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ON THE ASYMPTOTIC BEHAVIOUR
OF SOLUTIONS OF SOME
FUNCTIONAL-DIFFERENTIAL EQUATIONS

JAN CERMAK
(Commaunicated by Milan Medved’)

ABSTRACT. The aim of the paper is to give asymptotic estimates of solutions of
some retarded linear and sublinear differential equations. We give up conditions
under which these estimates can be derived by means of solutions of certain linear
differential and linear functional (nondifferential) equations.

0. Introduction

The question of the perturbation of the equation

yl(x) = b(l‘)y(.’L‘) ) T € [l‘o, OO) ) (El)

has been studied from many points of view. In the first part of this paper, we
arc going to discuss a similar problem which can be formulated as follows: Find
conditions under which the functional-differential equations (FDE) of the form
(E,), resp. (E,), given below admit solutions which can in a certain sense be
compared with the solutions of (E,).

Similar questions were dealt with in many papers; let us at least mention
the recent results given by M. Pituk [10]. We obtain some results concern-
ing the problem posed as a result of the investigation of the FDE of the
form (E,). For discussions relating to this equation, we refer to the paper
of M.K. Grammatikopoulos and M. R. Kulenovic¢ [2].

In the second part, we consider certain equations of the form (E,) such that
the conditions derived in the first paragraph are not satisfied. Our aim is to
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JAN CERMAK

describe the asymptotic behavior of solutions of such equations. This part can
be viewed as an application of the results derived by F. Neuman [9] and
generalizes some partial results obtained by T. Kato and J. B. McLeod
in [4].

Throughout this paper, we are going to deal with the scalar FDE

(@) = ﬁaku)fk(ym(x») L zelnyw), (5,)
@) = 3 @@ sy (r(@) 4@, ()
where z € [z,,00), :,:le 0,1), k=1,2,...,m,
V@) =Y 0@ @) + i), sl (B
and =
V(@) = a@y(r(@) + W), @ € [mg00) . ()

The assumptions we impose on a,,, f,, 7, and b can be summarize as follows:
(A) a, €C%[zy,)), k=1,...,m
(A)) a(z) >00 (or a;(x) <0) for every z € [xo,oo) and k=1,...,m;
(Ay) fr, € COR), |f(y)l < ‘fk Y,)| for any pair y,,y, € R such that

|y1|<|~/2|a’"_1 a
(A;) 7, € C([zg, ), Tk(l‘) < z forevery z € [zy,00) and lim 7,(2) = o0,

Tr—ro0
k=1,...,m;

(A,) be C%([z},0)), where z;) :min{ 1nf 7'1( x),. .., mf T, (z)},
(A}) be C’O([azo,oo)) and b(z) < 0 for evcry T € [z, ),
(Ag) (1) Z la, (x)] + b(z) > 0 for all z sufficiently large,

(i) Z lag(z)] + b(z) <0 for all = sufficiently large;

(AL) there ex1sts T € C*([zy,0)), 7(z) < z, 7'(z) > 0 for every z € [z, 0),
ILm 7(x) = oo such that either
x o

(i) 7(z) < 7(x) in case (Ag) (i),

or
(ii) 7 (z) > 7(z) in case (Ajg) (ii)
for arbitrary = € [r,,00) and k=1,...,m

Let us remark that methods used below are applicable also for delays 7,
satisfying 7, (z) < z; sometimes small modifications in the proofs are necessary.
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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF FUNCTIONAL-DIFFERENTIAL EQUATIONS

In order to describe the behavior, as £ — 0o, of the unknown function y(z)
in terms of the known function g(z), we shall use the following notations:

(a) If |3—g’%| is bounded as x — oo, we write

y(z) = O{g(z)} as T — 00,
in words, y is of order not exceeding g;

(b) If % tends to zero as £ — 0o, we write

y(z) =o{g(x)} as z— o0,
in words, y is of order less than g;
(c) If gg;; tends to one as x — 0o, we write

y(z) ~g(z) as z— o0,
in words, y is asymptotic to g.
The main tools of the proof are based on the application of the Schauder fixed
point theorem and on some results from the theory of functional (nondifferential)

cquations in a single variable. In this paper, we shall use the following version
of this theorem.

THE SCHAUDER THEOREM. If S is a convez closed subset of a Banach space
B, and S* a relatively compact subset of S, then every continuous mapping of
S into S* has a fized point.

As usual, for B we take the space of continuous and bounded functions on
[zy,00) endowed with the sup-norm. Then it is enough to prove the uniform
boundedness and equicontinuity of S* on [z,,00) instead of the relative com-

pactness. For this purpose, it may be useful to apply the following criterion
(sec [8]).

LEMMA 1. The family S* of functions is equicontinuous on [z,,00) if for any
€ > 0 there exists a decomposition of the interval [z,,00) into a finite number
of subintervals I;, j=1,...,n, such that

If(zy) — flzy)l <e

for every f € S*, z,x, €1;, j=1,...,n.

