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Affine completeness of universal algebras and, in particular, of lattices, was inves-
tigated by several authors (cf. [2]-[9]).

A variety is called affine complete if each of its algebras is affine complete. An
important example of an affine complete variety is the variety of Boolean algebras
[3]; this result was extended in [5] and [6].

In [4] it was proved that a bounded distributive lattice is affine complete if and
only if it does not contain an interval which is a Boolean lattice with more than one
element. A generalization of this result was established in [7].

In the present paper we show that if G is an abelian lattice ordered group which
can be expressed as a direct product G = A x B with A # {0} # B, then G is not
affine complete.

By means of this result we prove the following theorem:

(A). Let G be a complete lattice ordered group. Then the following conditions
are equivalent:

(i) G is affine complete.

(i) G = {0}.

The question whether the conditions (i) and (ii) are equivalent for each lattice
ordered group remains open.

We shall apply the following notation. For a universal algebra A we denote by
Con A the set of all congruences of A. Let P(A) be the set of all polynomials that
can be constructed by using the symbols of basic operations of A, constants a, b,c, . ..
which are elements of A and a finite number of variables z,y, .. ..
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Let n be a positive integer and let f: A — A be a mapping. f is called
compatible with Con A if, whenever © € Con A, a;,b; € A, a; O b;fori =1,2,...,n,
then f(ay,as2,...,a,) O f(b1,ba,...,by).

The algebra A is said to be affine complete if each mapping f: A™ — A which is
compatible with Con A belongs to P(A).

1. AUXILIARY RESULTS

For lattice ordered groups we apply the standard terminology and notation (cf. e.g.,
Conrad [1]). The group operation in a lattice ordered group will be written additively.
Let G be a lattice ordered group. The underlying lattice will be denoted by G.
Then
(a) G is a distributive lattice;
(b) if G # {0}, then G has neither the greatest element nor the least element;
(c) for each z,y,z € G the relations
z+ynz)=(@+y)A(z+2), WA2)+z=(y+z)A(z+2),
z+@yvz)=(+y)V(z+z), (YVvz)+z=@w+z)V(z+2a)
are valid.

From (a) and (b) we obtain by the obvious induction steps:

1.1. Lemma. Let p(z) € P(G). Then there are nonempty finite sets I and J(7)
(¢ € I) such that p(x) can be expressed in the form

/\ \/ a;+a?j+...+a?j(i’j)),

i€l jeJ(i)

where for eachi € I, j € J(i) and k € {1,2,...,n(i,j)} we have either a . € G or

k
a;; =z.

1.2. Corollary. Let p(z) € P(G) and assume that G is abelian. Then p(z) can
be expressed in the form

=\ V (@ +ny2),

i€l jeJ(i)
where all n;; are integers and a;; € G.

1.3. Lemma. Let p(z) and G be as in 1.2. Suppose that p(z) fails to be
a constant (i.e., there are x;,x2 € G such that p(x;) # p(z2). Then there are
zy € G, 1(0) € I and j(0) € J;(0) such that

p(x1) = ai(0)j(0) + Ni(0)j(0)T1-
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Proof. We have G # {0}. Hence according to (b) there is z; € G such that
x1 > 0 and
r) > Z Z |aij|.
i€l jeJ(i)

For ¢ € I we denote

Ci(.’I}) = \/ (ai]‘ +n¢jx).

jeJ()
Let j(1),7(2) € J(i), 7(1) # §(2). If nyj1) = nij(2), then
(aija) + nij)@) V (aij2) + nije)®) = (ai50) V aijz)) + nij) -

Hence without loss of generality we can suppose that mn;;n) # nij2) whenever

3(1),5(2) € J(3), 5(1) # 5 (2)-
Let j(1) and j(2) be distinct elements of J(i). Suppose that n;;;1) < n;j(2). Then

(aij2) + nij2) 1) — (@) + nijy1) =

= (nij(2) - nij(1))$1 + (aij(z) - aij(l)) Zz + (aij(2) - aij(l))'

We have
~lasj2) = @i < @ije) = aii0) < laie) = aio)l,
laij2) — aij| < laje)] +lagel < 2.
Thus
z1 + (aij(2) — aij(1)) > 0.
Hence

(asj2) + nij)@1) V (asja) + nij) 1) = aijz) + Nij2) 1

This yields that there is j(i) € J(¢) such that
ci(x1) = agj(iy + nijiy T

Therefore

p(z1) = /\ (aij0) + nijy o).
i€l

Now, by an analogous method as we did above we obtain that there is (0) € I such
that

p(T1) = ai(0),j(i(0)) + Mi(0),5(i(0))T1-
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1.3.1. Remark. From the consideration applied in the proof of 1.3 we infer
that if z; is as in 1.3 and 2} € G, 2} > z1, then
p(z1) = ai(0)j(0) + Mi(0);(0) 71

(i-e., the indices remain the same as in 1.3).
If G = A x B and g € G, then the component of g in A will be denoted by g(A).
Thus g(A) = g for each g € A, and g(A) = 0 for each g € B.

