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ON EDGE DOMATIC N U M B E R OF H Y P E R C U B E S 

PlER VlTTORIO CECCHERINI* — IVAN HAVELŤ** 

(Communicated by Martin Škoviera) 

ABSTRACT. Certain upper bounds of the edge domatic number of a hypercube 
Qn are determined. Since they equal for n < 10 (with the exception of n = 8) 
the exact values for these small n follow. 

1. Introduction and notation 

The purpose of this note is to make a contribution to the problem of domi
nation in hypercubes. Both the graphs of hypercubes Qn, and concepts related 
to domination are for many reasons important and interesting (cf. [5]). We deal 
with the so called edge domatic number of Qn. The edge domatic number of a 
graph was introduced by Z e l i n k a (cf. [10] and also [5], [6], [12]), and it has 
been evaluated only in few particular cases (cf. [8], [11], [13]). One reason why 
the notions connected with edge domination in a graph G (like the edge domina
tion number and the edge domatic number of G) are worth studying is that they 
correspond to analogous notions of ordinary (i.e. vertex) domination in the line 
graph C(G) of G. In particular, the edge domatic number corresponds to the 
ordinary domatic number, a parameter introduced in [1] by E. J. C o c k a y n e 
and S. T. H e d e t n i e m i . We also establish a relation between the edge domi
nation in G and maximal matchings of G and use it to obtain an upper bound 
of the edge domatic number of Qn. 

We consider finite, undirected, and simple graphs G with the vertex set V(G) 
and the edge set E(G). A common definition of the hypercube Qn, n > 1, is 
used: The vertices of Qn are all 0—1 vectors of the size n, two vertices being 
adjacent if they differ in exactly one coordinate. 
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As to the concepts of domination, we recall the definitions of only those we 
directly need: 

Two different edges of G are called adjacent if they have a vertex in common. 
Let E' C E(G). We say that E' dominates E(G) (cf. [9]) if for any e G 

E(G) \ E' there exists e' G E' such that e and e' are adjacent. 7 e(G), the 
edge domination number of G, is the size of a smallest E' C E(G) such that E' 
dominates E(G). (Observe that 7e(G) = ^(C(G)), where *y(C(G)) denotes the 
(vertex) domination number of the line graph of G.) 

A partition of E(G) is called an edge domatic partition if any class of it 
dominates E(G). The maximum number of classes in an edge domatic partition 
of E(G) is called the edge domatic number of G and is denoted by ed(G). 

A matching of G is any set of edges of G such that no two of them are 
adjacent. A matching is maximal if it is contained in no larger matching. The 
size of a smallest maximal matching of G will be denoted by m(G). 

The concept of an edge domatic partition (and also that of edge domatic 
number) of a graph G can easily be expressed in terms of edge coloring. 

For d > 1, let us call an edge d-coloring of G any mapping of E(G) onto 
{ 1 , . . . , d}. (Observe that we do not ask adjacent edges to be colored differently.) 
Let c be an edge <i-coloring of G; we say that c is an edge domatic d-coloring 
of G if the partition of E(G) given by the color classes of c is an edge domatic 
partition of E(G). It is not difficult to see that c is an edge domatic ci-coloring 
of G if and only if 

(eeE(G) & i€{l , . . . ,</}) 

= > c(e) =i V (3 e' G E(G)) (c(e') = i k e' is adjacent to e) . 

Then ed(G), the edge domatic number of G, equals the maximum d such that 
there is an edge domatic d-coloring of G. 

001 2 Oil 

000 4 010 

FIGURE 1. The edge domatic 4-coloring 7i of Qs • 
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EXAMPLE. Fig. 1 shows an edge domatic 4-coloring 7X of Q3 , proving that 
ed(Q 3 )>4 (in fact, ed(Q3) = 4). 

Z e 1 i n k a proved in [12] that, for m > 1, 

ed(Q3m) > 4m. 

Our aim in this paper is: 
1) using F o r c a d e ' s lower bound for the size of a smallest maximal match

ing of Qn ([3]) to establish the upper bound 

e d ( Q n ) < n - 2 n - 1 / 
n - 2 n 

n > l , (1) 
3 n - l 

2) using Z e l i n k a ' s construction ([12]) to prove that 

ed(Qn) > |4rJ , n > l , (2) 

3) combining the results 1) and 2) to determine exact values of ed(<2n) for 
several small values of n. 

