounded. Fix p € F(T) N VI(C, A).
From Lemma we see that FI(T) = F(S). It follows that

zn = pll =llwn(@n —p) + (1 —wn)(Pe(I =t A)zn — p)||
Swnllzn = pll + (1 = wn)llzn —p
=[lzn —pll -
It follows that
[Yn = pll = 1160 (S2n — ) + (1 = n)2n — p)
< OnllSzn —pll + (1 = 6n)llzn — pll

< lwn —pl-
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This implies that
|11 = pll = llan(f(@n) = p) + Baln — p) +Yn¥n — D)l
< anl|f(@n) = pll + Bullzn — pll + Yallyn — pll
< anl f(zn) = FP) + anllp = f®)I + Bullzn — pll + ynllzn — pll
< aayllzn, = pll +anllp = f(P)| + (1 — an)llz, — p|
=[1—an(l = a)]lzn —pll + anlp = fO)]l
||p f )H}

< max { |l — pl,
By simple inductions, we have
o —pll < mas { ey —p, LI g g,
which gives that the sequence {z,} is bounded, so are {y,} and {z,}. Put p, =
Po(I —t,A)y,. It follows that
lpn = pnyill = 1Pc(I — tnA)zn — Po(l — thy1A)Tna ||
<N = thA)zn — (I — tnp1 A)Tnpa ||
= (I = thA)zn — (I = tnA)Tpt1 + (tnt1 — tn) AZn 11|
< 2w — agall + [tn1 — tol [[Azpqa |-

(2.1)

Note that
Zn = wpTy + (1 —wp)pn,
{Zn+1 = Wn+1Zn+1 + (1 = Wng1)pnt1 -
It follows that
Zn = Zn41 = Wn(Tn — Tng1) + (1= wn)(pn = Prt1) + (Pns1 — Tog1) (Wnt1 — wn)
which yields that

lzn = zns1ll L wnllzn — Togall + (1 = wn)llpn — prsall

(2.2) +lpns1 — Tngall Wiy — wal -
Substituting (2.1 into (2.2]), we see that
(2.3) 120 = 2n+1ll < lzn — Znga |l + (o1 — tal + |lwntr — wa| )M,

where M; is an appropriate constant such that
My = max { sup{|| Az ||}, sup{[lpn — 2} } -
n>1 n>1

On the other hand, we have
Yn = Ynt1 = 0n(STy — STry1) + (1= 6n)(2n — 2nt1) + (Zns1 — STry1) (Ong1 — 5n) )
which yields that
lyn = ynsill < nlln — "Tn+1H + (1= 80)ll2n — 2ng1|l
(2.4) + |2n+1 — STniall|dnr1 — Onl -
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Substituting (2.3)) into (2.4), we see that
(2.5) ||yn - yn+1|| < an — gl + ([t — 75n| + ‘Wn+1 - Wnl + |0nt1 — 0n|)Ma,
where M, is an appropriate constant such that

M,y = max{Ml,sgp{Hzn — Sz,||}}
n>1

Put ,, = % for each n > 1. That is, z,11 = (1 — 3,)l, + Bnwy, for each
n > 1. Now, we compute ||l,+1 — I,||. Observing that

an+1f('rn+1) + Yn+1Yn+1 _ anf(xn) + VYnYn

ln+1 —lp =

1- ﬂnJrl 1-— ﬂn
_ U1 f(Tng1) + (1 — Qg1 — Brg1)Yns1
1- ﬁn+1
Canf(n) + (1 —an—Ba)yn
10,
= T ) =) = 7 () = ) + v — o

we obtain that

Qp41 Qp
ln _ln gi n — Yn - n)— In n — Ynll>
s = tall € T2 @) = sl = 725 1) = ll g1 = il

which combines with (2.5 yields that
Qp41 Qp

T a2 Tn) — Yn

1- ﬁn-‘rl 1- ﬂn ”f( ) Y ”
+ Ynt1 = Ynll + ([tnt1 — tal + [wnt1 — wn| + [Gn+1 — 0n|) M.