1. FDE and linear differential equations

Let f,, k=1,...,m, be functions defined on R. We denote

L£ :=supmin{ r ey r }
>0 |f1(1€1 + )l | £ (€] + 7))

Let us start with the following theorem.
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THEOREM 1. Consider equation (E,) subject to conditions (A;), (A,), (A;),

and let o
/ (Z lak(wn) dz < L M)
Zo k=1

hold for some nonzero { € R. Then there ezists a solution y(x) of (E,) satisfying
Jim y(z) = ¢ (2)

Moreover, if we add condition (A)) and assume that there exists a solution y(x)
of (E,) satisfying (2) with £ € R such that all the functions f,, k=1,...,m
have the same sign and no zeros on a neighbourhood of £, then

/(imk(m‘ﬂ) dz < 00.
2o \k=1

Proof. By (1), we can choose r* > 0 such that

/(Z‘“k ”””) % < [T

Zo

)

for every j = 1,...,m. Put zj := min{ inf 7'1(11)) - mf T, (:c)} and con-
>xo

sider the Banach space B([z§,0)) of contlnuous bounded functions on [z§, 00)
with the sup-norm || ||. Further, let

S; ={yeB([z5,00) | lly—&ll <}
Define the operator T': ST — B([z},00)) by Ty = w, where

£— f( ak(s)fk( (Tk(s)))) ds for z € [z}, z,],

w(z) =

£ — f( ak s)fk( ( (S )))) ds for z € [z,,00).

Now, we verify the assumptxons of the Schauder theorem. Obviously, SE' is a

convex and closed subset of B([zg, oo)) . We show that T is a mapping of SE‘
into itself. Indeed,

lw(z) — €] </<Z]ak )||fk(y(7'k(s)))|> ds

= /(Z‘ak(s)‘lfk(lf\ +r*)|> ds < r*
2 \k=1
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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF FUNCTIONAL-DIFFERENTIAL EQUATIONS

for every z € [z, 00).
To prove the continuity of T', we consider a convergent sequence y,, € Sg‘
with limit y € S7°, and let Ty, =w,, Ty =w. Then

o ¢]

lw, — ]| < /

m

Jim 57 (ay(6) (£ (wn(74(5))) = () ) =0

k=1

ds.

3 (@) (10 () ~ £ 6)))

k=1

Since

for every s € [z,,00) and

m

Z(%(s (£ (0 () = £l (n(s)))))} szlf(l£|+r*)|i|ak(s)

k=

for every s € [z, 0), the assumptions of the Lebesgue dominated convergence
theorem are satisfied. This implies that lim |lw, —w|| = 0, hence T is con-
n— 00

tinuous.
Further, ||Ty|| < |¢| + r* for any y € ST, i.e., TSg' is uniformly bounded.

To show that TSE' is equicontinuous on [z,, %), we use Lemma, 1. It is easy to
see that for any € > 0 there exists z* € [z,,00) such that the inequalities

|Ty(‘r1) —Ty(zz /(Zlak(s ”fk Tk(s) )l) ds

K/(Zlak(.s‘ﬂ) ds<e,

T1

where K = max{|f1(|§|+r )y-- - 1 (I€]+7*)|}, hold for any y € Sf and any
x, >z, > z*. Since the interval [z3,z*] is compact, by applymg Lemma 1, we
get that TS’ is equicontinuous on [zj,00), hence, TST is relatively compact.
Then, by the Schauder theorem, there exists y € S’ such that y = Ty, in other
words, there exists a solution y(z) of (E,) satisfying (2).

Conversely, let (2) hold for a solution y(z) of (E,), and denote by [a, 8] an
interval such that ¢ € [o, ], and the functions f, have the same sign and no
zeros on [a, B]. Further, take z, € [z,, c0) sufficiently large such that y (r(2)) €
(o, B] for every z € [z,,00) and k =1,...,m and put

v = min{|fy (@), ..., [fn (I} -
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Then, using (A}), we get

](g'ak(s)o ds =

z3

Letting £ — 00 we can see that

/(}:Iak(s)l) ds < %(l&l +16) < oo.

o \k=1

O

Remark 1. Theorem 1 also holds for FDE of some other types, e.g., for equa-
tions with an advanced argument.

Now it may be useful to recall the following well-known result, which is
stronger than the second part of Theorem 1 for equations (E,) with a,(z) > 0.

THEOREM 2. Consider equation (E,) subject to conditions (A,), (A,), (Ajz),
and let a,(x) > 0 for every = € [z4,00), and yf,(y) > 0 for every nonzero
y€R, k=1,...,m. Then equation (E,) has a bounded solution y(x) if and

only if
/(Zak(a:)) dzr < 0.
2o \k=1
Proof. The proof is given in [2]. O

LEMMA 2. Consider equation (E,), resp. (E,), and let conditions (A,), (A;),
(Ay) be satisfied. If

f(i lak(z)lexp{rk Tk/(x)b(u) du -—/zb(u) du}) dz < o0, (3)
2o \k=1

To Zo

/<Z|ak(x)|exp{— / b(u) du}) dz < o0, (4)
k=1

To Tk ()

