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ON THE FUNCTION ap, pa"(n) \\ n (n > 1 

TIBOR, S A L Á T 1 

(Communicated by Milan Paš téka) 

ABSTRACT. Some elementary properties of the arithmetical function 
ap(n) ( = ordp n ) are studied in this paper. 

Introduction 

Let p be a prime number. Then the function ap is defined in the following 
way: a p ( l ) = 0 and if n > 1, then pap(") || n ? i.e, pai>(n) | n , but pttp(n) + i j n. 
In this paper we shall study some fundamental properties of the arithmetic 
function ap . 

1. Elementary properties of ap and the average order of ap 

The function ap is obviously completely additive, i.e. 

a p (n i • n2) = a p (n i ) + ap(n2) 

for arbitrary n 1,77,2 G N. 
First of all we shall prove two simple results on ap . 

PROPOSITION 1.1. Let p be a fixed prime number. Then the series 

E 
ap{n) 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Primary 11A25, 11B05. 
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converges for t > 1 and diverges for t ^ 1 . 

P r o o f . Let t > 1. Since pap(n"> \n (n > 1), we get 

ap(n) S 7 (n= 1 ,2 , . . . ) . 
logp 

Hence 

Let t < 1. Then 

y - ap(n) ^ l y ^ logn 
——' n* == logp ——' nl 

n = l n=l 

- ^ ap(n) > - ^ 
Z _ oot = Z ^ 

< +oo. 

n 
n=l n:ap(n)ll 

If ap(n) ^ 1, then n = kp, k 2_ 1. The series on the right-hand side contains 
each term 

aP(kp) 

(kp)1 

Therefore 
ap(n) > v ^ % ( M 

( * _ ! ) . 

— . ap(n) y .^- ap(Kp) > J _ V^ J _ = , г 

„ 

D 

In the following result we shall describe the behaviour of the differences 
ap(n + 1) - ap(n) ( n = l , 2 , . . . ) . 

P R O P O S I T I O N 1.2. The set 

(ap(n + l) -ap(n))n 

of all limit points of the sequence (ap(n + 1) — ap(n)) contains +oc and 

all integers if p is an odd prime number and it contains +oo and all non-zero 
integers if p = 2 . 

P r o o f . First of all observe that, if n^ = pk — 1 ( k = 1, 2,. . . ), then 

lim (ap(rik + 1) — ap(rik)) = lim k = +oc . 
k—>-oc ' k-^oc 

Further, let k be a fixed positive integer. We put nH = spk — 1 . where s 
runs over all positive integers which are not divisible by p. Then we get 
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ap(ns + 1) ~ dpfos) — k 

for each s. The assertion for — k < 0 can be proved by choosing ns = sp . 

If p > 2 , then we put n s = sp + 1, where p \ s . Then a^(ns + 1) - ap(nH) = 
0 - 0 = 0. 

Finally, it can be easily checked that a2(n+ 1) - f^fa) ^ 0 for every n <E N. 
D 

Pu t 

S(aPìn) 
ap(l) + ap(2) + \-ap(r 

(n = l , 2 , . . . ) . 

THEOREM 1.3. IVe bo 

lim S(av.n) = 7-
n—>oo p — 1 

P r o o f . On account of the complete additivity of ap we get 

IL 

s(aPin) =-- — Yl a^k)= ~v~
ap^nl) • 

k=i 

But for ap(n\) we have 

ap(n\) = Y 
fe=i 

Lp f c J 

where bn 
logn 
logp 

(cf. [3; p. 342, Theorem 416]). 

Using this fact a simple estimation yields 

ì - -(D P J Ъn / CҐ \ <: -j — < b(ap,n) S =-
i n n i l 

l - Ш ' 
1 _ _ n 

p 
p 1 

ITOIII this the assertion follows at once. D 
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2. Level sets of the function ap 

Tk = [n : ap(n) = k) = a~l({k}) . 

T H E O R E M 2.1. We ha 

d{Tk) = lim Щ^- = ^ p f ( k = 0,1, 2,... 
ж—>oo X JГ 

(d(Tk) denotes the asymptotic density of Tk). 