It follows from the conditions (a), (b), (c), (e) and (f) that

llnt1 = lnll = |20 = Zpia ]l < 1 (@ns1) = ynall +

tm 5p(n 1~ lall = ons1 = ) < 0.
In view of Lemma[[.4] we obtain that lim, e ||l — 25 || = 0. It follows that
Tim [z — @l = lim (1= 8,)]lt, — 2. = 0.
Observing that
Tng1 — Tn = o (f(@0) — 2n) + V(Yo — Tn),
we have
(2.6) Tim [y — 2] = 0.
Note that Prf is a contraction. Indeed, for all z,y € C, we have

1Prf(x) = Prfy)l < [1f(z) = fW)ll < allz —yl.

Banach’s contraction mapping principle guarantees that Prf has a unique fixed
point, say & € C. That is, z = Prf(Z).
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Next, we show that

limsup(f(z) — z,z, — ) <0.

n—oo

To show it, we choose a subsequence {x,,} of {x,} such that

limsup( () — &, — &) = lim ((2) = 2,2, — ).

n—oo
Since {x,,} is bounded, we can choose a subsequence {xnj} of {z,,} converging

weakly to Z. We may without loss of generality assume that x,, — Z, where —

denotes the weak convergence. From the condition (d), we see that there exits a
2(v—L%p)

subsequence {t,,} of {t,} such that t,, — s € [t, =“75]. Next, we prove that
Z € F. Indeed, define a mapping Ry: C' — C by
Rix=wr+ (1 —-w)Pc(I—-sAx, Vzel.
From Lemma we see that Ry is nonexpansive with
F(R)=F({I)NF(Po(I —sA))=VI(C,A).
Now, we define another mapping Rs: C' — C by
Rox =0Sz+ (1 - 6)Rix, Vzel.
From Lemma [1.2] we also obtain that R is nonexpansive with
F(R)=F(S)NF(R)=F(T)NVI(C,A) =F.
Note that
|1R1%n, — 2n; || = lwzn, + (1 —w)Po(I — sA)xy, — 2n,
= ||lwen, + (1 —w)Pe(I — sA)xp, — [wn,Tn, + (1 —wp,)Po(I — tn, A)zy,]
< w = wn[(l2n, || + | Po(I — tn, A)an,[[)
+ (1 —w)||Pe(I —sA)zy, — Po(I —ty,A)xy,
(2.7) < |w = wn,|(|Zn; || + |Pc(I —tn, A)xn,||) + (1 — w)|s — tn,

In view of the condition (f), we obtain that lim; o ||R1Zn, — 2n,
other hand, we have

Az,
= 0. On the

|Ran; — Yn, |l = 110Szn, + (1 — 0)Rizn, — Yn,||
= |68z, + (1 — O)Rixn, — [0, STn, + (1 — 6n,)2n,]
<10 = On (IS, | + llzn, D) + (1 = O)[[Ran, — zn, || -
From the condition (f) and lim; . ||R1Zn, — 2n,|| = 0, we obtain that
(2.8) zlggc | R, — yn,;|| = 0.
Note that
|[Rozn, — Tn, || < [|Ro@n; — Ynill + |Yn; — @n,
Combining and , we see that
Zlirgo |Rexn, —zn,;|| =0.
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Note that z,, — Z. From Lemma we obtain that Z € F. It follows that

limsup{f(z) — z,z, — T) = _lim (f(x) —z,2p, —z) = lim (f(Z) — 2,7 — x) <O0.

n—oo 1— 00

Finally, we show that x,, — z as n — oco. Note that

[ Zns1 — j”Q = (anf(Tn) + BnZn + YnlYn — T, Tny1 — )
= an(f(zn) = T, Tng1 — ) + Bul@n — T, Tn41 — T)
+ VnlYn — 2, Tnt1 — T)
< an{f(zn) = (&), xnt1 — &) + an(f(Z) — T, Zpy1 — T)
+ Bullzn = 2l 2ns1 — 2l + yllyn — 2l 2n41 — 2]
< anallen = 2| [|ent — 2| + an(f(2) = 2, 2041 — 3)
+ Bllon — 2l #n1 — 2| + mllon — 2l 201 — 2|

1—a,(l-a) _ _ - -
<120l 2 a2 4 gt — 812) + an (D) —  Buss — 3)

|
)

1—an(l—a)

—~

IN

1
lzn = ZI* + S llents — 2l + an(f (@) = 2, 2041 — 7).
2

[\)

This implies that
lznt1 = Z[* < [1 = an(l = @)lllzn — Z|* + 200 (f(Z) - T, 2041 — T) -
In view of Lemma [1.5] we can conclude the desired conclusion easily. O

As corollaries of Theorem [2.1] we have the following results immediately.