Tesp.
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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF FUNCTIONAL-DIFFERENTIAL EQUATIONS

then every solution y(z) of (E;), resp. (E,), satisfies the asymptotic relation

zll*n;o (y(a:) exp{—/b(u) du}) =LeR. (5)

Proof. Take equation (E;) with r, € (0,1], i.e., at the same time we
T

prove the assertion for equation (E,). Put 2(z) = exp{— J b(u) du}y(m). Then
T

equation (E,) becomes

m -rk(x) T
2 (z) = Zak(a:) exp{rk / b(u) du — /b(u) du}lz(?‘k(x))rk sgn z(7,(z)) -
k=1

Zo To
Put dy := z, and d; := sup {z | 7(e') < d;_, forevery z' €
z€[d;j-1,00)
[] ne] and k£ = 1,...,m}, j = 1,2,.... Now denote I; = [d;_ 1,dJ]
m; = sup {|z(z)|} and M; := max{l,m,...,m;}, j = 1,2,.... Notice that
lEIj

o J

]L=Jllj = [z,00), and 7, (I;,,) C pL=Jle forevery k=1,...,mand j=1,2,....
Take t € I 41 arbitrarily. Then
z(t) — z(d;)

k()

= /(2 ak(:c)exp{rk/b(u) du—/b(u) du}|z(7’,c(:1c))|”c sgnz(v’k(z))> dz,
d; k=1 o

Zo
and we can carry out the following estimates:

Tr(x)

t)| <l|z(d;)|+ M 3 a b(u) du— [ b 1 d
|z()] < |2(d;)| /(kgl k(.’z)lexp{rk / (u) du / (u) (u}) z
dj41 m Tk (z) T
<M1+ la, (z)]ex { b(u) du — [ b( )du}) dx).

(o [ (Bmomrenfr [ - fr

To

From here we obtain

djt1, Tk () z
My <M, (1 (Z|ak(x)|exp{rk / b(u) du—/b(u) du}) dx) ,
k=1 zo

Zo
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hence,
i dpt1 , 7 () T

m Smy H (1 + / (X:hzk(:v)]exp{r,C /b(u) du ——/b(u) du}) d:v) .
p=1 4, \k=1 b A

Because of (3), resp. (4), we get m; < M for every j = 1,2,..., what implies

that z(z) is bounded on [z,c0).
Further, let x, > x; > z,. Then it follows from the previous estimates that

€2, o T (z) T
|2(z,) — 2(z,)| < M/(Z|ak(cc)|exp{rk / b(u) du—/b(u) du}) dz .
T k=1 To zo

Condition (3), resp. (4), implies that the left side of this inequality tends to zero
as T,,Ty — 00. m)

Remark 2. By Lemma 2, every solution y(z) of (E;), resp. (E,), is either
x
asymptotic to the function cexp{ J b(u) du}, c € R, or it is of order less than

exp{j b(u) du}.

Remark 3. Putting

2(z) = exp{— / b(u) du}y<x) ,

equations (E,) or (E,) become the equation of the form (E,), namely

z

m T (z)
2 (z) = Zak(m) exp{rk / b(u) du — /b(u) du}|z(rk($))|”c sgn z(7,(z)) ,

k=1 Zo Zo

where 7, € (0,1), or
Z'(z) = Zak(m) exp{— / b(u) du}z(fk(x)) ,
k=1 ()

respectively. Then Theorem 1 enables us to establish conditions ensuring the
existence of a solution y(z) of (E;) or (E,), which is asymptotic to

T
cexp{ J b(u) du}, ¢ being a real.
Zo
Theorem 1, Lemma 2 and Remark 3 yield the following two assertions.
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THEOREM 3. Consider equations (E;) and (E;) subject to conditions (A)),
(A;), (A,), and let inequality (3) hold. Then for every solution y(z) of (E,)
there exists a solution G(z) of (E,) such that either

y(z) ~ 7(2) as T — 00, (6)

y(z) = o{y(z)} as T — 0. (7)

Conversely, for every solution §(x) of (E,) there ezists a solution y(x) of (E,)
such that (6) holds.

THEOREM 4. Consider equations (E,) and (E,) subject to conditions (A,),
(A;), (A,), and let inequality (4) hold. Then for every solution y(z) of (E,)
there ezists a solution G(x) of (E;) such that (6) or (7) is fulfilled. Moreover, if

o

/(imk(x exp{ / b(u) du}) de <1, (4"

k=1 T ()

then for every solution Y(x) of (E,) there ezists a solution y(z) of (E,) such
that (6) holds.

Remark 4. A result similar to that of Theorem 4 was obtained, e.g., in [10],
where a different approach was used.

In the next statement, we show the strictness of condition (3) for the existence
of a solution y(z) of (E,;) asymptotic to a nonzero solution y(z) of (E,).

COROLLARY 1. Consider equations (E,) and (E;) subject to conditions (A,),

(A]), (A;), (Ay). If there exists a solution y(z) of (E;) asymptotic to a nonzero
solution §(z) of (E,), then condition (3) follows.

