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(Commaunicated by Sylvia Pulmannovd)

ABSTRACT. A sublattice A of a lattice L is said to be a weak direct factor of L
if there exist a lattice B with a least element 0 and an embedding ¢: L - Ax B
with ¢(A) = A x {0}. There are given necessary and sufficient conditions for a
sublattice A of a lattice L to be a weak direct factor of L. Further, the ordered
system of all weak direct factors of a lattice is investigated.

1. Introduction and preliminaries

For groups and some other algebraic structures there is a natural way for
defining an internal direct product decomposition. This notion can be easily
transferred to partially ordered sets with a least element. J. Jakubik and
M. Csontdéova [J-Cs] introduced the notion of an internal direct product
decomposition of a partially ordered set (not necessarily with a least element)
with a central element. Let us recall the definition of a two-factor internal direct
product decomposition of a partially ordered set (P, <) with the central element
seP.

Let A, B be partially ordered sets and let ¢ be an isomorphism of P onto
Ax B. For z € P we denote ¢(z) = (z(A),z(B)). Put A(s) = {z € P :
z(B) = s(B)}, B(s) = {z € P: z(A) = s(A)}. Then ¢*: P — A(s) x B(s)
defined by ¢*(z) = ((p_l ((z(A),s(B))), ¢! ((S(A),:L‘(B)))) is an isomorphism
and it is said to be the internal direct product decomposition of P with the
central element s. The sets A(s), B(s) are convex subsets of P such that
A(s) N B(s) = {s}; they are called internal direct factors of P through s.
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The internal direct product decompositions of some special partially ordered
sets and direct factors were investigated also in [J1]-[J5].

In the present paper we introduce the notion of a weak direct factor of a
lattice (2.1). As to the relation of this notion to the above mentioned one of an
internal direct factor, the situation is as follows. If L is a lattice, then the direct
factor A(s) (or B(s)) is a weak direct factor of L if and only if s(B) (or s(A))
is the least element of B (or A). The main result is a characterization of weak
direct factors of lattices (2.8). As a consequence (2.12), weak direct factors of a
distributive lattice are just its almost principal ideals, which play an important
role in the connection with the notion of the affine completeness (cf. [P]). We also
investigate the ordered system W(L) of all weak direct factors of a lattice L.
We show that if L is a distributive lattice or a lattice having a greatest element,
then W(L) is a sublattice of the lattice Id L of all ideals of L (3.4 and 3.5).
Whether the latter holds for any lattice L, is an open question.

We will use the standard lattice-theoretical terminology and notations (see
e.g. [B] or [G]). Let us remind some notions which will play a key role. Let L be
a lattice. By an ideal of L, a nonempty subset A satisfying the following two
conditions will be meant:

(i) a;,a0€ A = a, Va, € 4;

(iil) a€ A, ze€l, z<a = z€A.

If a € L, then (a) = {z € L : z < a} is an ideal of L; it will be called
the principal ideal generated by a. The notion of a congruence relation and
of a homomorphism will be supposed to be known. We will use the following
statement (cf. [G-Sch] and [M]).
(w) A reflexive binary relation 6 on a lattice L is a congruence relation if
and only if the following three conditions are satisfied for x,y,z,t € L:

(i) z0y < zAybzVy;

(i) z<y<z,z0y,ybz = z6z;

(iii) <y, 20y = zAtOyAt, xVtlyVt.

2. Weak direct factors

DEFINITION 2.1. Let L be a lattice, A a sublattice of L. We will say that A
is a weak direct factor of L if there exist a lattice B with a least element 0 and
a one-to-one homomorphism ¢: L —+ A x B such that ¢(A) = A x {0}.

We will give necessary and sufficient conditions for a sublattice A of a lattice
L to be a weak direct factor of L.

LEMMA 2.2. Let A be a weak direct factor of a lattice L. Then A is an ideal
of L.
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Proof. Let £ < a € A. We have to show that £ € A. It holds that
o(z) < ¢(a) = (a’,0), ¢(z) = (a;,b,) for some a’,a, € A, b, € B, where ¢
and B are as in 2.1. Then evidently b, = 0 and hence z € A. a

DEFINITION 2.3. (cf. [P]) An ideal A of a lattice L will be said to be almost
principal if for each ¢ € L, the set {a € A: a < z} has a greatest element.
This element will be denoted by z(A).