P r o o f . Let Tk(x) (x > 0) denote the number of elements of Tk which 
are not greater than x. A positive integer n belongs to Tk if and only if it has 
the form bpk , where p \ b. From this we get 

Tk(x) 

- X -

X -pk J 

-Pk - p 

_ 

A simple estimation gives 

p-i 
X—  нг-^ВД^ж + 2 ' Pk 

The theorem follows. П 

R e m a r k 2.1. In [2] (see also [4]), the concept of statistical convergence 
is introduced. A sequence (xn)n

cLl of real numbers is said to be statistically 
convergent to x G IR (shortly: l i m s t a t x n = x) provided that for each e > 0 we 
have d(A(e)) = 0, where A(e) = \n : \xn — x\ _: e} , d being the asymptotic 
density. Theorem 2.1 says that 

d( г*) = ^ г > o (fc = o,i,...). 

From this it easily follows that (oT(n)) _ is not a statistically convergent 
sequence. 
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P(
n) \\ n ( n > 1) 

3 . S e t s {n : ap(n)\n} 

In t h e paper [1], t h e sets of t h e form Mf = {n : f(n) \n} are investigated, 

where / is an a r i thmet ica l function wi th integer values. In [1], t h e density of 

Mf is de termined for various functions / (e.g. for cu(n) - t h e n u m b e r of dist inct 

primes t h a t divide n , s(n) - the digital s u m of n a.s.o.). In connection with 

these results wre prove t h e following t h e o r e m . 

T H E O R E M 3 . 1 . For each prime number p we have 

d(Map) = (p~l) Y 
( k , P ) = i 

•where pSk \\ k . 

P r o o f . Obviously we have 

1 

kpk+i (p-i) E 
(k ,p)>i 

kp fc-Яfc+l 

Map ={jBk, (1) 
k=l 

where 

Bk = {n : ap(n) = kЛk\n} ( k = 1, 2 , . . . ) , 

Let x > 0 . We shall t ry t o calculate t h e n u m b e r Bk(x) of all n £ Bk not 

exceeding x . 

For A: we have two possibilities: 1. p\k, 2. p\k. 

1. Let p \ k. A posit ive integer n belongs to Bk if and only if it has the 

form // — kpkri\ , wrhere p \ n\. From this we get 

Bk(x) 

2. Let p\k. Then there is an Sk , 1 = <§/e = 

-

X 

- кpк
 J 

P 
C f c ( - C ) . 

log A; 
such t h a t pSk k 

L l o g p J 

A positive integer belongs t o Bk if a n d only if it has t h e form n = kpk~Skri\ , 

where /; { ri\ . 

From this we get 

Bk(x) 
kp k-зk 

kp k-sk 

dk(x), 
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Since the sets on the right-hand side of (1) are pairwise disjoint, we get 

M * » = _ L c * < x ) + ___ dk(x) = S1(x) + S2(x). (2) 
(fc,p)=i (fc,p)>i 

The summands corresponding to fc 's greater than mx 

log -y-
log/; 

This is evident for S±(x) and for S2(x) it can be seen as follows. If 

are zero. 
x 

then dk(x) = 0. Since s^ _̂  

logx 

log/c 
P - * k 

< i 

l o g p j - 2 ' 
_ — , we have , < - 4 - • Hence, if 

P P 2 

< 1, i.e. if k > 2-y-^— , then dk(x) = 0 . So we can suppose that k = mA. logp 

So we get 

Si(x)= ^ ľ C f c(æ) ' 
fc_mæ, (fc,p) = l 

ЭД = ^ 4 (•*•)• 
fc<mæ, (fc,p)>l 

(4) 

Simple estimations give 

p - 1 -x—+-2<c^)<xfzkTÏ + 2-kpk 

p - i 

kpk 

p - i 

kp' 
т — - 2 < dk(x) < ж—y—--г + 2 . 
fc-.sfc + l *'v y Z^pfc-.Sfc + l 

So we get 

C f c ^ = J ш + 0(1) • <**(*) = xтí=\i + OO) kpk 

From (3) , (4) , (5) we obtr 

kpk (г>: 

