Czechoslovak Mathematical Journal

Ivan Chajda; M. Kotrle
Subdirectly irreducible and congruence distributive g-lattices

Czechoslovak Mathematical Journal, Vol. 43 (1993), No. 4, 635-642

Persistent URL: http://dml.cz/dmlcz/128438

Terms of use:

© Institute of Mathematics AS CR, 1993

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/128438
http://dml.cz

Czechoslovak Mathematical Journal, 43 (118) 1993, Praha
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I. CHAIDA, M. KOTRLE, Olomouc

(Received February 13, 1992)

By a g-lattice (see [3]) we mean an algebra A = (A;V, A) with two binary opera-
tions satisfying the following identities:

(associativity): avV(bVe)=(aVvbd) Ve, aA(bAc)=(aAb)Ac,
(commutativity): avb=>bVa, aANb=DbAa,
(weak absorption): aV(aAb)=aVa, aA(aVvbd)=aAa,
(weak idempotence): aV (bVbd)=aVb, aAN(bAb)=aAb,
(equalization): aVa=aAa.

A g¢-lattice A is called distributive if it satisfies the distributive identity
aV(bAc)=(aVb)A(aVe)

for each a, b, ¢ from A. A g-lattice A is bounded if there exist elements 0 and 1 of A
such that

aN0=0 and avli=1

for each a € A.

An element a of a g-lattice A is called an idempotent if a Va = a (and, by
equalization, also a A a = a). The set of all idempotents of A is called the skeleton
of A. It is clear that the skeleton of A is a sub-g-lattice of A which is the maximal
sublattice contained in A.

A non-singleton subset C of a g-lattice A is called a cell of A if a,b € C implies
aVa=>bVband C is a maximal subset of A with respect to this property.

Evidently, a g-lattice A is a lattice if and only if it has no cell, i.e. if A is equal to
its skeleton. Every cell C of A has just one idempotent.
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Evidently, every cell D of a g-lattice A is a sub-g-lattice of A. If A is a cell, then
the skeleton of A is a singleton.

Distributive and/or bounded g-lattices were investigated in [4]. Let us notice that
the distributive identity is equivalent to its dual; on the other hand, the foregoing
identities for 0 and 1 do not imply a V0 = a and 1 A a = a but only the weaker laws
aVO0=aVaandaAl=aAa.

By the foregoing definitions, the class of all distributive g-lattices as well as the
class of all bounded distributive lattices form varieties. Therefore, it makes sense
to look for SI-members of these varieties. Although g-lattices look rather similar
to lattices, these varieties have another number of SI-members than the variety of
(bounded) distributive lattices.

Theorem 1. The variety D of all distributive g-lattices has exactly two non-trivial
SI-members, namely those visualized in Fig. 1 as B and C.

o>

B C
Fig. 1

Before proceeding to proof, let us remark that every g-lattice A = (A;V,A) can
be viewed as a quasiordered set (A4;Q), where the quasiorder Q on A is induced by
V (or A) as follows (see e.g. [3], [4]):

(a,b)eQ iffavb=bvb

(or, equivalently, (a,b) € Q iff a Ab = a A a). Henceforth, we can visualize this
quasiorder Q in the diagrams of g-lattices by oriented arrows; i.e. (a,b) € Q iff there
exists an oriented path from a to b consisting of arrows.

Proof of Theorem 1. Since both B and C are two-element g-lattices, they
are subdirectly irreducible. Hence it remains to prove that any other non-trivial
distributive g-lattice A different from B, C is subdirectly reducible.

(i) If A has no cell, then A is a lattice. In the case of A # B, A is subdirectly
reducible by [2].

(ii) Let D be a cell of A.

(a) Let A contain an element a ¢ D. Denote by d the idempotent of D and

A= A— (D - {d)).
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Then A; and D are sub-gq-lattices of A and card A; > 1, card D > 1. Introduce a
mapping a: A — A; x D by the rule

a(z) = (z,d) forz e A— (D - {d}),
a(z) = (d,z) forz € D.

It is clear that « is an injection and prya(A) = Ay, prya(A) = D. Prove that a is a
homomorphism:
ifz € Ay, y € D, then

a(zVy) =a(zVvd) = (zVdd)),
a(z) Va(y) = (z,d) V{d,y) = (zVd,d);
if 2,y € Ay, then
a(zVy) =(zVy,d) = (z,d) V(y,d) = a(z) V a(y);
if z,y € D, then
a(zVy) = a(d) = (d,d) = (d,z) V (d,y) = a(z) V a(y).

