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SIGNED STATES ON A LOGIC

ANATOLI] DVURECENSKIJ

In the paper the notion of signed state on a logic will be studied. The
decomposition of signed states as a difference of two positive signed states on
a modular logic of finite rank will be shown. Finally, the important case of signed
states on a logic L (H) of all closed subspaces of a separable Hilbert space H of
dimension at least 3 will be solved; it deals with a generalization of the known
Gleason theorem. This paper is based on a dissertation [2].

1. Signed states on a logic

Let L be a 0 — lattice with the first and the last elements 0 and 1, respectively,

and an orthocomplementation L: a—a*, a, a* € L, which satisfies
(i) (@a*)*=aforallaeL;

(ii) ifa<b,thendb*<a*; ' (1)

(iiil) ava*=1forallaelL.
We further assume thatif a,beL anda<b, thenb=av(a*Ab). A 0 — lattice L
satisfying the above axioms will be called a logic ([5]).

Let L be a logic. We say that a, b € L are orthogonal and write a Lb if a<b*.
An observable is a map x from the Borel sets B(R,) of R, into a logic L, which

satisfies (i) x(R,)=1; (i) x(E)Lx(F) if EnF=8; (iii) x (U E,.) = \j/x(E,) if

EnE; =0, i¥j, {E.} =B(R)).
A signed state is a map m from L into R,u{+ ©}u{— o} such that
(i) m(0)=0;

) m(Va)=Sm@), ale, i+, 2)
{a}cL;

and it may attain at most one of the values . A signed state m is positive
(negative) if m(a)=0 (m(a)<O0) for all a e L. A state is a positive signed state m
such that m(1)=1.
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Lemma 1. 1. Let m be a signed state, a<b, |m(b)| <. Then |m(a)|<oo.

Lemma 1. 2. If {a;} is a sequence of mutually orthogonal elements of L such that

m (Va)

<, then the series Y, |m(a;)| converges.
o1 i

i—1

Lemma 1.3. If a,<a,<..., \Va,=a, then m(a)=lim m(a,). If a,>a,>...,

i=1

i\ai =a, |m(a,)|<oo at least for one i, then m(a)=1im m(a,).

i1

The proofs of the last three lemmas are omitted ; they are the same as in [3].

Let O(L) be the set of all observables of L. A signed state function is a map P:
x—P,, x e O(L), which assigns to each observable x € O(L) a signed measure P,
on B(R,) such that for any real valued function f on R, and any observable x one
has

Pfx(E)=PX(f_l(E))7 EGB(RI)’ (3)

where fox is an observable fox: Ewsx(f '(E)). The notion of the signed state
function closely connects with the concept of the signed state:

Theorem 1.4. Let L be a logic, O(L) the set of all observables and m be a signed
state on a logic. If we define, for any observable x e O(L) and any Borel set
E € B(R,), a function

P E—~m(x(E)),

then P} is a signed state function. Coversely, if P is a signed state function, then
there is a unique signed state m on L such that P.(E)=m(x(E)) for all x and E.
Proof. The first part of our theorem is evident.
The second part. Let P be a signed state function. Let us put

m(a)= P, ({1}) 4)

for each aeL, where g, is a question, that is such a unique observable that
q.({0})=a*, q.({1})=a. Then m is a signed state on L. Indeed, m(O)=
P, ({1})=0. Let {a,}, be a sequence of mutually orthogonal elements of L and

a= \7a,. Let x be a unique observable such that x({0})=a*, x({i})=a,i=1, 2,

[
Lo =X, i=1,2, ..., and f=X, . ,, then fox is a question q,,, fox is
a question g, and, by (4) and (3), we have m(a,)=P.({i}), m(a)=P.({1, 2, ...}).
Since P, is a signed measure it follows that m(a)= P, ({1})=P,.({1})=P({1, 2,

~D=ZP>iN=Em@)

The uniqueness of m follows from the equation (4).

Q.E.D.
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Theorem 1.5. Let M(L) be the set of all bounded signed states on L, then M(L)
is a real vector space with respect to the usual addition and the multiplication by

real scalars. The number ||m|| =sup |m(a)|, m e M(L), defines the norm of m with

ael

respect to which M(L) is a Banach space.
Proof. Only the completeness of the norm. Let {m,} be a Cauchy sequence of

elements from M(L). There is a number m(a) =1lim m,(a) for any a € L. We shall

show that a function m: a—m(a), a€L, is a bounded signed state. We have
m(0O)=0 and m is finitely additive function.