Proof. The statement follows from the second part of Theorem 1 according
to Remark 3. O

The following example shows that condition (4') in Theorem 4 cannot be
improved.

ExampPLE 1. ([10; Example 1]) The equation

y'(z) =a(z)y(z-1), z€l0,0),
where . 2
—2sin’ 7z for z € (2,3],
a(z) = 0, otherwise,
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has every solution vanishing on the interval [3,00). On the other hand,
o0
/la(a:)| do=1.
0

Now we illustrate the above results by the following example.

EXAMPLE 2. We investigate the asymptotic behavior of solutions of the retarded
sublinear equation

y'(z) = exp{az}|y(z*)|"sgny(z®) + by(z), = €[2,00),
where a,b € R, 7,5 € (0,1). First assume that a < b or a =b < 0. Then

/exp{az+rb(a:’ -2)—b(z—2)} dz < o0.
2

Thus, according to Theorem 3, for every ¢ € R there exists a solution y(x) of

the equation investigated, which is asymptotic to cexp{bz}. Moreover, those

solutions y(z) not having this property are of order less than exp{bz}.
Ifa>bora=>b>0, we get

/exp{ax+rb(a:’ -2)-b(x—-2)} dz =00,

hence, by applying Theorem 2 and Remark 3, this equation has no nonzero
solution y(z) of order not exceeding exp{bz}.

2. Linear FDE and linear functional equations

Remark 5. The transformation

o(z) = exp{-— / b(u) du}y(a:),

which has been used so far, makes the coefficient of the unknown function y(z)
vanish. Now we consider a rather more general transformation also involving a
change of the independent variable as well, namely,

h(t)
z(t) = exp{— /

b du}y<h<t>> , ®
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where t, = h™!(z,) and h is a C'-diffeomorphism from [t,, 00) onto [z,,00).
Somctimes it may be useful to convert equation (E,) via (8) into an equation

2(t) =Y A, z(u (1),  tety,00), (E;)
k=1

h(t)
where A4, (t) = a, (h(t)) ' (t) exp{— [ bu) du} and p(t) = b= (1, (h(t)))
7k (h(t))
for every t € [t,,0). Notice that then

h(t) x

Jim 2(t) = Jlim exp{— / b(u) du}y(h(t)) = lergxo exp{— /b(u) du}y(z).
to Zo
Now consider equation (Ej). There exist many results on global properties

of equation (Eg) (with m = 1) provided this equation has a constant delay, i.e.,
it is of the form

2'(t) = A(t)z(t - c), t€[ty, o), ¢>0 (EY)

(for references, see, e.g., [7]). The problem of the existence of a suitable transfor-
mation converting a given equation (Ej) into equation (Ej) was solved in [9].
Let us recall the most important facts.

If u(t) =t —c, then the relation between 7 and p can be rewritten as

h(t — ¢) = 7(h(t)), t € [ty,0), ¢>0. (9)
Putting ¢ := h~!, equation (9) becomes
p(r(2)) = p(x) —c,  z€[z4,00), c>0. (9

This equation is called Abel equation and has been very deeply studied within
the framework of the theory of functional (nondifferential) equations in a single
variable (for more details, see, e.g., [5]). This theory implies that by assuming
7 € C!([zy,)), 7(z) < z and 7'(z) > 0 for every z € [z,,00), we obtain, e.g.,
by using the step method, a C!-solution ¢(z) of (9') (and also a C*-solution
h(t) of (9)) with a positive derivative on the interval of definition.

Then the transformation (8), where the function h satisfies (9), converts every
solution y(z) of equation (E}) with continuous coefficients a, b and delay 7
into a solution z(t) of equation (Ej).

Using this approach we can, among other things, get further information
about the asymptotic behavior of (Ej) with a(z) < 0 provided condition (4) is
not fulfilled (notice that then, according to Theorem 1 and Remark 3, equation
(E}) has no solution y(z) asymptotic to a nonzero solution g(z) of (E,)).

We are going to generalize the following assertion proved in [6].
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THEOREM 5. Consider equation (E), where A is continuous on [ty,0),
A(t) < 0 for every t € [ty,0), f|A (t)] dt = co and Jim f|A s)ds < %
Then every solution z(t) of (Els) tends to zero as t — 0.

Now it can be easily proved the following proposition.

PROPOSITION 1. Consider equation (E}), where the functions a or b are
continuous on [z,,00) or [’T(.’BO),OO), respectively, a(z) < 0 for every x €
[z4,0), and 7 is a continuously differentiable function with a positive derivative
on [z4,00) fulfilling 7(x) < z for every x € [zy,00). If

/(Ia(w)lexp{— / b(w) du}) dz = o0
o 7(x)
and i )
lim. (|a(s>|exp{— / b(w) d}) as< T,
() 7(s)

then (7) is satisfied for any solution y(z) of (E}) and any solution j(z) of (E,).