Dually this can be shown for the meet. Hence A is subdirectly reducible.
(b) Suppose A = D. If A # C, there exist elements a,b of D such that
a#b#d#a Put Ay = A— {b} and Ay = {d,b}. Thus card 4; > 1, card 4; > 1.

Introduce a mapping a: A — A; x A, as follows:
a(z) = (z,d) for z € Ay,
a(z) = (d,z) for z € A,.

Evidently, a is an injection and pr;a(A) = Ay, proa(A) = Az. Prove that a is a
homomorphism:
ifx € Ay, y € Ay, then

a(zVy) = a(d) = (d,d),
a(z) Va(y) = (z,d) vV (d,y) = (d,d);
if z,y € A;, then
a(zVy) = a(d) = (d,d) = (z,d) V (y,d) = a(z) V a(y);
if 2,y € Ay then
a(z Vy) = a(d) = (d,d) = (d, 2) V (d, y) = a(2) V a(y).
Dually this can be done for A, i.e. A is a subdirect product of A;, A,. a
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Theorem 2. The class of all bounded distributive g-lattices with 0 # 1 has exactly
three nontrivial SI-members, namely B (in Fig.1), Cy, Cs (in Fig.2).

1 b 1
C[ C2
0 0 ¢
Fig.2

Proof. As was already mentioned, B is subdirectly irreducible. Since the
lattices of congruences not collapsing 0 and 1 of C}, C; are three-element chains, see
Fig. 3, also Cy, C5 are subdirectly irreducible in this class.

L ¢
ConCy = 96(1,b) 0(0,c)9 = ConCy
w w
Fig.3

We have to prove that if A is a bounded distributive g-lattice different from B,
Ci, C; then A is subdirectly reducible in this class.

(A) If A has no cell than this was done by G. Birkhoff in [2].

(B) If A has at least two cells, say Dy, D, then clearly Dy N D; = 0. Put

01 =D x D Uuw, Oy =Dy x Dy Uw

where w denotes the identity relation on A. It can be easily shown that ©,, O,
are congruences on A and ©; N Oy = w; thus, by the Birkhoff Theorem [2], A4 is
subdirectly reducible.
(C) 1t remains to deal with the case when A has just one cell D.
(1) Suppose that the skeleton of A contains just two elements, namely 0 and
1. Let 0 € D. Since A is not isomorphic with C5, it means that D contains at least
two non-idempotent elements a, b, i.e. a # 0 # b # a. We can put

A1:{0,l,a}, Ag:A—{(l}.

It is easy to see that both A;, A, are bounded distributive g-lattices (imoreover,
Ay ~ Cs). Define a: A — A, x A, as follows:

a(0) =(0,0), o(l)=(1,1),
a(a) = (a,0);
a(z) =(0,z) forz € D, z # a.
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We can see that « is an injection and prya(A) = Ay, proa(A) = Az. It remains to
prove that « is a homomorphism. It is almost evident in the case z,y € A; that
a(zVy) = a(2) Va(y) and a(z A y) = «(z) A a(y), and analogously for z,y € A,.
Suppose z € A} — Ay, y € Ay — A;. Then z=aand y € D, y # a, y # 0. We have

a(2) V a(y) = a(a) V a(y) = (a¢,0) vV (0,z) = (0,0),
a(zVy) = a(0) =(0,0) and
a(z) A a(y) = (a,0) A (0,z) = (0,0) = a(0) = a2 A y).

Consequently, A is isomorphic to a subdirect product of A;, As.

(ii) If the skeleton of A contains just two elements (0 and 1) and 1 € D, where
D is the unique cell of A, the proof is dual to that of (i).

(iii) Let the skeleton of A have more than two elements. We have three cases:

(a) Suppose there exists an idempotent d € A with 0 #d # 1 and d € D.
Put

Ay = {z;(z,d) € Q} and A; = {z;(d,z) € Q}

for the induced quasiorder Q. Define a: A — A; x A, as follows:

a(z) =(zAd,zVvd) forz ¢ D and
a(z) = (z,z) forz € D.

