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CONVEX AUTOMORPHISMS OF A LATTICE

MILAN KOLIBIAR*) — JUDITA LIHOVA **)
(Communicated by Tibor Katrinidk)

ABSTRACT. Let L be a lattice which can be decomposed into a direct product
of finitely many directly indecomposable factors. There are described bijections

f of L onto itself preserving convex sublattices in the sense that A is a convex
sublattice of L if and only if so is f(A).

V.I.Marmazeev investigated the lattice C(L) of convex sublattices

of a lattice L. Let L = (L;A,V) and L' = (L';A,V) be lattices and f: L — L'
a bijection. In [2] there is proved that f has the property

AeC(L) < f(A)= {f(a) :a€ A} e C(L)
if and only if for any a,b € L

f(lanb,avb]) = [f(a)/\f(’f), fla)V £(b)] (*)
holds.

Marmazeev calls bijections having this property convex isomorphisms.
The aimof Marmazeev’s paper [3] was to describe convex automorphisms
of a lattice L (i.e. convex isomorphisms of L onto L) provided that

(a) any bounded chain in L is finite, and
(B) L can be decomposed into a direct product L = Ly X --- X L, such
that all L; are directly indecomposable.

However, the author uses non-explained (non-standard) terms in the formulation
of results and there are only short sketches of proofs there. Hence it is not possible
to find out what the author’s description says.

In the present paper we give a description of convex automorphisms of a
lattice L supposing only (3). This is done in Theorem 10.

To prove the main theorem the following two lemmas are useful.
AMS Subject Classification (1991): Primary 06B99.
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1. LEMMA. Let a lattice L = (L;A,V) be a direct product of lattices
Ly,...,Ly, L =Ly X---xLy. A subset A of L forms a conver sublattice
of L if and only if A is a direct product A = A; X --- X A, of convex sublat-
tices A; (i €{1,...,n}) of L;.

Proof. It is easy to see that if A; is a convex sublattice of L;
(¢e{1,...,n}), then A; x --- x A, is a convex sublattice of L; X --- X L,,.

To prove the converse let A be a convex sublattice of L; X -+ X L, . Denote
A; = {x € L;: there exists (y1,...,yn) € A with y; = z}. Evidently A;
is a sublattice of L;. Obviously A C A; x --- X A, . To prove the opposite
inclusion let b = (by,...,b,) € Ay X - x A, . For any ¢ € {1,...,n} there
exists ‘c = (%c1,...,%n) € A with ic; =b;. Set u=lcA---A"c, v=1cV---V'e.
Evidently w,v € A and u < b < v, hence b € A. It remains to show that
every A; is a convex subsetrof L;. Let z,y € A;, 2 € L;, £ < z < y. Then
there exist 7,7 € A, T = (Z1,...,Zn), y= (¥1,.--,Y,) With T; =z, §, = y.
Consider Z = (Zy A Yy, .-+, Tic1 AY;_1s 2, Tit1 AYig1s--->Tn ATy,) . Evidently
TAY<Z<7Y,hence Z€e A and z € A;.

2. LEMMA. (cf. [1]) Let L = (L;A,V) and L' = (L';A,V) be lattices and
f: L — L' a bijection. The following two conditions are equivalent.

(i) AeC(L) < f(A)ecC(L).

(ii) There exzist lattices C = (C;A,V), D = (D;A,V) and bijections
g:L—-CxD, h: L' - C x D such that g is an isomorphism of L
onto C x D, h is an isomorphism of L' onto C x D% and g = foh
(D? is the dual of D).

3. THEOREM. Let L be a lattice which can be decomposed into a direct product
of lattices Ly, L =[[(L; |i € I) (I is any nonempty set). Further let = be a
bijection of I onto I, f; for each i € I an isomorphism or a dual isomorphism
of Lj onto Ly(;y. Then the mapping f: L — L defined by

f(if)n(i) = fi(z:) forall ze€L, i€l
is a convexr automorphism of L. (For y € L and j € I by y; the jth component

of y is meant.)
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Proof. Evidently f is a bijection. By Marmazeev’s theorem it is sufficient
to prove that for any a, b € L the condition (*) holds.

