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CHROMATIC N U M B E R S 
OF THE STRONG P R O D U C T OF ODD CYCLES 

J A N E Z Ž E R O V N I K 

(Communicated by Martin Škoviera ) 

ABSTRACT. The prob lem of determining the chromatic numbers of the strong 
product of cycles is considered. A construction is given proving x(O ) = 2 P + 1 
for the strong product of p odd cycles of lengths at least 2P + 1. Several con
sequences are discussed. In particu lar, it is proved t h a t the strong product of p 
factors has chromatic number at most 2P + 1 provided t h a t each factor admits a 
homomorphism to a sufficiently long odd cycle Crn. , mi > 2P + 1. 

1. Introduct ion 

The strong product of graphs G and H is the graph G Kl H with vertex set 
Y(G) x V(H). The vertices (x1,x2) and (y1,y2) are connected by an edge of 
E(GMH) whenever (x1y1 G E(G) & x2 = y2) or (x2y2 G E(H) k xx=yA) 
or (x1yi G E(G) & x2y2 G E(H)). For the product of p factors G 1 ? G ' 2 , . . . , Gp 

v 
we use the notation lEl Gi = Gx H3 G2 M • • • t3 G p . The strong product is one 

of the standard graph products ([10]). The edge set of the strong product of 
twro factors can be seen as the union of the edge sets of the Cartesian and the 
direct product. The direct edges are the edges which connect vertices with both 
coordinates different and the Cartesian edges connect pairs of vertices with one 
coordinate equal. In a product of more than two factors, one can define pure 
direct product edges (all coordinates different), pure Cartesian edges (all but one 
coordinate equal), and mixed edges. Perhaps the most popular application of 
the strong product of graphs is in the information theory, where the zero error 
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capacity of a noisy channel is defined in terms of independence numbers of strong 
products of the graph related to the channel ([11], [8]). More on graph products 
can be found in [4]. 

A proper fc -coloring of vertices of a graph G is a function / from V(G) onto 
a set (of colors) X , \X\ = fc, such that xy G E(G) implies f(x) 7-- f(y). The 
smallest number fc for which a proper fc-coloring exists is the chromatic number 
of G, x(G). A clique of a graph is its maximal complete subgraph. The clique 
number u(G) of a graph G is the number of vertices in its largest clique. 

A homomorphism from a graph G to a graph H is a function / from V(G) 
to V(H) such that f(u) and f(v) are adjacent vertices of H whenever u and 
v are adjacent vertices of G. It is well known that a homomorphism G —> Kk 

is just a proper fc-coloring of G. 

The chromatic numbers of strong products of even cycles are easy to deter
mine. The problem is incomparably more difficult for cycles of odd length. For 
product of two odd cycles a formula for the chromatic numbers was derhed 
by V e s z t e r g o m b i [13] and by H e l l and R o b e r t s [2]. In the survey [7] 
K l a v z a r posed the problem considered here: Determine the chromatic number 
of the strong product of several odd cycles, in particular for three factors. 

In this paper we give a construction which proves x(G) = 2P + 1 for a product 
of p odd cycles of lengths at least 2P + 1, which implies: 

v 
THEOREM 1. If G = IE1 Cm. is the strong product of p odd cycles and the 

i=i t 

shortest cycle is of length at least 2P + 1. then x(G) < 2P + 1 . 

For arbitrary graphs Gx and G2 it is known that x(G±^G2) < x(Gl)x(G2) • 
If x(Gx) = u(Gx) and x(G2) = C J ( G 2 ) , then clearly we have x(Gx ISI G2) = 
\(Gl)x(G2). There are examples including products of odd cycles where 
X(G1^G2)<x(G1)x(G2). 

It is well known that the existence of a homomorphism from G to H implies 
that the chromatic number of H is an upper bound for the chromatic num
ber of G. Since homomorphisms in factors clearly give a homomorphism in a 
product, we have: 

COROLLARY 1. If there are homomorphisms from Gi to odd cycles Cm , mi > 

2^ + 1, then x(& G\ < 2P + 1. 

Remark 1. The factoring of a graph with respect to the strong product can 
be done in polynomial time ([1]), but the problem of IJ-coloring is NP-hard 
unless H is bipartite ([3]). (A graph G is said to be H-colorable if there is 
a homomorphism from G to If.) Therefore the theorem does not give rise to 
an efficient algorithm. However, the theorem might be useful in some special 
cases. For example, the graph on Fig. 1 clearly admits a homomorphism to the 
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5-cycle. Hence the strong product of two such graphs has chromatic number 5 
by Theorem 1. 

F I G U R E 1 . The conference graph (proposed to be called the Schwenk graph) of 
the conference Kalamazoo 2000, where a talk with this result was given. 