2. Results 

We start with establishing the equality between the edge domination number 
and the size of a smallest maximal matching. 

PROPOSITION 1. For any graph G, 

7e(G) = m(G). 

The proof is easy (and the fact itself is mentioned e.g. in [2]): Since every 
maximal matching in G dominates -B(G), we have 7e(G) < m(G). To prove 
m(G) < 7e(G) we consider a set of edges E' of G dominating E(G) with 
\E'\ = 7e(G). If E' already is a matching we are done; if not, we turn E' into 
a maximal matching in G by a finite number of steps, each of them consists of 
deleting one edge from E' and adding another one. An edge e' being deleted is 
anyone fulfilling the condition that there is e € E' adjacent to e', an edge e" 
being added is anyone adjacent to no edge of E' \ {e'} (one easily verifies that 
such e" exists). 

Consider an edge domatic d-coloring of G with maximum possible d, i.e. 
such that d = ed(G). Since every color class is an edge dominating set of G we 
have 

| £ (o ) | >ed (G) - 7 e (G) , 
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hence 

and using Proposition 1, also 

Now we turn to hypercubes. It is proved in [3] that 

so we have the upper bound (1) from here. 
In order to prove a lower bound for ed(Qn), we first introduce the following 

auxiliary concepts: if c is an edge domatic d-coloring of a graph G, for v G V(G) 
we put 

Col(c, v) = U G { 1 , . . . , d} : (3e£ E(G)) ((v is end vertex of e) & c(e) = i) \ . 

Let cx, c2 be edge d-colorings of G. We call them complementary if for every 
v e V(G) 

Col(cl5?;)UCol(c2,?;) = { l , . . . , ! i } . 

Now we are going to present certain construction of an edge coloring of a graph 
GxK2, where x denotes usual "box" Cartesian product of graphs; in our special 
case (when the second factor is K2) we have 

V(G x K2) = {(x, i) : x G V(G) & i G {0,1}} , 

E(GxK2) = {(x,i)(y,i) : xy G E(G) & ie {0,1}} 

U{(a:,0)(x,l): x G V(G)} . 

The construction produces an edge (d-\- 1)-coloring of G x K2 from two edge 
d-colorings (not necessarily distinct) of a graph G. 

Construction: 
Let cx, c2 be two edge d-coloring of a graph G not necessarily distinct. The 
construction produces an edge (d-f 1)-coloring c of the graph G x K2 defined 
as follows: Let x,y,z G V(G), let xy G E(G). We put 

c((s, 0)(», 0)) = cx(xy), c((s, l)(j/, 1)) = c2(xy), c((^, 0)(z, 1)) = d + 1. 

The resulting coloring c will be denoted Constr(G, c1?c2). 

The following statement may be verified directly: 
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PROPOSITION 2. 
1) 7/ clf c2 are complementary edge d-colorings of a graph G and c[ = 

Constr(G, c1 5c2)7 c2 = Constr(G,c 2 ,c 1) , then c[, c2 are complementary edge 
(d -f 1) -colorings of the graph G x K2. 

2) If cx, c2 are edge domatic d-colorings of a graph G and c = 
Constr(G, cx,c2), then c is an edge domatic (d+1) -coloring of the graph GxK2. 

Applying our construction and Proposition 2 to hypercubes, we obtain the 
following statement: 

COROLLARY. Given a pair cx, c2 of complementary edge domatic d-colorings 
°f Qn' *t is possible to construct a pair c[, c2 of complementary edge domatic 
(d + 1) -colorings of Q n + i . 

To prove the following statement we will essentially use Z e l i n k a ' s con
struction from [12]. 

PROPOSITION 3. For m > 1 there exist complementary edge domatic 

(4m) -colorings Cj , c2 G Q3m . 

P r o o f . We start with some auxiliary constructions. Let T be the set of 
all twelve strings of length 3 over the alphabet {0,1, * } , containing exactly one 
asterisk 

T = {*00,*01,. . . ,11*}. 

