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ABSTRACT. In this paper we study in Banach spaces the existence of fixed:
points of asymptotically regular mappings. Specifically, we establish for these
mappings some fixed point theorems in a Hilbert space, in LP spaces, in Hardy

‘spaces HP and in Sobolev spaces HP* for 1 < p < 400 and k > 0. We
extended results from the paper [6].

1. Introduction

Throughout this paper, E will always stand for a real Banach space with
norm | -||.

The concept of asymptotic regularity is due to F. Browder
V.Petryshyn (see[1]).

A mapping T: E — FE into itself is said to be asymptotically reqular if

and

lim || 7"z — T"z|| =0
n—0oo

forall z in F.

It is known [5] that if T is nonexpansive, then T3 :=t - I + (1 —¢t)-T is
asymptotically regular for all 0 <t < 1.

Recently, P. K. Lin in [10] has constructed a uniformly asymptotically

regular Lipschitzian mapping acting on a weakly compact subset of #2 which
has no fixed points.

Let p > 1 and denote by A the number in [0,1] and by Wp()) the function
A-(1=XP+ M- (1=)).
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The functional ||-||P is said to be uniformly convez [20] on the Banach space
E if

(x) there exists a positive constant ¢, such that for all A € [0,1] and
z,y € E the following inequality holds:

Az + (1 = AyllP < All2]]” + (1 = M|yll” = Wp(A) - ¢p - [l2 = yl|”-

H. K. Xu [19] proved that the functional || - ||P is uniformly convex on the
whole Banach space FE if and only if F is p-uniformly convex, i.e. there exists
a constant ¢ > 0 such that the moduli of convexity (see [5]), g(e) > c-€P for
all 0 <e<2.

In this note we show some theorems on fixed points of asymptotically regular
mappings in p-uniformly convex Banach spaces. The main result generalizes
fixed point theorems proved in [6].

2. Preliminaries

Let A and B be a nonempty closed convex bounded subsets of F. Assume
that ® is a real-valued lower semicontinuous functional defined on

AeB=|JaoB=|J{a-b: beB}
a€A a€A
and bounded on a © B for each a € A. We note that all functionals & which

will occur in the applications of the theorems, presented in this paper, have these
properties.

An element z in A is said to be an asymptotic center of the bounded sequence
B = {b,} C E with respect to ® and A if

¥(z) = inf ¥(a),

where
U(a) = limsup ®(a — by,) .

n—oo

R.Smarzewski in [15] (see [17]) has established the following:
THEOREM 1. Let ®(a —b,) := ®(a), a € A, such that for all b, € B :

)V A ®a)>c,

c>0 a€A
D A A Bt ) ~ Ba) < t[8() ~ 2(a)] - K (& [ ~al)),
0<t<1 h,acA
where
K(t,s)=t-o((1—1t)s)+ (1 —t)-p(ts), t,s >0,
@: [0,400) — [0,400) is a continuous strictly increasing function
with ¢(0) =0,
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and c is constant. Then there exists a unique asymptotic center z.€ A of the
sequence B = {b,} with respect to ® and A. Moreover, we have

U(z) < ¥(a) = ¢(llz - al)) (1)
forall a in A. 0O

From (x), it follows that the functional ®: E — R defined by ®(y) = ||y||?,
satisfies the assumptions of Theorem 1 with ¢(s) = c¢- sP. Thus we have the
following;:

COROLLARY 1. Let p>1 and let E be a p-uniformly convex Baﬁach space,
C a nonempty closed convez subset of E and let {z,} C E be ‘a bounded
sequence. Then there exists a unique point z in C such that "

limsup ||zx — 2||P < limsup ||lzx —z||P —¢p - ||z — 2||P
n—oo n—oo

for every = in C, where cp > 0 is the constant given in (*). a
The following lemma is crucial in the proof of the main result.

LEMMA 1. Let C be a nonempty closed convex subset of a Banach space E and
let {n;} be an increasing sequence of natural numbers. Assume that T: C — C
is an asymptotically regular mapping such that for some m € N, T™ 1is contin-
uwous. If

U(z) := limsup ||z — T™ul| =0

n—oo

for some ue C and x € C, then Tz ==z.

Proof. If U(z) =0, then T™u — z for i — 400. So

IT™ 4™y — 2| < T ™0 — Tl + | T — |
m—1 .
< 3Ty — Ty 4 || T — g
j=0

and from the asymptotic regularity of T, T™t™u — z as i — +00.
Since T™ is continuous, we have

Tz =T™( lim T™u) = lim T%t"u==z.

1—00 1—00

It is easily verified (by induction) that T™°z =z for s =1,2,.