The rest of the paper is organized as follows. In the next section we give the 
basic construction and in the following section we prove the main theorem. In 
Section 4 we overview the known results for the product of three cycles. 

2. The construction 

We will define a labeling of the vertices of the product of p cycles of length 
2P + 1. 

Assuming that the vertices of the cycles are assigned numbers 0 , 1 , . . . , 2P as 
usual, each vertex of the product has its given coordinates. By definition, two 
vertices are connected by a Cartesian edge when they differ by 1 (modulo 2P + 1) 
in exactly one coordinate and have all other coordinates equal. Furthermore, 
two vertices are connected by a direct edge if they differ by 1 in all coordinates. 
Recall that there are also some other mixed edges in the product of more than 
two factors. 

Define the label of a vertex v = (vx, v2,..., v ) E MPC2P+1 as 

L(v)= l Y^v^-1) mod(2p + l) 
i=l 

Clearly, the label of origin is 0. Furthermore, the difference between labels of 
twro adjacent vertices in the ith layer is exactly 2l~l. (A layer is a subgraph of 

381 



JANEZ ZEROVNIK 

a product with p—1 coordinates fixed.) Labels along a walk from origin around 
the cycle in the zth layer form the sequence . . . , 0 ,22 _ 1 , 2 • 2l~l,... . Hence each 
label appears exactly once on each layer because 2l and 2P + 1 are relatively 
prime for all i. 

This construction is a generalization of the well-known construction of a five-
coloring of the strong product of twTo five cycles, perhaps first given in [13]. 
Analogous construction was used by J h a to prove theorems on smallest inde
pendent dominating sets in the direct product ([5]). 

3. Proof of Theorem 1 

Clearly, more than 2P colors are needed for a proper coloring of a strong 
product of p odd cycles of lengths at least 2V + 1. A direct argument is as 
follows. Assume there is a proper coloring with 2P colors. There are complete 
subgraphs on 2P vertices in the product. Take any such subgraph. For coloring 
it, 2P colors are needed. Now try to extend this coloring along one of the factors, 
hence try to color a subgraph isomorphic to Cr

2P+1 IE (^P~1K2). For each new 
layer one has to use the same set of colors which were already used two layers 
backwards. This clearly leads to contradiction, because we cannot properly color 
the last layer. 

We now show that 2P + 1 colors are sufficient for coloring a strong product 
of p odd cycles provided the cycles are long enough. First we prove: 

LEMMA 1. If G = MPC2P+1 is the strong product of p odd cycles of length 
2P + 1, then X(G) = 2P + 1. 

P r o o f . Assume the factors are cycles of length 2P + 1. By the claim above, 
X > 2P. We prove x < 2P + 1 using the construction which has been given in the 
previous section. Let labels be colors. We claim that this is a proper coloring. 

The coordinates of any two neighbours in the strong product can differ in 
any number of coordinates, but the coordinates can differ only by 1, 0 or — 1 . 
Hence the labels of two neighbours can differ by 

a02° + ax2
x + a 2 2 2 + • • • + a ^ ^ ' 1 mod {2P + 1) 

with ai G { —1,0,1}. The sum is obviously bounded by — 2P and 2P. Further
more, it is straightforward that the sum equals 0 if and only if all o^'s are 0. 
Hence, no pair of neighbours has the same color, the assignment is a proper 
coloring, which completes the proof. • 
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Using the last lemma it is easy to prove the theorem. In a product of p odd 
cycles of lengths at least 2P + 1, one can inductively extend the construction 
by inserting two consecutive layers and repeating the coloring pattern of the 
neighbouring layers. We omit straightforward details. 

4. Chromatic numbers of strong produc t of three cycles 

It may be interesting to note that even in the case of three factors, there are 
still some cases for which the chromatic number is not known. The products 
with unknown chromatic numbers are given in the table below. 

Recently, an exact formula for the special case when two cycles are of length 
5 was given ([6; Theorem 9]): For k > 2, x(C 5 B C 5 ^ C2k+1) = 10 + [ f ] 
and some bounds were obtained for the general case. Some of the bounds follow 
from independence numbers given in [12]. The bound x(C7 l3C9E3C9) < 11 was 
obtained by a successful coloring ([15]) with generalized P e t f o r d W e l s h 
algorithm ([9], [14]). 

We know that the "infinite" families with unknown chromatic numbers are 
in fact finite, but we do not know how large they are. The author has a proof 
of this assertion which is long and tedious. Since it does not give a good upper 
bound on the families, it is omitted here. 

B O U N D S FOR CHROMATIC NUMBERS. 

lower bound cycle lengths upper bound 

11 5 7 7 12 

11 5 7 9 12 

11 5 9 9 12 

10 7 7 7 12 

10 7 7 9 12 

10 7 7 11,13, . . . 11 

10 7 9 9 11 

10 7 9 1 1 , 1 3 , . . . 11 
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