Now let a=V a;, a, La;, i#], then

i=1

m(a)—Em(a.-)lslm(a)—mn(a)l+ +

i=1

m,(a)—m, (\;/ a,)

+

Va)

i=1

m (V)= (

If £ >0 is given, then the first and the third member is smalier than £ for some n, by

the uniform convergence of {m,}. The middle member is smalier than § .bythe o

— additivity of m,. Hence m is a bounded signed state on L and the property
||m, = m||— 0 follows from the uniform convergence.

Q.E.D.

2. Decomposition of signed states
on a modular logic of finite rank

Let L be a logic. By a chain in L we mean a strictly increasing finite sequence of
nonzero elements, that is, {a,, a,, ..., a.}, a,.<a.<...<a,,a,#0, a;¥a; if i #].
We shall say that L has a finite rank if there is an integer k such that every chain in
L has at most k elements. A logic L is modular if for any three elementsa,b,ceL

for which ¢ <a, one has
an(bvc)=(anb)vc. (5)
A nonzero element x in a logic L is called an atom if for any element y <x either
y=xory=0.

By a valuation on a logic L we mean a real valued function v defined on L with
the following properties

(i) v(0)=0,v(a)=0forallaeL;
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(ii) ifa<b,a#b,thenv(a)<v(b); 6)
(i) v(aab)+v(avb)=v(a)+v(b)foralla, belL.

In [5] it is shown that if L is a modular logic of finite rank, then every nonzero
element of L is a lattice sum of orthogonal atoms. Moreover, there exists a unique
valuation v on L such that v(x)=1 for every atom x € L, and a logic of finite rank
is modular if and only if it possesses a valuation (Theorem 2.8 [5]).

From this proposition it follows that if {a,, a,, ..., a,} and {b,, b, ..., b,,} are sets
of orthogonal atoms such that a,va,v ..va, = b,vb,v...vb,, then n =m and if
v is a valuation from the above proposition, then v(b) is the maximal number of
orthogonal atoms x <b.

Now we are in a position to say the main theorem of this section.

Theorem 2.1. Let L be a modular logic of finite rank. Then every bounded signed
state m on L may be expressed as a difference of two positive signed states m,, m,,
that is,

m=m,—m,. (7)

Proof. From our assumption it follows that there is a valuation v on L such that
v(x)=1 for every atom x e L. Let m be an arbitrary bounded signed state. We
define a real valued function w,, on atoms of L by w,.(a)=m(a), a — atom. w,, is
a bounded function on atoms of L. Let K = —inf {w,.(a): a —atom}, then K=0
and w,(:)=w,(-)+ K is a nonnegative function. The function m,(b)=Kv(b) is
a positive signed state and so is also m, = m + m,, because if b € L and {a,, a-, ...,
a,} is a set of orthogonal atoms such that \n/a, =b, then m,(b)=m(b)+ m,(b)

= im(a,)+Kv(b) = i(m(a,)-FK) = iwl(a,-)ZO.

It is easily seen that m =m, —m, is the searched decomposition.
Q.E.D.
In the third section of this paper the decomposition of bounded states on a logic
of a separable Hilbert space will be investigated (Theorem 3.5).

3. Signed states on a logic od a Hilbert space

Let H be a separable Hilbert space over complex or real scalars with the inner
product (-, -). The complete lattice L (H) of all closed subspaces M of a Hilbert
space H is a logic. This logic is one of the most important examples of logics.
Modern quantum theory works with the assumption that the logic of any atomic
system is isomorphic to logic L (H) for some separable Hilbert space H.

Since there is a one-to-one correspondence between the closed subspace M of H
and its projector P", we shall write M for a subspace as well as its projector.
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The excellent theorem of Gleason ([5]) asserts that every state m on L(H) (that
is, positive signed state m such that m(H)=1) is of the form m(M)=tr (TM),
M e L(H), where T is a Hermitean positive operator of trace class, tr (T)=1.

A Hermitean operator T on H is an operator of trace class if there is an
orthonormal bas {f;} such that > |(T},, f,)| < =, then the sum tr (T) =D, (Tf, f) is

called a trace of T and it is independent of the used basis ([4]).