ад = «(p-i) E ӣжfow. 
fc_m_, (fc,p) = l 

Д,pfc+] 

S 2 ( * ) = z ( p - 1 ) 5 ľ I ^ - f T + O M . 
fc^m-,(fc,p)>l 

/ф f e 
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Hence, according to the definition of mx , 

. r - ' A / „ > ) = ( p - l ) £ ~ + (P-l) £ ^TT+°(1) 
k^m,x, ( fc ,p)~l 

By x —* oo , we get from this 

fcp' 
k^rnx. (k,p)>l 

kpk 

d Mn = lim 
M, a p ( æ ) 

п —>• o o Зľ ( P " 1 ) £ l w m + ( ! J - 1 ) £ t.wfc-afc+i ' 
(Ä!,P) = 1 

kpk + 
( k , p ) > l 

fcp^ 

where p,s>A' || fc . • 

The following resul t on the behaviour of the sequence (d(Mclp)) } (p runs 

over all primes) is a simple consequence of Theorem 3.1. 

T H E O R E M 3 .2 . We have lim d(Ma ) = 0 . 
p—>oc p / 

P r o o f . Simple es t ima t ions yield 

.<(«„,) S Ù > - l ) ( Д f + £ i+г) 
fc = 2, (fc,p) = l 

+ (^1)(i + £ \ p p P Z ^ fcpfc-Sfc + 1 
x fc>p, ( fc ,p)>l 

Si + 5 2 . 

Fur ther . 

CO 

-Si < 2~ + (p - 1) / —TT = Y~ + "21 
pz J p r + i p^ p z l o g j . 

0 by p —-» oo , 

s2 nP + г + (p-i) £ 
fc>p, ( fc ,p)>l 

fcp fc-«fc + l ' 

But fc - .sч. > fc 
logfc 

Llogp 
> y for fc > p . T h u s 

P - 1 , , f d f P — 1 D — 1 
+ 2 - — >0 by p - ^ o o . r>P+ 1 p-2 Ь g p 

D 
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4. Density and statistical convergence 

ap(n) 
of the sequence log p 

log n 
n=2 

In [5] O . S t r a u c h has proved the following result 

ap(n) 
THEOREM 4.1. The sequence [logp 

Ь S П /„=2 
is dense in the ínterval (0. 1) 

P r o o f . We shall outline the proof of O . S t r a u c h . 

Let n runs over all numbers of the form paqP , where q is a fixed prime 

number different from p and a, (3 are positive integers. 

Let x e (0,1). Then x 
i 

i + î/ 
, where y > 0. Let e > 0. The density of 

rational numbers in ]R implies the existence of positive integers a , 3 such that 

j3 log q 
У a log p 

< є . (5 ) 

If n = pag/? , then we have 

log a p ( n ) 

logn 

From (5"), (5") we get 

logp 
alogp + f3\ogq i + 

/3 log g 
alogp 

(5" ) 

x — logp 
û p ( n ) 

log n 1 -f- H 1 -f /j k)ë 9 
a log p 

< a log p 
< c 

The theorem follows. 

T H E O R E M 4.2. We have 

D 

av(n) 
hm stat log p—̂  = 0 . 

logn 

P r o o f . Let e > 0, put A(e) = In > 1 : l o g p ^ p ^ ^ e} 

Let r/ > 0. Choose an integer K > 0 such that 

p к < Г] . 
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Then there exists an no such that for n > no we have 

nє > pк . (7) 

Let n £ A(e), n > no . Then, according to (6), (7), we have e log n > K log p 

and ap(n) ^ єlogn 

Ь g p 
K. Therefore 

A(e) ^ {2, 3 , . . . , n 0 } U {n > n 0 : pK \ n } . 

It follows from (8) and (6) that 

A(e)(n) 1 
lim sup S -—- < n . 

n^oci n p 

Since r/ > 0 is an arbitrary positive number, we get d(A(e)) = 0. 

R E F E R E N C E S 

(8) 

D 
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