Since z € D is an idempotent of A (because A has just one cell D), it is easy to
verify that « is an injective homomorphism satisfying pr,a(A) = Ay, prya(A) = As,
thus A is isomorphic to a subdirect product of Ay, A,.

(b) Suppose there exists an idempotent d € A with 0 #d # 1 and 0 € D.
Put

Ay = {z;(z,d) €Q}, A:2={z;(d,z) €Q}
and introduce a mapping a: A — A; x A; by

a(z)=(zAd,zVd) for z ¢ D,
a(z) = (z,d) forz € D.

We can easily verify that « is an injective homomorphism with pr;a(A) = A; (i =
1,2), thus A is a subdirect product of A, A,.

(c) The last case withd € A, 0# d # 1, 1 € D is dual to (b), only « is
defined for z € D by a(z) = (d, z). O
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Corollary. Every non-trivial distributive g-lattice A is a subdirect product of q-
lattices B and C. Every bounded distributive g-lattice A with 0 # 1 is a subdirect
product of q-lattices B, Cy, C,.

It is well-known than for any lattice L, the congruence lattice Con L is distributive,
see e.g. [1]. We can ask if a similar result is also valid for ¢-lattices. It is easy to
show that the answer is negative in the general case. More precisely, we can state

Lemma. Let C be a g-lattice which is a cell. Then ConC ~ II,,, where n = card C
and II,, is the partition lattice of the set of cardinality n.

The proof is trivial since every equivalence on C' is a congruence.

Theorem 3. Let A be a q-lattice which has just one n-element cell C, let S be
the skeleton of A. Then Con A ~1I,, x Con S.

Proof. (a)lf©; € ConS and ©; € ConC ~ II,, and d is the only idempotent
of C (i.e. {d} = SN C), then clearly

0, U0B, U {[d]e, U[d]e,}* € Con A.
(b) If©® € Con 4, put ©1 =ONS2, 0, =0NC2

Evidently, © = ©, U, U {[d]e, U [d]e,}?. Hence each © € Con A4 is of the above
mentioned form, i.e. it is uniquely determined by some ©; € Con S and ©, € Con C,

i.e. the mapping
h: @ - <92,@1)

is a bijection of Con A onto II, x Con S. It is easy to show that & is an isomorphism.

O

Theorem 4. For a g-lattice A, the congruence lattice Con A is distributive if and
only if A contains at most one cell with at most 2 elements. Con A is modular if and
only if A contains at most one cell with at most 3 elements.

Proof. If A has no cell, then A is a lattice and Con A4 is distributive, see [1].

If A contains just one n-element cell then, by Theorem 3, Con A ~ II,, x Con S,
where S is the skeleton of A. However, II,, is distributive if and only if n < 2, II,, 1s
modular if and only if n < 3 (see e.g. Ex.5 of Par.9, Ch.1V in [1]). Since Con S is
distributive, we arrive at the statement.
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On the contrary, suppose A has at least two cells C;, Cy. Let a; be an idempotent
of C; and b, € Cy, by # ai, by € Cy, by # a2. Then clearly (a;,a;2) = (by Vb2) V
(b1 V ba), ie.

©(a1,az) C O(by,b3).
But (bl,bz) ¢ G(al,ag), i.e. e(al, (12) # e(bl,bz).
(1) If a1 < a then the congruences

e(al,bl), G(al,ag), e(bl,bg), G(al,bl)AG(al,ag), O(al,b,)ve(bl,bg)

form a sublattice of Con A isomorphic to N, see Figs.4 and 5.

O(a1,a2)

O(al,bl)

Fig. 4

G(al , bl) \ 9(b1 s bz)

O(by1,b2)
e(al ) bl)
O(al,ag)
6(01 R bl) A (-)(a1 s az)
Fig.5

(1) If ay || a2, then the congruences

O(ay,a; A az), O(ay,az), O(by,bs),
¥ =0(b,a; A az) VvV O(b2,a;, V asz),
<I> = 1/) \ G(bl, bz)
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form a sublattice of Con A isomorphic with N5 again, see Figs.6 and 7. a

\I’:9(b1,a1/\(12)ve(b2,alvag) 0]
Fig.6
d
O(b1,52)
v
O(a1,a,)

9(01 , A1 A (12)
Fig.7
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