Then
ITz -z = |T™+1z — T™z]| — 0

as s = 4oo,s0 Te==. O
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3. Main result

In this section, we prove a fixed point theorem for asymptotically regular
mappings in p-uniformly convex Banach spaces by making use of the method
of asymptotic centre.

To prove it, we recall that the normal structure coefficient N(E) of E is
defined (cf. [2]) by

N(E) = inf diam C . C a bounded convex subset of E
. - rc(C) ~  consisting of more than one point |’

where
diam C = sup{||lz — y|| : z,y € C}

is the diameter of C and
C) = inf -
rc(C) xlgc(sggllw yll)

is the Chebyshev radius of C relative to itself.
E is said to have uniformly normal structure if N(E) > 1. It is known that
a uniformly convex Banach space has uniformly normal structure (cf. [4]) and

for a Hilbert space H, N(H) = v/2. Recently, S. Pichugov [11] (cf. [13])
calculated that

N(Lp)zmin{21/p, 2.(”_1)/”}, 1<p<+o0o.

Some estimates for the normal structure coeflicient in other Banach spaces may
be found in [14]. ‘

THEOREM 2. Let p>1 andlet E be a p-uniformly conver Banach space, C
a nonempty closed conver and bounded subset of E, T: C — C an asymptoti-
cally regular mapping. If

ILH_I.LI;f 1T =k < [%(1 +1+4-¢,- N_p)]l/p

(where || T™|| is the Lipschitz constant (norm) of T™, N is the normal structure
coefficient of E and cp is the constant given in (x)), then T has a fized point
in C.

Proof. If Kk <1, then T has a fixed point by Banach’s theorem. Hence
assume that k£ > 1. Let {n;} be a sequence of natural numbers such that

L n . - 1 1/p
liminf |77 = lim |7 = k < [5(1+\/1+4-CP-NP)] .
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Given an element 29 € C' and by Lemma 1, we can inductively construct a
sequence {zp,} such that z,, is the unique asymptotic center of the sequence
{T™ zpm—1}i>1 with respect to the functional

limsup ||z — T™ 2z —1]|P
i—00

over z in C'.

. Now for each m > 1, we set

Dy, = limsup ||z — T™ 2|,
i—00

Tm = limsup ||zm41 — T 2| .
1—00

By the result of Casini-Maluta [3] and the asymptotical regularity of T,
we have

1 . ) . ..
™m < N ~nan;o(§up ([|T"‘zm —T%zp|: i, > n))
< % - lim sup (lim sup || T™ zp, — T"J'zmH)
1—00 j—oo
< L im sup(limsup (IT™ 2 — T™F™ 2 || + | T™ ™ 2y, — T"J'zmﬂ))
N i—00 j—oo
< L -’limsup(limsup(HT"iH Nzm = T™ 2 ||
N 1—00 j—oo
n,-—l
+ DT = Tz, ) )
=0
< L -limsup |77 - limsup ||zm — T™ zm||
N 1—00 j—oo
=k -limsup ||z — T™ 2|,
N e
ie.
rm< - .D m=0,1,2
m = N m IS Bk Rt L |

where N is the normal structure coefficient of FE.
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For each fixed m > 1 and all n;, n;, we have from (x):
[Azm41 + (L= A)T™ 2m1 — T zml|” + cp - Wp(A) * lzmsr — T™ 2m41 ||
SA-llzmar =T 2m[P + (1= A) - | T™ 2m41 — T™ 2|
S lzmer = T zm|P + (1= A) - [IT™ 241 = T™F 2|
+ | T4 2y — T™ 20 ||]P

<A flzms = T zll? + (1= X) - [IT™ - 2 = Tz

nj—1

p
YT ey = T ||
v=0

Taking the limit superior as i — +o0o on each side, by definition of z,, and by
the asymptotical regularity of T, we get
rh o Wp(A) - lzm1 — T zma||P < (>‘ +(1- )\)kp)rfn .
It then follows that
1— (kP — — ) (kP -1 P
<= CP%)VE’];(A) Lo c:)Vg:z(A) i D
Letting A T 1, we conclude that

P
Dm+1

kP(kP — 1) V7
Dm+IS[W] *Dy := A+ Dy, m=12,...

where

A=[£”<k_"1>]””<1

& NP
by assumption of the theorem.
Since
lzm+1 — 2m|| < tm + Dy < 2D,y <+ <2-A™- Dy — 0

as m — 400, it follows that {z,,} is a Cauchy sequence. Let z = n}gnoo Zm -
Then we have

2= T2 < 112 = 2ol + ll2m — T™ 2l + [T 2 — T2

S I -l =zl — Tz

Taking the limit superior as i — 400 on each side, we get

limsup ||z = T™z|| < (1+k) - ||z = 2ml| + D

<(Q+k) ||z—zm||+A™ Dy —0

as m — +oo. Therefore Tz = z by Lemma 1. The proof is complete. O
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4. The corollaries in Hilbert and L?-spaces

In this section we give applications of the established inequalities analogous
to (%) in some Banach spaces. Let us first begin with the following:

LEMMA 2.
(a) In a Hilbert space H , this equality holds:

Xz + (1= Nyll* = Mlzl® + (1 = Myl = A2 = Nllz — y|”

forall z,y in H and X € [0,1].
(b) If 1 < p <2, then we have for all z,y in LP and X € [0,1],

Xz + (1= Ngl* < Mlzl* + @ = Vllyll* = A2 = N (p - Dllz - y|>.

