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ON K-SEQUENCES

J6seEr BURzZYK, Katowice

(Received February 2, 1988)

1. We recall that a sequence {z,} in a topological group X is called a K-sequence
if for every subsequence {y,} of {z,} there are a subsequence {t,} of {yn} and t € X
such that

(see [1)).
K-sequences converge to zero. Sequences converging to zero in a complete metric
group are K-sequences.

In this note we prove

Theorem 1. Assume that X is a topological group, {F} is a nondecreasing
sequence of closed subsets of X such that

and assume that {z,} is a K-sequence in X. Then there exists an index kg such
that

;,;neFkO-q-{— Zwm:AC{l,...,ko}}

meA

for every n € N.

As consequences of Theorem 1 we get the following theorems.

Theorem 2. Assume that f,, for n € N and f are sequentially continuous non-
negative mappings defined on X such that the following conditions hold:



(a) fn forn €N are triangle mappings, i.e.
fn(-l' +y) < fn(x) + fn(?/) for z,y€eN;

(b) f(0)=0;
(¢) fal(z)— f(2) forevery z € X,
and assume that {x,} Is a K-sequence in X.

Then f,(zn) — 0 as n — oo.

Theorem 3. If X is a Fréchet topological group such that every sequence con-

verging to zero in X is a N-sequence, then X is of the second category.

We recall that X is a Fréchet topological group if for every subset A of X' and
for every element z which belongs to the closure A of A there is a sequence {z,} of
elements in A such that z,, — 2. In the case when X is a metric group, Theorem
3 was proved in [2]. Theorem 3 in the present form was proved in [3]. The proof
of Theorem 3 produced in this paper is simpler than the proof in [3] and suggests a
generalization of the theorem.

2. In this section we prove the theorems formulated in Section 1.

Proof of Theorem 1. Suppose that Theorem 1 does not hold. Then there
are a topological group X, a nondecreasing sequence {Fy} of closed subsets of X, a

K-sequence {z, } in X" and a subsequence {m,} of {n} such that
Topgy & I, + { - E T AC {1,.‘.,771,‘}}.
meA

Since {F}%} is a nondecreasing sequence of subsets of X and subsequences of I-
sequences are [-sequences, we may asswine that m, = n for n € N and

xy ¢ Gy = {0},
g1 @ Gngr = Fo + { - Z Ty AC {l,...,n}}.

meA

Since (i, for n € N are closed subsets of X, there are continuous pseudonorms py,
on X and numbers €, > 0 such that

(1) mf {pn(x” —z)iz € Gn} > &,

for n € N. As pi(x,) — 0, there is an index 7y such that p;(z, ) < 272, As
pa(zn) — 0, there is an index ry such that

pi(z,,) <273%; and  po(a,,) < 27 %,



By induction, we select a subsequence {r,} or {n} such that
(2) Pn(zr,) < 27" Mep

for n < m and m, n € N. Since {z,, } is a subsequence of the K-sequence {z,},
there are a subsequence {s,} of {r,} and z € X such that

(<)
E s, = .
n=1

Let ng be an index such that z € ano_l. We put

z=x— Z Ts, .

n<ng
Then
oo
z € G,,, and Ty, —z= E zs,
n=no+l1
for n € N. Hence, by (2), we get
Psn, (z’"o -2)< €sng>

which contradicts (1). This contradiction completes the proof. O

Remark 1. Under the assumptions of Theorem 1 there is an index k¢ such
that z, € F, — F,, and there are subsequence {y,} of {z,}, an index ko, a set
A C{l,...,ko} and a sequence {z,} in Fy, such that

yn:_zxm‘*'zn

meA

for n € N. If, moreover, F}. for £ € N are subgroups of X, then there is an index kg
such that «, € Fy, for n € N.

Proof of Theorem 2. Suppose that Theorem 2 does not hold. Then there
arec number € > 0 and a subsequence {m,} of {n} such that

(3) fma(@m,) > €

for n € N. Since f is continuous, f(0) = 0 and z, — 0, there is a subsequence {p,}
of {m,} such that

(4) > (=) + f(=2p,)) < e/3.

n=1



We put
(5) Fr={zeX:|fp.(z)— f(z)| <e/4 forn>k}.