Let a,b € L, f(a) = u, f(b) = v. By the definition of f there is
Uiy = fi(ai), va@i)y = fi(b;) for each i € I.

a) To prove the inclusion f([a Ab, a Vb)) C [f(a) A f(b), fla) V £(b)] let
s € f(laAb,aVb]). Then there exists ¢ € [a Ab,aVb] with s = f(c). As
aANb<c<aVb, wehave a; Ab; < ¢; < a; Vb; for each i € I, from which
there follows f;(a;) A fi(bi) < fi(ei) < fi(ai) V fi(bi) for each i € I (it does not
matter, if f; is an isomorphism or a dual isomorphism). Hence wur @y A vx(y <
Sr(i) < Un(i) V V(i) for each i € I, which means s € [f(a) A f(b), f(a)V f(b)] .

b) Now we are going to prove the inclusion [ f(a) A f(b), f(a) vV f(b)] C
f(lanb, avb]). Let s € [f(a) A f(b), f(a)V f(b)] . Then f(a)r(iy A f(B)r(i) <
Sr(i) < f(a),,(i) \Y f(b),r(,') forall i€ 1.

Since f is a bijection, there exists ¢ € L such that s = f(c) and the
last inequalities can be rewritten as fi(a;) A fi(bi) < fi(ei) < fi(ai) V fi(b;).
Applying 7', which is also an isomorphism or a dual isomorphism, we get
a; ANb; < ¢; < a; Vb for each ¢ € I. Consequently ¢ € [a Ab,aV b and
s=f(c) € f(lanb,aVb]).

In the sections 4—8 we will suppose that f is a convex automorphism of
a lattice L = Ly X -+ X L,, where L; are directly indecomposable lattices.
Without loss of generality we can also assume that every L; has more than one
element. The denotation 7 will be used for the set {1,...,n}.

4. LEMMA. Let a = (a1,...,a,) be any fired element of L, f(a) = u
= (u1,...,Uyn) . For every i € W there exists k € M such that

Flar} x - x Lix -+ x {an}) = {ug} x -+ x Uk X -+ x {up}

for a convez sublattice U, or Ly . Moreover the mapping f;: L; — Uy derived
from

fi{ar} x-o o x Lix--x{an} > {us} x -+ x Up X -+ x {un}

in a natural way is an isomorphism or a dual isomorphism.
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Proof. Let L! = {a;} x---x L; x---x {an}. As L! is a convex sublattice
of L, f(L}) is a convex sublattice of L, too. By 1, f(L}) = U; x --- x Uy,
where Uj; is a convex sublattice of L; for each j € . Evidently the restriction
of f to L}, fl = f | L;,is aconvex isomorphism of L} onto f(L}), hence there
exist lattices C, D and isomorphisms g: L! — Cx D, h: f(L}) —» C x D% with
g = floh, by 2. Since L; is directly indecomposable, so is L and consequently
either C' or D is a one-element set.

a) Suppose C has only one element. Let § and h be mappings L, — D and
(L) — D4, respectively, assigned to g and h. Evidently g, h are isomor-
phisms and § = f/oh. Since g is also an isomorphism of Lgd onto D% and 7~
is an isomorphism of D¢ onto f(L!), their composition goﬁ_l = f! is an iso-
morphism of L}* onto f(L}) and a dual isomorphism of L} onto f(L}). Using
the fact that L} is directly indecomposable and hence so is f(L!), we obtain
that there is an index k € @ such that each U; for j # k is a one-element lattice.
Because a = (ay,...,a,) € L;, we have f(a) =u = (uy,...,un) € f(L!), from
which it follows that f({a1}x -+ XL;x---X{an}) = {u1}x---xUpx---x{ua}.
Moreover since f/ is a dual isomorphism of L] onto f(L}), f; is a dual isomor-
phism of L; onto Uj.

b) Assume D is a one-element lattice. Analogously as in a) it can be proved
that f(L)) = {u1} x---xUgx---x{u,} for a k € @ the mapping f;: L; — Ui
is an isomorphism.

5. LEMMA. Under the assumptions and denotations as in the previous lemma
there is Uy = Ly, .

Proof. f~! isalso a convex automorphism of L and f~!(u) = a, so using
4 for f~! and elements u and f~1(u) =a we get

FH{wr} x oo x Lig x -+ x {un}) = {a1} x --- x Bj x -+ x {an}
for a j €. Applying f~! to
{ur} x - xUp x-+ X {up} C{ur} x -+ X L X - x {u,}
we obtain
{far} x -+ x Ly x -+ x {an} C {ay} X -* X Bj X --- x {an}.

Since L; contains more than one element, it must be ¢ = j, L; = B;. Hence

FILY) = f({ar} x - x L x -- x {an}) = f({aa} x -+ x Bj x -+ x {an}) =
{ur} x -+ x Lg X -+- X {up}, so that Uy = L -
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6. COROLLARY. Let a = (ay,...,a,) be any fized element of L, f(a) = u
= (uy,...,upn). Then there exists a permutation 7 of the set @ such that for
each 1 €M '

f({ar} x -+ x Li x ++- x {an}) = {ur} X -+ X Ly(iy X -+ X {un}
and moreover the mapping f;: L; — Ly(;) derived from
fi{a} x oo x Ly x -+ x {an} = {ur} x -+ X Ly X - -+ X {un}

in a natural way is an isomorphism or a dual isomorphism.

