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EQUIVALENCES IN PRESHEAVES,
FUNCTIONAL SEPARATION OF THEIR INDUCTIVE LIMITS
AND REPRESENTATION BY SECTIONS

JAROSLAV PECHANEC—DRAHOS

Introduction

In [1], [2], [3] we have dealt with the question of when the topology ¢ of the
inductive limit (I, ¢) of a presheaf & = {(Xe, to) |0as| (A <)} from the category of
topological spaces is Hausdorff. We have also studied there a slightly more general
question of when there is a topology ¢ in I, such that (I, ) is functionally separated,
meaning that for any different x,y from I there is a ¢-continuous function
separating them. Several theorems have been found answering the question in an
even more general setting. But these suffer from two drawbacks. The one is that we
need < to be a well order, the other is that we need the g,’s to be 1—1. These
drawbacks have been taken over by [4], where we try to solve the question of the
representation of a presheaf by sections in its covering space by means of the
theorems of [1]—[3], and they thus set some unwanted boundaries to the
usefulness of the theory.

In this paper we try to get rid of these shortcomings. We seek some ways of
extending the validity of the theorems of [1]—[3] to the case when < is not a well
order on the one hand, and when the g.s’s are not 1—1 on the other. A separation
theorem (Th. 4) is found here, in which neither the g,s’s need be 1—1 nor < needs
be a well order. The method used in [1] fails to bring such an outcome, therefore
the method of equivalences which leads to Th. 4 brings us to the solution of the
representation questions in some cases when the former ones fail to do so. From
Th. 4 we get a theorem on the representation of sheaves by sections (Th. 5) which
could not be obtained by means of [1]—{3] and could not thus occur in [4], and thus
enlargen the set of the representation theorems from [4] and help so our knowledge
of the problems to become more complete.

Remark 1. Let us have a presheaf ¥ = {(X., t)|0as|(A <)} from the
category of topological spaces meaning that the g.s’s are continuous. In every X,
we shall define the relation “xR.y iff there is B =a with g, (x) = 04s(y)” — as
(A <) is right directed, it is an equivalence. Let (Y., v.) be the quotient space of
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(Xa, ta) bY Ry, let po:(Xa, ta) = (Ya, va) be the natural maps. If a, Be A, a<p,
then clearly g.s: X, — Xp agrees with R,, Rg; there thus is gus: (Y., ve) — (Ys, Up)
— the quotient of g,s. Clearly it is continuous and @, = @s/0as for a <B <7y, hence
¥ = {(Ya, va) |0as] (A <)} is a presheaf from the category of topological spaces.
It shall be calied quotient presheaf of &. Clearly the following diagram commutes
for any a,B €A, a<p:

(Xa, tu) (Xﬁ’tﬁ)
1?(1 lpﬁ
(Ya, va) (YB’ vﬁ)

Lemma 2. Let ¥ ={(Xa, t) |oas| (A <)} be a presheaf from the category of
topological spaces, let ¥ ={(Ya, Va) |0us| (A <)} be its quotient presheaf. Then

(a): Qo is 1—1 for any a,BeA, a<p,
®): If lim¢ = (I, 1) [{&laeA}), limFP=((J, v)|{n.|acA}) then

(I, t) is bomeomorphic to (J, v).

Proof. It is streightforward and, therefore, left to the reader.

Remark 3. Let & be as in Lemma 2.

(a): For the relation R, on X,, defined as “xR.y if & (x) = &,(y)”, we have
R/.=R,.

(b): IfaeA, then for every B =« an equivalence R,; can be defined as “xR,sy
if 0ws(x) = 0a(y)”. If M = X,, then the R, — saturation %, (M) of M is related to
the R, — saturations %.s(M) of M as follows: %, (M) = u{%,sM|B=a}. Thus
M is R, — saturated iff it is such for every R, with f=a.

(©: Ha<p,McX,, then $a(M)=5."E(M), Fos(M) = 023 0us(M). Fos (M)
c Fu(M) ¢ Fu(M) if B<7y.

(d) If M, NcX,, then .(M)Nn%,(N)+#0 iff there is f=a with (M) N
L (N) #0.

(e) : (i) If all the g,4’s are open maps, then &, (M) is open for any @ € A and any
open M c X,.

(ii) If moreover g,; maps any f, — open set onto a fz — open one for each
a,feA,a<f,then&,(M)ist —openforany a € A and any t, — open set M.

Proof. (a) follows directly from the construction of h_n3 — ¥, (b) from the way

of definition of Ra and R, (c) is easy to check. (d): If x € #u (M) n Z.(N), then,
by (b) there are B, y=a such that x € %,4(M) N %, (N). Take d =8, v ; by (c) we
have x € s (M) N F,5(N). The converse is clear. (e): If M = X, is open then for
any B=ag.s(M) is open in p.(X.) (openness of 0u5) and Qz50ws(M) is L
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— open (continuity of 0.s) hence (i) follows from (b). (ii) : It is known that S =1 is ¢
— openiff £,'(S) ist, — open forevery a € A .If Mist,— open, § € A, then there
is y=f, a and we have £;'8.(M) = &,'E,00, (M) = %,(0us(M)). As N = 0., (M)
is t, — open, so is %,(N) = &;'& (M) by (i). Now, &5'E.(M) = 04/E;"'E.(M) and
it is open as gg, is continuous.