Let T be a Hermitean operator of trace class, then the function m (M)=
tr (TM) is a bounded signed state ([4]). A signed state m is called regular if there is
a Hermitean operator of trace class such that m =m,. Then T is unique (use all
one-dimensional subspaces of H), and my + ms = mr,s, amy = mq,r holds, where
T, S are Hermitean operators of trace class and a is a real scalar.

Theorem 3.1. Let R(H) be the set of all regular signed states on L(H) and
M(H) be the set of all bounded signed states on L(H). Then R(H) is a Banach
subspace of M(H).

Proof. Let {mr,} be a Cauchy sequence of regular signed states. There is
a bounded signed state m € M (H) such that ||m — my, || — 0. We shall show that m
is regular. Let us denote by f the projector operator generated by a unit vector f,
that is, fx = (x, f)f for x e H. Then m(f)=li’rln my,(f) = lim tr(T.f) = lim (T.f. f)-

Hence there is a Hermitean operator T=w —lim T,.
If {f,} is an orthonormal base, then (Tf,, f,) =lim (T.f., f) = m(f),i=1,2, ....
The series > (Tf,, f.) converges absolutely because >, (T, f,) = > m(f,)=m(H)

and the series » m(f) converges absolutely, by Lemma 1.2. Hence T is an

operator of trace class.
It remains to show that m =m,. Let M € L(H) and let {g;} be a base in M. Then

mM) = Ym(g,) = X (Tg;, 9;) = tr(TM).

. Q.E.D.
There arises a natural question: is R(H) equal to M(H)? For the definite
answer we need the following notions and lemmas.
Let H be a Hilbert space, by G(H) we denote the unit sphere in a Hilbert space.
A real valued function w on G(H) is called a weight function if

(i) wlcH)=w(f), [c|=1, feG(H);
(ii) there is a constant W such that Ew(f«)= W for every orthonormal base
{f}.
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The number W is called the weight of the weight function w.

Suppose T to be a Hermitean operator of trace class, then wy(f)=(Tf, f),
f e G(H), is a bounded weight function with the weight tr(T). A weight function w
is regular if there is a Hermitean operator T of trace class such that w = wr.

Let m be a bounded signed state, then a function w,.(f)=m(f) is a bounded
weight function, too. To prove the equality R(H)=M(H) it is necessary and
sufficient to show that every w,, is a regular weight function.

Lemma 3.2. Let w be 2 bounded weight function on G(H), dim H=3. Then w is
regular.

Proof. Denote k = I;I‘lf‘ w(f), then w,(f)=w(f)—k is a positive weight func-
irfil=

tion. By Lemma 7.22 ([5]), w, is regular and hence there is a Hermitean operator T

on H such that w,(f)=(Tf, f). Therefore w(f)=w\(f)+k = (Tf, )+ k(f, f)

= ((T+kI)f, f), where I is the identic operator on H. We have proved to w is
a regular weight function.

Q.E.D.

Lemma 3.3. Let H be a separable Hilbert space of dimension at least 3. Then
every bounded weight function w on G(H) is regular.

Proof. The restriction of a bounded weight function w on any subspace is
a bounded weight function, too. Since every two-dimensional subspace N may be
imbedded in a threedimensional subspace, it follows from Lemma 3.2 that the
restriction of w to the unit sphere G(N) of N is regular, and consequently there is
a unique symmetric bilinear form @, such that &y(u, u)=w(u), u e G(N).

We shall now define a bilinear functional @ (-, -) on H as follows: let f, g be two
vectors of H and N be a two-dimensional subspace containing f and g, then
D(f,g9)=Dn(f, 9).

@ is well defined if f and g are linearly independent, since then N is unique. If at
most one of them is zero, then @y (f, g) =0 for every subspace N. If f, g are
dependent and nonzero, then they span a one-dimensional subspace. Let now N;,
N, be two-dimensional subspaces containing f, g and let M be a tree-dimensional
subspace containing N, and N,. For a symmetric bilinear form @, we have
@Dy(a,a)=w(a), ae G(M). The restrictions of @,, to N, and N, are symmetric
bilinear forms whose quadratic forms coincide with w on G(N,) and G(N,),
respectively. Therefore @y (f, g) = Pu(f, g), Pun,(f, 9) = Pu(f, g), which proves
that @ is well defined.