Proof. Using denotation as in 4, set w(i) = k. To verify that 7 is a
permutation, it is sufficient to show that n(i;) = 7(i2) implies i3 = i3. Now if
7(i1) = w(iz) =k, then

f({ar} x -+ x Li; x -+ x {an}) = {u1} x -+ X L x - -+ X {un}
=f({a,1}X"' >(Li2 X---X{an}).
Recall that f is a bijection. Hence it must be
{ar} x -+ x Liyy x -+ x {an} ={a1} x --- x Lj; x --- x {an}-

By assumption L;,, L;, are not one-element sets, therefore i; = i2. In view of
4 and 5 the further assertions are evident.

We want to make clear if the permutation 7 and the mappings fi depend
on the choice of a € L or not.

7. LEMMA. Let a = (ay,...,a,) be any fizred element of L, f(a) = u
= (u1y...,upn). Then forany i, jEM, 1 < j

f({ar} x-+ xLix--xLjx---x{an}) = {ur} x+-- x Ly x+-- X Li X -+ X {up,}
holds, where {k,l} = {n(i), n(j)}.
Proof. Applying f to
{ar} x o+ x Ly x -+ x {ap} S {a1} x -+ X Ly x --- x Lj x -+ X {ap}
and to
{ar} x -+ x Lj x -+~ x {ap} C{ar} x --- x Ly x -+ x Lj x --- x {an},
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we get
{ur} x -+ X Lagiy X - X {un} C f({ar} x -+ X Ly x -+ X Lj x -+ x {an}),
(1)
{ul}x"'XLw(j)x"'x{un}gf({al}x"’XLix"'Xij"'x{an}za
2)

by 6. Since {a1} X -+ X L; X -+ X Lj X --- x {a,} is a convex sublattice of L,
sois f({a1} x -+ x Li x -+- X Lj X -+ x {an}) . Therefore by 1 f({a1} x ...
oo X Ly x -+ X L x'--x{an}) =U; X --- x Uy, with Uy being a convex

sublattice of L; for each t € 7.
Now Uy x---xUp 2 {ug} X+ -+ X Ly x---x{un} by (1) and Uy x---x Uy 2
{ul} X e X L7r(j) X oo X {un} by (2) So L,r(,') = U,r(,') and L,r(j) = U,r(j) and

we have
f({ar} x -+ XLix---xLjx--x{an}) =Uy X+ XL X+ X Ly X+ x Uy,
where {k,1} = {n(3), n(j)}.

Consider the mapping f~!, which is also a convex automorphism of L, and

elements u and f~!(u) = a. Evidently there holds an analogous statement as in
6, the belonging permutation is 7—!. Using analogous considerations as above

we get

f—l({ul}x"'XLkX"'Xle"'x{un}):‘/lx"'XLix"‘XLjX"'XVn,

where V; is a convex sublattice of L, for each t € m — {3, j}.
Applying f to

a; X"'XL,‘X"'XL'X"'X a, g‘/lx...xLix...xL‘x...xv;l
J J

(dt €V, for each t € m — {i, j} because a = f~1(u) € f~1({ur} x -+ x Ly x
v X Ly X x {up}) =Vp X oo X Ly X oo X Ly X -+ X V), we get

Uy X+ XL X XLy X+ XUppC{ug}x-+-XLpx--xLy X X{uy},

so that Uy = {u1},...,U, = {u,}. Hence
f({al}x---xLix---ijx---x{an}):{ul}><-~><Lk><-~-><L1><~-><{u,,}

and the proof is finished.
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8. COROLLARY. The permutation 7 and the mappings fi: L; — Ly men-
tioned in 6 do not depend on the choice of the element a € L.

Proof. Obviously it is sufficient to prove that if elements a, a’ differ
in one component, then the belonging permutations 7 and 7' and mappings
fe: Lt = Ly, fi: Ly = Ly (t €7W) are equal.