Theorem 4. Let & = {(X., t.)|0.s|(A <)} be a presheaf from the category of
topological spaces,letF = {(Ya,Va)|0as| (A <)} be its quotient(see 1),let lim &

= (I, H{&]ae A}, lim P = ((J, v)|{n.|a e A}). Suppose that for any a € A

and any x, y € X, with 0.s(x) * Qas(y) for all B = a there is an open nbd U of x and
V of y with 0230.6(U) N 0a30as(V)=0. Then

(a): If any o.s maps any t, — open set onto a t; — open one, then (I, t) and
(J, v) are Hausdorff.

(b): If all the p.s’s are open maps, < a well order, if there is a countable cofinal
subset of A, and if every (Xa, t.) is compact and Hausdorff, then (J, v) and (I, t)
are functionally separated.

Proof. (a): If a,bel, a+b, then thereis a€ A and x, y € X, with &,(x)=a,
E,(y)=b.Then 0u(x) # 0.s(y) for all B =a, and so there are open U, V c X, with
020as(U) N 0a504(V)=0. By 3b, we have L.5(U) N Fop(V) =9, for 2ll f=a,
and 3d yields .(U) n %.(V)=0. By 3c E;'E,(U) n EJ'E(V) = %(U) n
F(V)=0 and so & (U) n &(V)=0. By 3e ii &(U), E(V) is an open
neighborhood of a, b respectively hence (I, t) is Hausdorff.

(b): We may assume that the ordinal type of A is w, as there is a cofinal subset
of A of the ordinal type wo. Anyx,y € X, with non xR,y have open nbdsU, V with
F.(U) N F(V)=0; by 3e (i) .(U), %.(V) are open; plainly they are saturated ;
thus p.%,(U) = p.(U) and p.¥.(V) = p.(V) are v. — open disjoint rbds of
Da(x), Pa(y) — here p.: X, — Y, are the natural maps (see 1). Thus we have the
(Y., va)’s Hausdorff, hence compact because such are the (X, t,)’s. By 2a the
0as’s are 1—1, hence they are homeomorphisms. Thus & fulfils the conditions of
1.5.5 or of 1.5.6b of [1] and hence (J, v) is functionally separated. Now we use 2b,
which fiishes the proof. '

Th. 4 yields the following representation theorem:

Theorem 5. Let ¥ = {(Xu, tv)|ouv| X} be a sheaf from the category of topologi-
cal spaces such tah every (Xy, ty) is compact. Suppose each x € X has a filter base
Ax of open nbds such that

(a): either each puv maps any t, — open set onto a tv — open one, or all the
Quv’s are open and x is of a countable local character.

(b): For any Ue Ax and any x, y € Xy with ouv(x) = 0uv(y) for all V € Ax,
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VU there is an open nbd U of x and V of y such that oo (U) N
0ov0uv(V) =0 for all Ve Ax, V< U. Then there is a separated closure f in the
covering space P of S such that for the set I'(U, t) of all continuous sections over U,
for the natural map py: Xuv—T'(U, f) mapping a € Xy onto d e I'(U, f), where
d(x) is the germ of a in the stalk over x, and for the topology bu(f) projectively
defined in Ay by the maps {ru.(x)|x € U} where ry, (@) = a(x) for x € U, we have
for any open U c X: . ‘

(@): pu:(Xu, tv)— (A, bu(f)) is a homeomorphism,

(b): (U, {)=Ay;
(for a more complete statement see [4, Th. 4.2.2]).

Proof. Clearly ., fulfils the conditions of Th.4 whence if lim %, =

(I, t.)|{E&ux|U € Ax}), then (I,t) is a Hausdorff topological space; thus

(Avu, by) is also one for the topology by projectively defined in A, by the maps
{ru:Av — (I, t.)|x € U} (see [4, Th. 4.2.2],where by, is denoted by by (st.)). As
pui(Xu, tv) > (Ay, by) are 1—1 because ¥ is a sheaf, and continuous, they are
homeomorphisms, (Xy, t/) being compact. The rest can be proven in the same way
as [4, Th. 4.2.2].
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3KBUBAJIIEHIWMU B IPEOITYYKAX, ®YHIHHMOHAIIbHAS OTOEIUMOCTD
WX MHOYKTHUBHBIX IMPEJEJIOB U IPENCTABJIEHUE CEYEHUSAMAU

SlpocnaB [TexaHen_JIpaxoi

Pe3iome

JJokazaHa Teopema, TNpU YCHOBUSIX KOTOPOM MHOYKTMBHbIA mnpenen $ npeanyyka &
= {Xal0us| (A< )} dynkumonanbHo oTaENUM (1151 BCIKMX p, q € F, p # q CYILIECTBYET HENPEPbIB-
Hasi pyHkums f Takas, 4to f(p) =f(q)) 6€3 NpeanonoXKeHus, 4To < eCTb XOpollee YIopsnoYeHHe
U 4TO Q.4-TIPOCTBIC. ITO siBNseTcs 06o0LiesueM nopo6Hoi Teopemsl 1.1.7 u3 [1], B koTtopo#
YNOMSIHYTbIE MPEANONOXEHUS OMXKHbI BBINOIHATCS, a TaKXe O0O06ILAET HEKOTOpbIE TEOPEMbI
O NpeCTaBICHUH MYYKOB CeYeHNaMu U3 [4], MO3BONSISt OTOGPOCUTD MPENNONOXEHHE, YTO Quv -TIPOC-
ThIC M YTO TOYKH X € X UMCIOT XOPOLIO YHOpsAAOYEeHHbIE (hUIbTep — Ga3HIM OTKPBITBIX OKPECT-

HOCTCH.
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