Proof. It is enough to show that the statement can be covered by Theo-
rem 5. Using (8) we get
h(t)
h(t)

)

i.e., the integral conditions of Proposition 1 can be converted to those of Theo-
rem 5 using the integral substitution. O

A(t) = a(h(t))h'(¢) exp{— b(u) du} )

7(

ExaMPLE 3. Consider the equation
y'(@) = Ly0a) + Ly@),  wel00),
where a,b € R, a <0, A € (0,1). Since

1/(| |exp{ /b d}) d$_|a|)\b/dx .

Az

there is no solution y(z) of this equation such that y(z) ~ z® as = — oo.

If a > 0, then with respect to Theorem 2 and Remark 3, we have no nonzero
solution y(z) of this equation such that y(z) = O{z’} as r — oo.
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If a < 0, then we may apply Proposition 1. Since

lim (‘2|exp{_/£ du}) ds = oAb In AT,
T—00 S u
Az As

we get that if —F < aX’InA~1 < 0, then every solution y(z) of the equation
investigated satisfies y(z) = o{z’} as z — o0.

Notice that the equation
1 T
V(@) =-Ly(en{-T}s), zel00),

(ie,a=-1,b=0, A= exp{—-g-}) has a solution y(z) = sinlnx, which is not
of order less than one. In other words, the constant 7 in Proposition 1 cannot
be improved.

Now we turn our attention to equations (E,), resp. (E}) with b(z) < 0.
Condition (4) or (4) is satisfied in such a case only for equations (E,) or (Ej)
with very small absolute value of a,(z) or a(z), respectively. Notice that certain
cases of equations of the form (E}) with a(z), b(z) < 0 can be covered by Propo-
sition 1 (see Example 3). In what follows, we wish to derive estimates of solutions
of (E,), resp. (E}) under assumptions different from those of Proposition 1.

Suppose that assumptions (A;), (A;), (A}), (Ag) are satisfied, and let ¢
be an increasing C!-diffeomorphism fulfilling (9'). Then we denote

A (8) == exp{cp(Tk(go_l(s))) - s} , s € [go(zo),oo) , (10)
and
sup A (s) in case (A;)(i),
im { retene * 5T )
se[cpl({clf),oo) AL(8) in case (Ag)(ii).

In the next theorem, we shall require the existence of @ € R such that the
inequality

3

> (glay(@)]) < ag'(z) — b(=) (11)

k=1
is satisfied for every = > z,, = being sufficiently large. Therefore we denote

A:={a€eR| a satisfies (11) for all z sufficiently large} .

If A is nonempty (notice that this holds, e.g., if a;(z) = O{b(z)} as z = o),
we put
o :=inf A.
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Moreover, if a* > —oo, we introduce the function

m

e(@) = Y (A la(@)]) — o' () + b(2)

k=1
and
&(z) := max{e(z),0}, T € [z4,00) -
Notice that then o* satisfies

m

Z()‘g* la,,(2)]) < a”¢'(z) - b(z) + E(z) (11')

k=1
for every z € [z,,00).

Using this notation we have:

THEOREM 6. Consider equation (E,) subject to conditions (A;), (Ay), (A)),
(Ag) (1), (AL (). If a € A, then every solution y(z) of (E,) satisfies

y(z) = O{exp{ayp(z)}} as T —00.

[o0)
Moreover, if [&(x) dx converges, then every solution y(z) of (Ey) satisfies
o

y(z) = O{exp{a*¢(z)}} as T —o00; a*>0.

THEOREM 7. Consider equation (E,) subject to conditions (A,), (A3, (A},
(Ag)(il), (A)(i). If a € A, then every solution y(z) of (E,) satisfies

y(z) = O{exp{acp(a:)}} as x — 00.

Moreover, if a* > —o0, a*¢'(z)—b(z) > 0 for every z € [z,00), and [ &(z) dx
Zo
converges, then every solution y(z) of (E,) satisfies

y(z) = O{exp{a*p(z)}} as T —o00; a*<0.

Proof. Since the technique of the proof does not depend on whether or

not conditions (Ag) (i), (Ag)(i) or (Ag)(ii), (Af)(ii) are assumed, we prove this
statement under (A,), (A;), (A}), (Aj), (AL).

It is enough to prove the O-estimate with a* because the proof of the cor-
responding O-estimate with a € A is involved.

We carry out the transformation
z(t) = exp{—a"t}y(h(t)),
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where h = ¢~ ! is an increasing C!-diffeomorphism fulfilling (9), converting

equation (E,) into an equation

m

2(t) = 3 (o (RO)H @) expfa” (1) 1) }2 (1(0) ) + (RN ) —a*) 2(8),

k=1
t € [p(z,), ), where p,(t) = k=1 (r (h(t))), k=1,...,m. Further,

h(t)

/ b(u) du}

Zo
h(t)

+z(t)exp{a*t—- / b(u) du}(a*—b(h(t))h’(t))

Zo

2'(t) exp{a*t -

R(t)

Z(ak h(t))R'(t) exp{ * (i (2) —t)}exp{a*t— / b(u) du}z(,uk(_t))> ,

k=1 >

i.e.,
h(t)

[ s d}]

Zo

&l

[z(t) exp{a*t -
h(t)

Z( (h(t) h’(t)exp{ (uk(t)—t)}exp{a t— /b(U) dU}Z(#k(t)))