It is easy to see that each principal ideal in a lattice L is almost principal;
if ae L, A= (a), then z(A) = z A a for each z € L. To show that there exist
almost principal ideals which are not principal, let A be any lattice without
a greatest element and B any lattice with a least element 0. Then A x {0}
is an almost principal ideal in the lattice L = A x B which is not principal; if
(a,b) € L, then (a,0) is the greatest element of the set {(a’,0) : (a’,0) < (a,b)}.
As an example of an ideal which is not almost principal, we can take the ideal
of all finite subsets of an infinite set M in the lattice of all subsets of M .

LEMMA 2.4. Let A be a weak direct factor of a lattice L. Then A is an almost
principal ideal in L.

Proof. Let z € L, p(z) = (ay,b,). Then evidently ¢~'((a,,0)) is the
greatest element of the set {a € A: a < z}. O

Consider the following conditions concerning L and A, where L is a lattice
and A is an almost principal ideal in L:

(o) (zVy)(A)=z(A)Vy(A) for all z,y € L;

(B) if z,t € L, a € A, then there exists a’ € A with (aVz)At =d'V(zAt).

Evidently the condition (3) can be reformulated in such a way that

(avz)At=((aVz)At)(A)V(zAt)

forall z,t€ L, a € A.
It is useful to realize that if we want to verity (8), it suffices to consider
r,teL—A, T }t.

LEMMA 2.5. Let A be a weak direct factor of a lattice L. Then the conditions
(a) and (B) are satisfied.

Proof. To prove (a), let =,y € L, p(z) = (a;,b,), ¢(¥) = (as,b,). Then
p(zVy) = p(z)Ve(y) = (a;Vay, by Vb,), so that (zVy)(A) = ¢~ ((a;Va,,0)) =
¢ ((a1,0) V (a5,0)) = ¢ ((a,0)) Vo~ ((ay,0)) = z(4) Vy(4).

Now assume that z,t € L, a € A, o(z) = (a,b), ‘P(t) = (ag,by),

(a) (@,0). We have (aVz)At = (go‘l ((d,O))V(p’l((al,b ))) '((ag, b)) =
(@V a)) Aag b ADb )) Taking o' = (p‘l(((d Va;) A aO,O)) we ob-
"V(zAt)=p~ (((a Va,)A aO,O)) v (go—l ((ag,by)) A <P_1((ao,bo))) =
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! ((((a Va,)Aay)V(a, Aay), by A bo)) =o' (((@Va,) Aag, by Aby)). So
(B) holds, too. m]

Now we will suppose that L is a lattice, A an almost principal ideal in L
such that the conditions (a), (8) are satisfied. The aim is to show that under
this assumptions, A is a weak direct factor of L.

Let us define binary relations p and ¢ in L as follows:

zpy = z(4) =y(4);
rzoy <= thereexists a € A with (zAy)Va=2zVy.

LEMMA 2.6. The relations p and o are congruence relations in L and pNo
is the identity relation.

Proof. Asto p, we want to verify that the mapping = — z(A) is a homo-
morphism. Then p, as the kernel of this mapping, is a congruence relation in L.
In view of () it is sufficient to prove (z Ay)(A) = z(A) Ay(A) for all z,y € L.
Solet z,y € L. We have z(A)Ay(A) <z Ay.Nowlet ' € A, a’ <zAy. Then
a' < z,y, so that a’ < x(A),y(A), which implies a’ < z(A) A y(A). Therefore
(zAy)(A) = z(A) Ay(A).

The relation o is reflexive, since  V 2(A4). = z for each z € L. Now to
prove that o is a congruence relation in L, we will use the statement (w). The
conditions (i), (ii) are trivially satisfied. Now let z,y,t € L, x <y, zoy. Then

there exists a € A with £V a = y. The relation z At oy At follows immediately
from () and zVtoy Vit is evident.

Finallyif z,y €L, 2 <y, zpy, zoy, then y=zVy(d) =zVz(l) =z.
This implies that pN o is the identity relation. O

Now consider the quotient lattice B = L/o. Then evidently [a]oc = A for
each a € A and it is the least element of B. Let us define ¢: L — A x B by

p(z) = (z(A), [z]0) .

LEMMA 2.7. ¢ is a one-to-one homomorphism of L into A X B such that
o(a) = (a,0) forall a€ A.

Proof. Let ¢(z) = ¢(y) for some z,y € L. Then z(A) = y(A) and
[z]o = [y]o, which implies (z,y) € pNo. Using 2.6 we obtain z = y. The
fact that ¢ is a homomorphism can be verified easily. Finally we have ¢(a) =
(a(A), [a]o) = (a, A) for each a € A and the proof is complete. a

Hence in view of 2.4, 2.5 and 2.6, 2.7 we have:

36



WEAK DIRECT FACTORS OF LATTICES

THEOREM 2.8. Let L be a lattice, A its sublattice. Then A is a weak direct
factor of L if and only if A is an almost principal ideal of L such that the
conditions (a), (B) are satisfied.