We note that Fj, for k € N are closed subsets of .\,

(e8]
X=J R
k=1
and {z,,} 1s a N-sequence. llence, by Theorem 1, there is an index k¢ such that

.'L'pnEFku+{—Zl'Pn:AC{1""’k0}}

keA

for n € N. According to Remark 1, there is a subsequence {q,} of {p.}, a set
A CA{l,... ko} and a sequence {y,} in Fy, such that

(6) Ly = — Z Zp,, +Un

meA

for n € N. It follows fromn (a) that

Jon(@0) < Fou (= D ) + 1ou () = Flum)| + F(n),

meA

Since y, € I and for sufficiently large n we have ¢, > kg, in view of (5) we get

lfq,.(yn) - f(yn)l < 5/3

for sufficiently large n. Note that, by (6), (a), (c) and (4), we can write

Flun) < f(zg) + Y flap,) <e/3.

meA

Since A is a finite set, we infer from (c) and (2) that

for(= 3 ) < /3

meEA

for sufficiently large n. From the above estimates we get f, (x,,.) < € for sufliciently
large n, which contradicts (3). This contradiction prove the theorem. a

4



We precede the proof of Theorem 3 with two lemmas.

Lemma 1. If X is a Fréchet topological group, z;; € X fori, j €N and z;; — 0
as j — oo for i € N, then there are two subsequences {p;}, {qi} of {i} such that
Zp,q — 0.

Proof. We may assume that, under the assumptions of Lemma 1, there is a
sequence {z,} in X such that z, # 0 for every n € N and z, — 0. Otherwise the
lemma is trivially true. We see that z;; + £; — z; as j — oo for ¢ € N and z; # 0.
Therefore, there is a subsequence {m;} of {i} such that z;; # 0 for j > m; and i € N.
Assume that

A=A{zij:j = mii,j €N}

Then 0 ¢ A but 0 € cl A. Since X is a Fréchet topological group, there are two
sequences {r;} and {s;} of positive integers such that m; < s; fori € Nand z, 5, — 0.
We assert that r; — oco. Otherwise there would exist a constant subsequence {v;}
of {r;} such that v; = v for ¢ € N and z,,, — 0 but z,;,, — z, and =, # 0.
Consequently, 7; — oo and s; — co. Thus there is a subsequence {k;} of {7} such
that {r¢,} and {sk,} are subsequences of {i}. Assuming p; = r, and ¢; = s, for
1 € N we get the lemma. 0

Lemma 2. If X is a Fréchet topological group and {A,} is a nonincreasing se-
quence of dense subsets A, of X, then there is a sequence {z,} such that z,, € A,
forn € N and z, — 0.

Proof. Under the assumptions of Lemma 2, for every ¢ € N there is a sequence
{zij} such that z;; € A; for j € N and 2;; — 0 as j — oo for i € N. By Lemma 1,
there are two subsequences {p;} and {q;} of {i} such that z,,, — 0. Moreover, we
have z, ., € A, C A; fori € N. Puting z; = z,,,, for 7 € N we get the assertion.

O

Proof of Theorem 3. Suppose that X is a Fréchet topological group in
which null sequences are K-sequences and X is not of the second category. Then
there arc closed subsets F) of X such that int F}, = @ for £ € N and

To get a contradiction we construct a matrix {z;;} such that

(1) zjj —0asj—o0 for ieN



and

’
(i) zi; € [Fj+ { = > zan AC{(k D ISk g1<j}}]
(m,n)eA
fori =2,3,...and j € N. Let {z;;} be a sequence in .X such that z;; — 0. Suppose
that the first (n — 1) rows of the matrix have been constructed in such a way that
(1) and (ii) hold. Assume that

Fnj:Fj-i-{— Z Ton: AC{(k,1): 1 <k <, 1<1<j}}
(mmn)eA
for j € N. Then F,; for n, j € N are closed subsets of X, int Fj; = 0 and Fp; C
Fy j+1. Consequently, the components Fy; are open dense subsets of .X' and F'. D

njy
Fy i41 for j € N. Thus, by Lemma 2, there a sequence {zn;} such that

znj € Iy forjEN and z,; —0as j — oco.

Consequently, (i) and (ii) hold for i = n. Hence, by induction, the existence of a
matrix {z;;} such that (i) and (ii) hold follows. By Lemma I, there are subsequences
{pi} and {q;} of {i} such that z, 4 — 0.

It follows from (i) that

/
Zp.q & Fy +{— Zzpm:/l C {1,...,i}}
keA
for i € N. On the other hand, {zp,,,} is a K-sequence. Hence, by Theorem 1, there
exists an index ig such that

Zpiq, EEU+{_Zkaqk:AC{1,...,i0}}

keA
for i € N. This obvious contradiction completes the proof of Theorem 3. i}

Remark 2. Observe that we can modify the proof of Theorem 3 in such a way
that the elements of {z;;} are in a given dense subset GG of X. Therefore the assertion
of Theorem 3 is valid whenever there exists a dense subset (& of a Fréchet topological
group X such that null sequences in (¢ are IK-sequences in ..
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