3

Now we denote by (dj), j = 1,2,..., an increasing consequence of reals,

where dy := @(z,) and d; := sup {t | p(t') < d;_, forevery t' €
te[d;—1,00)

[d;_),t] and k = 1,...,m}, j = 1,2,.... Further, let I; := [d;_1,d;],

= sup{|z(t)|} and M; = max{m,,...,m;}, j=12,....
tel;
Choose ¢ € I, arbitrarily. Integrating the last relation we get
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h(s) ¢
z(s)exp{a*s — | b(uw) du}]
el fras],

To 7

- i /t(ak h'(s) exp{ * (k) = S)} '

k=1 d;

h(s)

-exp{a*s - / b(u) du}z(uk(s))) ds

Zo

hence,

h(t) h(t)
2(t) = exp{a*(dj —-t)+ / b(u) du}z(dj) + exp { / b(u) du — a*t} .

h(d ) Zo

i /(ak (R(s))h'(s) exp{ (ﬂk(s)—s)}

k=1 d;

h(s)

.exp{a*s—— / b(u) du}z(uk(s))> ds

Zo

This implies

h(t) h(t)
|z(t)] < m; exp{a*(dj —t)+ / b(u) du} + ]Wjexp{ / b(u) du — a*t} :

h(d;) Zo

z’": /(ak )R (s) exp{ (uk(s)—s)}-

k=1 ;4

3

h(s)

-exp{a*s— / b(u) du}) ds|.

Zo

(12)

To estimate the last sum of integrals, we remark that (10) and (10') imply that
exp{p,(s) — s} = A(s), A, € (0,1), and A (s) < Ay for every s € [d, )
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and k =1,...,m. Then using (11’) and the assumptions of Theorem we get
m h(s)
Z /(ak ) R( s))\o‘ (s) exp{a s — / b(u) du}) ds
k=1 d; To

J

t m h(s)
_<_/ Z(/\2"|ak(h(s))lh'(s)exp{a*s— /b(u) du}) ds

d; k=1

t h(s)
< /((a” - b(h(s))h’(s)) exp{a*s - / b(u) du}) ds

t h(s)
+/(E(h(s))h'(s)exp{a*s~ / b(u) du}) ds

d; Zo

h(s)

< [cxp{oz*s - / b(u) du}

Zo

h(t)

djt1
+exp{a*t—/b(u) du} /E(h(s))h'(s) ds.
d;

Zo

t

d;
Substituting this into (12) we have
h(t)

/ b(u) du} +M

|2(¢)] < M; exp{a*(dj —-t)+

h(d;)
h(t) djq1
* — !
- M; exp{a (d; —t) + / b(u) du} + M; / g(h(s))R'(s) ds
h(d;) d;

dj41
= M; (1 + [ &(h(s))R'(s) ds) .
/

3

Since ¢ € I;, was arbitrary, we get

h(d;+1)
m; ., < M; (1+ / E(u) du) ,

h(d;)
hence
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Thus, according to the convergence of the infinite product (as j — 00), we have
|2(8)] = exp{—a*t}|y(¢™' (1))| < M
for every t > d,.

As was remarked above, the proof of the first part of the assertion is quite
similar to this one just presented (with o € A instead of o* and &(z) = 0 for
every T € [z,,00)). a

EXAMPLE 4. Consider the equation

142z T T
! — el =) -
v@=5v(3) +u(3) -ve),  weboo) (13)
Putting 7(z) = § we can verify the validity of (Af)(i). Then equation (9')

becomes
o(Z) = o) -

having ¢(z) = Inz as a required solution (with ¢ = In2). Thus inequality (11)
acquires the form
1\*1+2 (l)"‘ a
(2) rln§ e s T +1,

which implies that A = (0,00) and a* = 0. Now, according to the first part of
Theorem 6, every solution y(z) of (13) is of order not exceeding any positive
power of z. On the other hand, the second part of Theorem 6 does not yield

that every solution y(z) of (13) satisfies y(z) = O{1} as z — oo (i.e., y(z) is
bounded) because

142

&z) = xln—g—

o0
and [&(z) dz = oo. Notice that (13) in fact admits unbounded solutions,
3

namely y(z) =clnz.

COROLLARY 2. Consider equation (E,) subject to conditions (A,), (A;),
(A}), (As), (AL). Then we have:

m
(i) if X |ag(z)]| +b(z) <0 for all z sufficiently large, then every solution
k=1
y(z) of (E,) is bounded;
(ii) f X lag(z)| +b(z) > 0 for all = sufficiently large and
k=1

o0

/ (Z lay(z)| + b(z)) dz < o,
k=1

Zo
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then every solution y(z) of (E,) is bounded;
(iii) of > lay(z)| 4+ Lb(x) < 0 for some L € (0,1) and every T € [z,, o0)
k=1

¢'(z)
—b(z)
C' -diffeomorphism ¢ fulfilling (9'), then every solution y(z) of (E,)
tends to zero.

sufficiently large, and if the function is bounded for an increasing

Proof. The assumptions of (i), resp. (i), implies that a* < 0. Further,
put A:=min{\,...,A,}, and let o; <0, L € (L,1) be such that

A lay(@)] < T(-b(x)
k=1

¢'(x)
—b(x)

for every = € [z,,00) sufficiently large. Assuming < M for every z €

[z,,00) we put
L-1
a2 = -—A-l— <0.