Let a = (ay,...,a4...,a,), @’ = (a1,...,a},...,a,), hence a, o’ differ in
the ¢ th component. Further let f(a) = u = (u1,...,u,). First we show that
m=mn'.8ince a’' € {a1} X --- x L; x --- X {a,}, there is

F@) € F({ar} X+ X L x - x {an}) = {ur} X -+ X Lagy X -+ X {un}, (3)

by 4, 5, 6. Therefore f(a') differs from u = f(a) only in the (i) th component,
fla) = (ul, .. .,u;(i), .. .,un) .By 4, 5, 6 used for a’ instead of @ we obtain

f({ar} x X Lix - x {an}) = fur} x - X Lygoy -+ x {ua}  (4)

and comparing (3) and (4) we have n(i) = 7/(i). Now let j € @, j # i, e.g.
J > 1. Use 7 first for a, then for a’. We get that the set f({al} X -+ X L; X
cee X Lj X oo x {an}) is equal to {u1} X -+ X L X -+ x Ly X -+ X {un}
({k,1} = {m(s), 7(j)}) and also to {ug} x -+ X Lgr X -+ X Ly x -+ X {un}
({K,I'} = {'(i), #'(j)} ). Hence {k,I} = {¥',I'} and as =(i) = ='(i), it must
be also 7(j) = n'(j). We have proved 7 = n’.

If z; € L;, then fi(x;) is the m(i)th component of f(ai,...,zi,.--,an)
and f(x;) is the «'(z) th component of the same element f(ay,...,Zi,.--,an).
But we already know that =(i) = n'(¢), so that fi(z;) = f/(z;). We have
proved that f; = f/. Now let j € @, j # i. Without loss of generality we can
suppose that j > i. Take any z; € L;. Using 4, 5, 6 for the element a we

get that f(aj,...,ai,..-,Zj,...,a,) has the same components as f(a), with
the exception of the m(j)th component, which is f;(z;). If we use 4, 5, 6 for
a’, we obtain that f(ai,...,a},...,2j,...,a,) has such components as f(a')

besides the 7(j)th component, which is f}(z;). Use once more 4 and 5, now for
(@1y -y @iyeees Tjy-..,0n) - We get

F(fan) x - x Lo o x dagh o x {an}) = () x - x {fy(a)} x - x {un)
(the (i) th factor is Lx(i), {fi(z;)} is the x(j)th factor).

Evidently (al,...,ag,...,Ij,-..,an)e{a1}><--~><L,-X---x{a:j}x---x{an},
S0 f(al,‘..,ag,...,xj,.--,an)E{ul}xu-x{fj(xj)} X -+ X {u,}. We know
that the 7(j)th component of f(ay,...,aj---1%j--->an) is fj(z;), therefore

filz;) € {fj(xj)}, which means f}(z;) = fi(z;) . We have proved also f; = f;
foreach j €m, J #1.
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9. THEOREM. Let L be a lattice, that is a direct product of finitely many
directly indecomposable lattices L;, L = Ly X ---x Ly, . Further let f be a convez
automorphism of L. Then there exist a permutation ® of @ and mappings
fit Li = Lz, all being isomorphisms or dual isomorphisms, such that for
every x € L

F(@)riy = filzs)
holds.

Proof. First suppose that every L; has more than one element. Let
a = (ay,...,a,) be any fixed element of L. Take the permutation 7= and the
mappings f;: Ly — L belonging to the element a by 6. Now let
t = (x1,...,Z,) be any element of L. It is sufficient to show that for each
i € 0 there holds f(x)xu) = fi(x:). In view of 8 the permutation 7 and the
mappings f; belong also to z, so that if f(z) =y = (y1,...,¥Yn), then for any
iteEN Yn(i) = f,'(x,') , by 6.

Now assume that some of L; are one-element lattices. Without loss of gen-
erality we can suppose that one-element lattices are those for i € m— % (kem,
k < n). Evidently f determines a convex automorphism f’ of L' = L1 X ...
--+X Ly, . Hence there exist a permutation 7’ of k and mappings f;: L; — L)
for i € k, all being isomorphisms or dual isomorphisms, such that for every
z' € L' there holds f'(z')x iy = fi(z}). Now extend 7’ to a permutation 7 of
7 and define f;: L; — Ln(;) for ¢ € @ — k in a natural way (i.e. if L; = {a:},
Lxia) = {ax@i)}, then fi(a;) = an;)). It is easy to see that such a = and
fi: Ly — Lg(;) are as we need. The proof is complete.

The following theorem is obtained by combining the preceding one with 3.

10. THEOREM. Let L be a lattice which can be decomposed into a direct
product L = Ly X --- X L, where all L; are directly indecomposable. Con-
vex automorphisms of L are just the mappings obtained as follows: we take a
permutation w of the set @ such that there exist bijections f;: L;i — Ln(iy, each
of them being either an isomorphism or a dual isomorphism, and we set for any

z€L f(x)ru) = filzi).
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