@ is symmetric and homogeneous. We claim to show that @(f,g+h)
= @(f,g)+ P, h) for any three vectors f, g, h. Let N,, N,, N; be two
dimensional subspaces containing f, g ; f, # and f, g + k, respectively, and let M be
a three-dimensional subspace containing f, g, 4. For a bilinear form &,, on M we
have @u(f, g) = Pn,(f, 9), Pu(f, ) = Pn(f, h), Du(f, g +h) = Dn(f, g +h).
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We see that ®(f, g+ h) = D (f, g +h) = Pu(f, g +h) = Pu(f )+ Pulf. )
= On(f, 9)+ D, (f, h) = ©(f, 9)+ D(f, h).
A symmetric bilinear form @ is bounded because |@(f,f)| = Iw(f)| <

sup |w(f)| <. Therefore there is a unique Hermitean operator T on H such that
el s

D(f, g)=(Tf, g) ([4]). If {f;} is an orthonormal base, then Z(Tf,-, f)=2w)=

W and the series 2 (Tf., f;) converges absolutely because of absolute convergence

of Z w(f.).
Q.E.D.

Theorem 3.4. Let H be a separable Hilbert space over complex or real scalars of
dimension at least 3 and L(H) be its logic of all closed subspaces of H. If T is
a Hermitean operator of trace class, then my: m(M)=tr(TM), M e L(H), is
a bounded signed state on L(H).

Conversely, for every bounded signed state m there is a unique Hermitean
operator T of trace class such that m(M)=tr(TM), M e L(H).

Proof. The first part of our theorem is evident.

Let now m be a signed state from M(H). Then w, (f)=m(f), fe G(H), is
a bounded weight function with the weight m(H). Therefore, by Lemma 3.3 there
is a unique Hermitean operator T of trace class such that w,,(f) = (T, f), f e G(H).

Let now M e L(H) and let {g;} be an orthonormal base in M, then m(M)=

Em(éi) = Z(Tgi’gi)=tr(TM)'

Q.E.D.

Theorem 3.4 does not hold for a two-dimensional Hilbert space as can easily be
seen from the following. Let f, g be an orthonormal base in a two-dimensional
Hilbert space H. We define the state m by m(0O)=0, m(H)=1, m(4)=0,
m(f)=1 and m(M) =} for other one-dimensional subspaces of H.

If the state m was regular, then the respective weight function w,,(h)=m(h),
|[#]| =1, would be continuous, which contradicts our example.

The Gleason theorem follows from Theorem 3.4, but the proof of Lemma 3.2 is
based on the important Lemma 7.22 [5] from Gleason’s proof. In paper [1] there
was given a proof of Gleason theorem for any separable complex Hilbert space (for
a two-dimensional space, too) which is incorrect, of course.

Theorem 3.5. Let H be a separable Hilbert space (real or complex) and L (H) be
a logic of all closed subspaces of H. Then every bounded signed state m on L(H)
may be expressed as a difference of two positive signed states m,, m..
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Proof. If H is not a two-dimensional Hilbert space, then every bounded signed
state is regular, by Theorem 3.4, that is, m is of the form m(M)=tr(TM),
M e L(H). A Hermitean operator T of trace class may be writtenas T=T"—-T ,
where T, T~ are positive Hermitean operators of trace class ([4]). Therefore
m=mr =mr—me-=m,—m,, where m,=m+, m,=m- are positive signed
states.

For a two-dimensional Hilbert space the proposition follows from Theorem 2.1.

Q.E.D.
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OBOBIMEHHBIE COCTOAHHUA HA JIOTMKE
AHaTtonui [IBypeYeHCKHU#
Pesome
B pa6ore uccnenyeTcs nOHATHE 06OOLIEHHOrO COCTOSHUA Ha noruke. [Toka3aHo 3aech pasnoxeHue

06061EHHOrO COCTOSHHUS B BHIIE Pa3HOCTH IBYX MO3HTHUBHBIX 06061LEHHBIX COCTOSIHUI Ha MOAYISPHOH
JOrMKe KOHEYHOTO paHra M MccaenyroTcs o6o6LeHHble cocTosiHua Ha noruke L(H), dim H =3.
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