Corollary 2.1. Let H be a real Hilbert space, C a nonempty closed convex subset of
H and A: C — H a relazed (u,v)-cocoercive and L-Lipschitz continuous mapping.
Let f: C — C be a contraction with the coefficient a € (0,1) and T: C — C a
nonexpansive mapping with a fized point. Assume that F = F(T)NVI(C, A) # 0.
Let {x,} be a sequence generated by the following algorithm: x1 € C' and

Zn = wpTy + (1 —wp)Po(x, — thAzy,) ,
Tpi1 = Qn f(Tn) + BnZn + Ynln, YN 2>1,

where {an}, {Bn}, {Wn}, {0n} and {wn} are sequences in (0,1) and {t,} is a
positive sequence. Assume that the above control sequences satisfy the following
restrictions:

(a) an+ Bn+vn =1, for cach n > 1;

(b) 0 <liminf, .o Bn < limsup,_,. On < 1;

(¢) limy ooy =0, D07 | @y = 00;

(d) 0<t<t,< 2('/2752“), where t is some constant, for each n > 1;

(e) limp— oo [t — tny1| =15

(f) limy—o0 0y =8 € (0,1), limy, 0o wy, = w € (0,1).
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Then the sequence {x,} converges strongly to & € F, where & = Prf(z), which
solves the following variational inequality

(f(z) -z, —2)<0, VzeF.

Corollary 2.2. Let H be a real Hilbert space, C' a nonempty closed convezr subset
of H and A : C — H a relaxed (u,v)-cocoercive and L-Lipschitz continuous
mapping. Let f: C — C be a contraction with the coefficient o € (0,1). Assume
that VI(C, A) # 0. Let {x,} be a sequence generated by the following algorithm:
z1 € C and

Yn = [6 + (1 - 5)&)].13»” + (1 - 6)(1 - LU)PC(J?n - tnAxn) P
Tpy1 = A f(Tn) + BnZn + YaYn, Yn>1,

where {a,}, {Bn} and {v,} are sequences in (0,1), § and w are two constant in
(0,1) and {t,} is a positive sequence. Assume that the above control sequences
satisfy the following restrictions:

(a) ap + Bn + v =1, for each n > 1;

(b) 0 <liminf, o Bn < limsup,_,. On < 1;

(¢) limy oo v, =0, ZZO 1 Qp = 00;

(d) 0<t<t, < M, where t is some constant, for each n > 1;

(e) lim, oo |t — n+1| =1;
Then the sequence {x,, } converges strongly tox € VI(C, A), where & = Py (¢, a)f(7),
which solves the following variational inequality

(f(z) -z, —2) <0, VxeVI(C,A).

Corollary 2.3. Let H be a real Hilbert space, C' a nonempty closed convex subset of
H and A: C — H a relazed (u,v)-cocoercive and L-Lipschitz continuous mapping.
Let f: C — C be a contraction with the coefficient a € (0,1) and T: C — C
a strict pseudocontraction with a fixed point. Define a mapping S: C — C by
Sz = kx + (1 — k)Tx for each x € C. Assume that F(T) # (. Let {x,} be a
sequence generated by the following algorithm: x1 € C and

Tn4+1 = anf(xn) + Bnn + nYn, Vn2>1,

where {an}, {Bn}, {1} and {0,} are sequences in (0,1). Assume that the above
control sequences satisfy the following restrictions:

(a) ap + Bn + v =1, for each n > 1;

(b) 0 < liminf, s By < limsup,,_, . ﬁn <1;

(¢) lim;, oo 0y, =0, Zn 1 Qp = 00;

(d) limy o0 6, =6 € (0,1).
Then the sequence {x,} converges strongly to € F(T), where & = Pp(r)f(%),
which solves the following variational inequality

(f(z)—z,2—2) <0, VzeFT).
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