1.4. Lemma. LetG = AxB, f(z) = z(A) foreachx € G. Then f is compatible
with Con G.

Proof. Let © € ConG. There exists an ¢-ideal H of G such that for any
g1, 92 € Ga
91992 g1 —g2€H.

Let u,v € G, v © v. Hence u — v € H and thus [u —v| € H. We have
f(lu =) =[f(w) - f(v)l,
fllu =) < |u -],
and so f(Ju —v|) € H, yielding f(u) © f(v). O

1.5. Lemma. Let G and f be as in 1.4. Suppose that G is abelian and that
A # {0} # B. Then f ¢ P(G).

Proof. By way of contradiction, suppose that f € P(G). It is obvious that
f(z) satisfies the assumption from 1.3 (we put p = f). Since A # {0} # B there
exist 0 < a € Aand 0 < b € B. In view of 1.3.1, the element z; in 1.3 can be
replaced by z, = z; Va Vv b. Thus for ; = z; VaV b we have

f(z}) = a + nz,

where a = a;(0);(0) and n = n;(g);(0)-
Put 2} (A) = 24 and 2} (B) = 2B. Hence

f@)) = fat + %) = f(=) + f(aP) = 2?,
f(@)) =a+n(@* +28) = a4+ na? + na®.

At the same time, taking 2z instead of ] we get (cf. 2.3.1)
f2zh) =224, f(22)) = a + 2na” + 2na®.

Hence

24 = nz? + na:B,
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yielding that
(1 —n)z? = nabB.

Since (1—n)z” € A,nz? € B and ANB = {0} we obtain that (1-n)z” = nz? = 0.
Since
4 >a>0, zB>b>0,

we have arrived at a contradiction. O

2. PROOF OF (A)
2.1. Proposition. Let G be an abelian lattice ordered group, G = A x B,
A # {0} # B. Then G is not affine complete.
Proof. Thisis a consequence of 1.4 and 1.5. O

For a subset X of a lattice ordered group G we put
X4 ={yeG:|yA|z|=0 foreach z€ X}.
If G = {g}% x {g}® for each g € G, then G is said to be projectable.
2.2. Proposition. Let G be a projectable lattice ordered group. Assume that

G Is abelian and that it is not linearly ordered. Then G is not affine complete.

Proof. There exist incomparable elements a, b in G. Put
a;=a—(aAb), bp=b-(aAbd).

Then 0 < a;, 0 < b; and a; Ab; = 0. Denote A = {a;1}%, B = {a;}°. We have
a; € A, by € B. Since G is projectable, G = A x B. Now it suffices to apply 2.1.
a

It is well-known that each complete lattice ordered group is abelian and pro-
jectable. Hence we have

2.3. Corollary. Let G be a complete lattice ordered group which is not linearly
ordered. Then G is not affine complete.

We denote by R and Z the additive group of all reals or of all integers, respectively.
Both R and Z are linearly ordered in the usual way.

We define a mapping f1: Z — Z as follows: for z € Z we put fi(z) = 1if z is
even and fi(z) = 2 if z is odd. Next, we define fy: R — R such that f2(t) = fi(t)
if t € Z and f,(t) = 0 otherwise. Since both the lattice ordered groups Z and R are
simple (i.e., they have no non-trivial ¢-ideal) we obtain
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2.4. Lemma. f; is compatible with Con Z and f, is compatible with Con R.

2.5. Lemma. Let f; and f; be as above. Then f; ¢ P(Z) and f, ¢ P(R).

Proof. By way of contradiction, suppose that f; € P(Z). Thus according to
1.3 and 1.3.1 there are x1,a,n € Z such that

fl(il,‘l) =a+ nr,
filzy +2)=a+n(z; +2).

In wiew of the definition of f; we have fi(z1) = fi(21 + 2), whence n = 0 and thus
fi(z1) = a. By applying 1.3.1 again we obtain

filzi+1)=a

and hence fi(z1) = fi(z1 + 1), which is a contradiction. Therefore f; ¢ P(Z). This
implies that f, ¢ P(R). O

Now, 2.4 and 2.5 yield

2.6. Corollary. Neither Z nor R is affine complete.

Proof of (A). Let G be a complete lattice ordered group. Let (i) and (ii)
be as in (A). Clearly (ii) = (i). Suppose that (i) is valid. In view of 2.3, G must be
linearly ordered. Hence G is isomorphic to some of the lattice ordered groups {0},
Z or R. Therefore according to 2.6 we obtain that (ii) holds. O
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