(The inequality (b) is contained in (18], [9].)
(c) Assume 2 < p < +4oo and t, is the unique zero of the function
g(z) = —zP~1 + (p— 1)z + p— 2 in the interval (1,+00). Let

cp= (=1L +1,)"77 =1 +57)/((1 +1tp)P7")
and we have the following inequality
Az + (1= Nyll” < Alzll” + (1 = Iyl — cp - Wp(A) - l|lz — ylIP

forall z,y in LP and X € [0,1].
(The inequality (c) is due essentially to Lim, see [8], [9] and [19].) a

Remark 1. Al constants appearing in the inequalities of Lemma 2
(e.g. the (p—1) and cp) are the best possible, [9], [8].

By Lemma 2 we immediately obtain from Theorem 2 the following results:

COROLLARY 2. ([7]) Let C be a nonempty bounded closed convex subset of a
Hilbert space H. If T: C — C is an asymptotically regular mapping such that

liminf | T"|| < V2,
n—oo
then T has a fized point in C'. O

COROLLARY 3. Let C be a nonempty bounded closed convex subset of LP
(1<p<2).If T: C — C is an asymptotically regular mapping such that

i 1770 < [ (141 e =20

then T has a fized point in C . O
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COROLLARY 4. Let C be a nonempty bounded closed convexr subset of LP
(2<p<+4).If T: C — C is an asymptotically regular mapping such that

v
liminf |7 < [5 (14 VT+8¢)] Y

then T has a fized point in C . O

Remark 2. A simple calculation shows that this result is essentially more
general than that given in [6] for L? spaces, 2 < p < 400.

5. The corollaries in other Banach spaces

Using the results of Prus, Smarzewski [12], [16] and X u [19] we
can obtain from Theorem 2 the fixed point theorem for asymptotically regular
mapping for Hardy and Sobolev spaces.

Let HP, 1 < p < 400, denote the Hardy space of all functions z analytic
in the unit disc |z| < 1 of the complex plane, such that

lzll = lim ( /| P d@)l/p < 4o00.

Now, let Q be an open subset of R™. Denote by H™P(Q), r > 0,
1 < p < 400, the Sobolev space of distributions z such that D%z € LP(Q)
for all |a| = a; + -+ an < k equipped with the norm

1/p
el = ( > [10ar dw) .

|a|<k: Q

Let (Qa,Xa,ta), @ € A be a sequence of positive measure spaces, where
the index set A is finite or countable. Given a sequence of linear subspaces X,

in LP(Qq,Xa, tta), we denote by Lg,, 1 < p < 400 and ¢ = max(2,p), the
linear space of all sequences

z={zq € Xo: al}
equipped with the norm

lisl = |3 Glzalla)’] "

acA
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where || - ||p,o denotes the norm in LP(Qy, Za, ta) -

Finally, let L, = LP(S1,¥1, 1) and Ly = L9(S3, X9, p2) , where 1 < p < +00,
q = max(2,p) and (S;,X;, ;) are positive measure spaces. Denote by Lg(Lp)
the Banach space of all measurable L,-value functions = on S such that

1/q
il = ( [ =)l)° uz(dS)) .

S2

These spaces are g-uniformly convex with ¢ = max (2,p), [12], [16] and the
norm in these spaces satisfies

Az + (1 = Nyll? < Alle]|? + (1= N]yl|* = d- Wo(A) - ||z — ]|

with a constant given by

p%l if 1<p<2,
d=d, = 1
Hence, from Theorem 2, we have the following:

COROLLARY 5. Let C be a nonempty bounded closed convex subset of the
space X , where X = HP, or X = H™P(Q), or X = Lgp, or X = Ly(Lp),
and 1 < p < 400, ¢ =max(2,p), r > 0. If T: C — C 1is an asymptotically
regular mapping such that

liminf T < [4(1+ I+ 4-d-N7)| v

where ¢ = max(2,p), then T has a fized point in C. a

Problem. It is not known whether the estimate of the expression
“liminf ||T™||” is sharp.
n—oo
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