Now look at the conditions (), (8) in more detail. It is easy to see that if
A = L, then both (a) and (8) are satisfied. The same holds for A = {0} if L
has a least element 0. But there exist ideals, even principal ones, which do not
satisfy any of (a), (0).

EXAMPLE 2.9. Let L be as in Figure 1, A = {0,z}. Then neither («) nor (3)
holds. Namely (y V 2)(A) = z # 0 = y(A) V 2(A) and (z Vy) Az = z but
zVYANz)=z#2,0V(yAz)=0+#z.

FiGure 1.

EXAMPLE 2.10. Let L be as in Figure 2. If A = {0,z}, then () is satisfied
while (3) does not hold because (zVy)Az =2 but zV(yAz) =z # 2,
0V(yAz) =0# z.If A= {0,z,z2}, then (o) does not hold because (zVy)(A) =
z#x =1z(A)Vy(A), while the validity of (3) can be verified easily.

1
zZ
y
X
0
FIGURE 2.

The lattices in the preceding examples are not distributive. A natural question
arises what about the validity of (a) and (8) if the lattice L is distributive.
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Let us remind (see e.g. [G]) that an element a of a lattice L is said to be

(i) distributive if, for all z,y € L,

aV(@Ay)=(aVz)A(aVy);

(ii) standard if, for all z,y € L,

(aVz)Ay=(aAy)V(zAy);

(iii) neutral if, for all z,y € L,

(anz)V(zAy)V(yAa)=(aVz)A(zVy)A(yVa).

LEMMA 2.11. Let L be a lattice, A an almost principal ideal of L.

(a) If all elements of A are dually distributive, then (a) holds.
(b) If all elements of A are standard, then (8) holds.

Proof.

(a) Let z,y € L. Evidently z(A)Vy(4) <zVy.Ifa€ A, a<zVy,then
a=aA(zVy)=(aAz)V(aAy).Since aAhz < z(A), aAy < y(A), we have
a < z(A)Vy(A). Therefore (z Vy)(A) =z(A)Vy(A).

(b) Let z,t € L, a€ A. Then (aVz)At=(aAt)V (zAt) and evidently
aNt€A. a

As all elements of a distributive lattice are dually distributive and standard,

we obtain:

THEOREM 2.12. If L is a distributive lattice, then weak direct factors of L
are just its almost principal ideals.

The converse statements to (a) and (b) of 2.11 do not hold in general. If we
take, e.g., L asin 2.10 and A = {0, z, z}, then (§) holds, but z is not standard,
because (zxVy)Az=z#z=(xAz)V(yA=z). To see that the converse to (a)
does not hold, consider the following example.

EXAMPLE 2.13. Let L be as in Figure 3, A = (a). It is not difficult to verify
that (a) is satisfied. But a, is not dually distributive, because a; A (z V y) >

(a; Az)V (a; Ay).
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FIGURE 3.

As to principal ideals, we can give a nice description of those satisfying (a)

or (6).
THEOREM 2.14. A principal ideal A = (a) of a lattice L satisfies

(a) the condition (@) if and only if a is a dually distributive element of L,
(b) the condition (B) if and only if a is a standard element of L.

Proof. The assertion (a) is obvious because (z V y)(4) = (zVy) Aa and
z(A)Vy(A)=(zNa)V (yAa) for any z,y € L.

Let A satisfy (8), z,y € L. Then (aVz)Ay = ((aVz)Ay)(A)V(zAy) =
(avz)AyAa)V(zAy) = (aAy)V (zAy). Conversely, let a be standard.
Take any a; < a, z,t € L. We have (a; V) At < a; Vz < aVz, and so
(e, Vz)At=(a, Ve)AtA(aVz) = ((agVa)AtAa)V((a VT)AtAT)
since a is standard. Setting (a; V) At Aa = a} we obtain (a; Vz)At =
ai V((a, V) At Az) =aj V(tAz), where evidently a] € A. O

It is known that an element a of a lattice L is neutral if and only if it is
standard and dually distributive (see e.g. [G]). So we have:

COROLLARY 2.15. A principal ideal A = (a) of a lattice L is a weak direct
factor of L if and only if a is a neutral element of A.

If a lattice L has a greatest element, then almost principal ideals of L are
just its principal ideals. So we have:

THEOREM 2.16. Let L be a lattice with a greatest element. Then weak direct

factors of L are just its principal ideals (a) such that a is a neutral element
of L.
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FIGURE 4.