We define two mappings ry1 and 72 of T onto {1,2,3,4} by putting 

7i(00*) = 7 l ( i * i ) = 7 l ( * i 0 ) = 72(01*) = 72(1*1) = 72(*00) = 1, 

7i(0*l) = 7 i (H*) = 7i(*00) = 72(0*1) = 72(*10) = 72(10*) - 2 , 

7i(*01) = 7i(l*0) = 7i(01*) = 72(00*) = 72(1*0) = 7 2(*H) = 3 , 

7i(0*0) = 7 l(10*) = 7 i (*H) = 72(0*0) = 72(*01) = 7 2(H*) = 4 . 

Observe that there is a natural 1 — 1 correspondence between T and E(Q3), 
e.g. the string *00 corresponds to the edge joining vertices 000 and 100. Also 
observe that j x is in fact the edge domatic 4-coloring of Q3 given in Fig. 1 and 
72 is symmetric to ry1 by a vertical axis. Moreover, 7 l and 72 are obviously 

complementary and may be taken as the needed colorings c[ , c2 in case 
m = 1. 

Let m > 1, we are ready to define the needed colorings d̂  , c2 : given 
e e E(Q3m), assume the end vertices of e are (vx,..., Vj_x, 0, Vj+1,..., v3m) 
and (v1,...yvj_1,l,vj+v...,v^m), where 1 < j <3m. Put k = 3 • [(j - 1)/3J 
and call e to be odd (resp. even) if 

k 3ra 

Y,vi+ J2 vi 
i=\ i=k+4 
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is odd (resp. even). We determine e' € T by putting 

' *Vk+2Vk+3 if J = fc + 1 
vk+i*vk+з tíj = к + 2, 

[Vk+lVк+2* ifj = k + 3, 

and define 

c[m)(e) = f +Ъ(e'), Ąm\e) = f+Ъ(e') 

Лm.)f,_ 4к .(п*)/ 4к cГ(e)=f + Ъ(e'), cГ(e) = f+Ъ(e') 

if e is odd, 

if e is even. 

We have to show that c[m>} and c^ just constructed possess the needed 
properties. Let us consider an arbitrary vertex v = {vv • • • ,vSm) £ V(Q?>m) 
and let us take an arbitrary j , 1 < j < m . Determine the parity of the sum 
Sj 3 m 
__]v{+ ^ v{ and consider the following three edges of Q3m incident with v: 

i = 3 j + 4 » = i 

Єv,j,l =(VV 

(VV 

Єv,j,2 = (VV 

(VV 

Єv,j,3 = ( « 1 . 

(«1> 

> V3ji V3j+V ^ З j + 2 ' ^ З j + З ' ^ З j + 4 ' 

' ' V 3 j ' ü 3 j ' + ľ UЗj+2> ^ З j + З ' V З j + 4 ' 

' U 3 j ' U 3 j + ľ % í + 2 > %/+3> V З j ' + 4 ' 

> U 3 j ' W 3 j ' + ľ ^ З j + 2 ' V 3j+3> ^ З j + 4 ' 

.«я,-.«з i » w : Зj> Ľ 3 j + ľ ĽЗj+2> ^Зj+З) " З j + 4 >«a , U , 

> ^Зj) ^ З j + ľ %>'+2> ^ З j + З ' ^ З j + 4 ' 

• . w 3 m ) 

•>«3J, 
• ' W 3 m ) 

• > « 3 m ) . 

• . Ъm) 

• » v 3 m ) . 

where, as usual, 0 denotes 1 and 1 denotes 0. 

The values of colorings c^ and 4 for these edges are defined using the 
mappings 7X and 7 2 . We verify directly that 

{c[m)(evJJ : 1 < s < 3 } u { 4 m ) ( e t ; i j i J : 1 < s < 3} = {4j-S,4j-2,4j-l,4j} 

and also that both Cj and 4 a r e surjections, which accomplishes the proof. 

• 
Propositions 2 and 3 already prove the lower bound (2). 
Combining the lower (lb) and upper (ub) bounds for e d ( Q n ) . we obtain the 

following table: 

n 3 4 5 6 7 8 9 10 11 12 

lb 4 5 6 8 9 10 12 13 14 16 

ub 4 5 б 8 9 11 12 14 16 17 

ed(Q„) 4 5 6 8 9 10 or 11 12 
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