From here we get
ay¢'(z) > (L —1)(-b()), T € [z,,00).

If we denote @ := max{a,,a,}, we have
> Xlay (@) S ATY |y (@)] < ~Lb(z) < @'(z) - b(2),
k=1 k=1

z being sufficiently large, and this implies @ € A.
Now all the assertions follow from Theorem 7 with the respect to the un-
boundedness of ¢. ]

Remark 6. Corollary 2 gives conditions under which the zero solution of (E,)
is stable, resp. asymptotic stable. It might be interesting to compare these
results with those obtained by the methods of the stability theory of FDE.
These methods applied to equation (E,) yield that the zero solution of (E,)
is uniformly asymptotic stable if a,(z), b(z) are continuous bounded functions

satisfying b(z) < —6 < 0, > |ag(z)] < Lé for a suitable L € (0,1), and
k=1
7.(z) = z — r,(z) are continuous delays with bounded 7,(z) (see [3; p. 154]).
Considering these delays, we can formulate the results of Corollary 2 in a very

similar way. Indeed, if 7. (z) = z—r,(z), 0 < r,(z) <7, then 7(z) =z —r, and
equation (9') with ¢ = r admits the identity function ¢(z) = z as a solution.
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Now Theorem 7 implies that every solution y(z) of (E,) is of order not exceeding
exp{—az}, a <0.

In what follows, we consider equation (Ej) with b(z) < 0. Using similar ideas
as in the previous part we obtain conditions under which every solution y(z) of
(E}) can be approximated by a solution of a certain functional equation.

First we consider the equation

a(h(t)
)= a(t—1)+1 . telt),00), 14
where a,b € C™([z,,)), a(z) # 0, b(z) < 0 for every z € [z,,00), and h is
a C"-diffeomorphism from [t,, 00) onto [z,,00), n =0,1,2,.... This equation

has a C™-solution «(t) defined on [t, — 1,00) which depends on an arbitrary
function (see [5]). For

a,(t) :==Re at), o.(t):=max{-a.(t),0}, tE€t;,),

we have the following theorem:

THEOREM 8. Consider equation (E}), where a,b,7 € C"([z,,0)), n being
specified later, a(z) # 0, b(z) < 0, 7(z) < = and 7'(x) > 0 for every x €
[z,,00). Further, let ¢ be an wncreasing C™-diffeomorphism fulfilling (9") (with
c=1), h:= ¢! on [p(zy),), and let o be a C™-function fulfilling (14).
Then we have:

(i) if n =2, and there exists t' € [cp(zo), oo) such that

a;(t) - b(h(t))h’(t) >0 for every t > t',
ol (1) —O;r((’:zt))h’(t) is nonincreasing for every t > ',

and

o (t)
/ (O = bR <

tl
then every solution y(z) of (E}) satisfies

y(z) = O{exp{ar(tp(x))}} as T —00;
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(ii) if n = oo, and there exist t" € [p(z,),0) and suitable real constants
K >0, p>1 such that

1 )  kmHimm
—b(h(t)) ' (t) tmtp
a'(t) (m) Km+limm
—b(h(t)) ' (t) S Tyt

for every t >t and m = 0,1,2,..., then no solution y(z) of (E})
satisfies

y(z) = o{exp{ar(cp(z))}} as T — 00,
ezcept the trivial one.

Proof. The idea of the proof of part (i) is similar to that used in the proof
of Theorem 6. The main difference consists in using a different technique in
estimating the integral in (12).

Using (9) and (14) we get that the transformation

2(t) = exp{—a(t)y ((1))

converts equation (Ej) into the form

2'(t) = —b(h(t)) W' (£)z(t — 1) + (b(h(t))h’(t) - a’(t))z(t), t € [p(zg), ) -

(15)
This can be rewritten as
h(t)
% {z(t) exp{a(t) - / b(u) du}]
Zo
h(t)
= — b(h(t))R'(t) exp{a(t) - / b(u) du}z(t -1).
Zo
Denote by (dj), j=0,1,2,... an increasing consequence of reals, where d, := t'

and d; := dy+jdy, j = 1,2,.... Further, let I, := [d;_,,d;], M, := tsglp{lz(t)l},
j=1,2....
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Choose t € I i1 arbitrarily. Then

h(t) h(t)
z(t) = exp{a(dj) —a(t)+ / b(u) du}z(dj) + exp { / b(u) du — a(t)} .

h(d;) 2o
t h(s)
./(—b(h(s))h'(s) exp{a(s) - / b(u) du}z(s - 1)> ds,
d; o

which implies
h(t)

|z()| < M; exp{ar(dj) -, () + / b(u) du}
h(d;)

h(t)
+Mjexp{ / b(u) du—ar(t)} : (16)

t h(s)
./(—b(h(s))h'(s) exp{ar(s) - / b(u) du}) ds.
d; Zo

To estimate this integral, we write

t h(s)

/(—b(h(s))h’(s)exp{ar(s)— / b(u) du}) ds

d; Zo

h(s) t
= |expq a,.(s) — [ b(u) du}]
ol [,

¢ h(s)

_ / (a’r (s)exp{ar(s)— / b(u) du}) ds

d;
h(s) t
< |expq a,(s)— [ b(u) du}]
o= o],
t h(s)
+/<E§(s) exp{ar(s)— / b(u) du}) ds.
d; xo
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Then integrating by parts we have

t h(s)

&Z(s) exp{ar(s) - [ b(u) du}) ds
Jpomfro- ]
h(s) ’7( ) t
al(s
= [exp{ar(s) - x[ blu) du}a'r(s) - b(h(s))h/(s)] d;
¢ h(s) d —al(s)
+ / (exp{arw - / b(u) du}ﬁ (a;(s> —b@(s»h’(s))) v
h(s) "7( ) '
ol (s
<espfac0 - JES "} b(h(s))ms)L,.
h(t) () t
al (s
+exp{ar(t)'z_o/b(“) du} [_a’r(S)—b(h(S))h'(s)L,-
) h(s)b . t o (d;)
 lexp o 5) - / | ) )R

Substituting this into (16) we have

|2(t)] < M, (1 + o (d;) ) ,  tel

a’r(dj) - b(h(dj))h’(dj) AR

hence,
M., <M |1 ACH)
A al(d;) — b(h(d,)) k' (d;)
: oy (d,)
<M 1+ e ,
' I:I ( al(d,) — b(h(d,))h (d,,))

j=1,2,.... Now applying Cauchy’s integral criterion we see that the sequence

(M;)$2, is bounded as j — co, and this proves (i).
Let the assumptions of (ii) be fulfilled. Rewrite equation (15) as

r(t)2'(t) = z(t — 1) — s(t)2(t), t € [p(z,), ), (17)
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where 1

() = ————— d )y=1-¢o .
This equation was investigated by N. G. de Bruijn [1], and we recall here
the statement relevant to the proof of (ii):

Let r,s € C'°°([(p(x0),oo)) , and let the positive real constants K, p, p > 1
satisfy

Km+lmm
(m) 2
Hm () < T
(m) Km+lmm
() =)™ | < =7
for every t sufficiently large and m = 0,1,2,.... Then equation (17) has no

nontrivial solution z(t) tending to zero as t — .
The assertion of (ii) is now covered by this result. O

Remark 7. If |a(z)| > —b(z), then it is possible to choose a solution a(t) of

(14) such that a).(t) > 0. Then &Z(t) =0, and we can omit the assumptions of
Theorem 8(i) and only specify n =1 in Theorem 8 (i).

Remark 8. Putting ¥(z) = exp{a(p(x))} we get that the function #(z) fulfils
the linear functional equation

¥(z) = “(x)

w( (), T € [1,,00).
Then Theorem 8 implies that, under certain assumptions, every solution y(z)
of (E}) can be approximated by a solution (z) of this functional equation.
EXAMPLE 5. Consider the equation
y'(z) = azy(\z) + by(z), z € [1,00), (18)
a,beR, b<0, A€ (0,1). Since equation (9') (with ¢ = 1) becomes
p(Az) =p(z) -1, z€[l,00),

the function ¢(z) = lh;\xl is the required C'*°-diffeomorphism, hence h(t) =
A~t is a C*-diffeomorphism fulfilling (9). Then equation (14) becomes
a\~ t
a(t) = a(t —1) +1n — t€[0,00),

and admits an infinitely differentiable solution a(t) =< (? %) (InA~1)+tln 2.
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Now it is easy to verify that the assumptions of (i) and (ii) are valid. Indeed,

ol ()=t >0 for every t >0,

al(t) L :
m is nonincreasing for every t > 0,
and
[ aw
—r\W gt ,
/a’r(t)—b)\‘t dt < oo
0
Similarly,
( 1 )(m) _ lnm—l ’\/\t
—b(h(t))h'(t) b
and

o (m) t . o .
<—I)(T()t))h'(t)) = :\—b((ln /\)(t+—%)+(ln A)(m—ln—_—b)).

Since

-1
|1n7ib A‘)\tt1n+p < I(m-%—lmm
and
A m 1 m—1 a m—+p m+1, m
= | )\)(t+§)+(ln )\)(m—ln_—b) e < Kty
for a suitable K > 0, p > 1, and for every t > 1 and m = 0,1,2,..., the

assumptions of (ii) are valid as well.
Summarizing this, every solution y(z) of (18) satisfies

In? 1 In 14
y(:l;):O{cxp{mn;ﬁ_1 +n7x+1n)\_*b1 lnx}} as T — o0,

and no nontrivial solution y(z) of (18) satisfies

_ In’z Inz an—a_lil
y(z) = 04 exp 2ln/\_1+—2_+1n/\“1 nzx as T - 0.
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