FIGURE 5.

A\ 4

FIGURE 6.
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FIGURE 7.

In Figure 4—Figure 7, there are given some examples of weak direct factors
A of L and corresponding embeddings ¢: L - A x B.

3. Ordered system of weak direct factors

If L is a lattice, let Id L denote the set of all ideals of L. It is well known that
Id L is a lattice under set inclusion. For A;, A, € IdL itis A A A, = A N A,
and Ay, VA, ={z€L: z <a Va, forsome a; € A, a, € A,}. This
implies that the set of all principal ideals of L is a sublattice of Id L, because
(a) A(B) = (a D), (a) V(b) = (aVb) for all a,b€ L.

Let W(L) denote the set of all weak direct factors of L. It is W(L) CId L,
so we can ask if W(L) is a sublattice of Id L. First let us look at the system of
all almost principal ideals of L.

LEMMA 3.1. Let A;, A, be almost principal ideals of a lattice L. Then A =
A, N A, is also an almost principal ideal. Particularly, £(A) = z(A;) A z(A,)

for each z € L.
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Proof. Let z € L. Then z(A,) A z(4,) € A, N A, = A and evidently
z(A))ANz(Ay) <z.Nowlet a€ A, a < z.Then a <z(A4,), a < z(A,), so that
a <xz(A;) ANz(A,). We have proved z(A4,) A z(A4,) = z(A). a

The following example shows that if A;, A, are almost principal ideals, the
ideal A, V A, need not be almost principal.

EXAMPLE 3.2. Let L, A,, A, be as in Figure 8. Then evidently A,, A, are
almost principal ideals, while A, V A, fails to be almost principal since the set
{a € A; VA, : a <z} has not a greatest element.

FIGURE 8.

Hence the system of all almost principal ideals of a lattice L need not be
a sublattice of Id L. But we cannot deduce from this fact that W(L) is not a
sublattice of Id L. Namely, if we look at the previous example, we can see that
A,, A, are not weak direct factors of L. In fact, A,;, A, do not satisfy any
of the conditions (), (8), because, e.g., (z Vv)(4;,) = u, z(A4,) Vv(4,) =
z(A;)V0=1z(A,) #u and (uVz)Av =v, TAv = 2(A,), so there isno a € A,
with (uvVz)Av=aV (zAv).

We will show that if L is a distributive lattice or a lattice with a greatest
element, then W(L) is a sublattice of the lattice Id L.
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LEMMA 3.3. Let L be a distributive lattice, let A,, A, be almost principal
ideals of L. Then A = A; V A, is also an almost principal ideal. Particularly,
z(A) = z(A,) Vx(Ay) for each x € L.

Proof. Let z € L. Then z(A,) Vz(A,) € A; VA, = A and evidently
z(A;) Vz(A;) < z. Nowlet a € A, a < z. Then a < a, V a, for some
a, € A, a, € A, and this implies a =a A (a; Va,) = (aAa;)V(aAa,). The
element a A a; belongs to A; and aAa; < a <z, sothat a Aa; < z(4,).
Analogously a A a, < z(A,) and hence a < z(A4,) V z(A4,). We have proved
z(A;)) Vz(A,) =z(A). m]

Using 3.1, 3.3 and 2.12 we obtain immediately:

THEOREM 3.4. If L is a distributive lattice, then W(L) is a sublattice of the
lattice Id L.

It is known that the lattice Id L for any L is closed under infinite joins, too.
But W(L) need not be closed under infinite joins, not even in the case that L is
distributive. To see this, let L be the lattice of all subsets of an infinite set M .
Then \/ {({a}): a€ M} is the ideal of all finite subsets of M, which is not

almost principal.

Now we will deal with lattices L having a greatest element. As we have
remarked, weak direct factors of L are just principal ideals (a) with a being a
neutral element of L (2.16). It is known that the set of all neutral elements of a
lattice is closed under joins and meets. So we have:

THEOREM 3.5. Let L be a lattice with a greatest element. Then W(L) is a
sublattice of the lattice Id L.

Let us remark that if L is any lattice, the set {(a): (a) satisfies (8)} is a
sublattice of the lattice Id L, because the set of all standard elements of L is also
closed under joins and meets. But as the set of all dually distributive elements
of a lattice L need not be closed under joins, the set {(a) : (a) satisfies (a)} is
not a sublattice of Id L in general. This is the case, e.g., if L is as in Figure 9. It
can be verified that dually distributive elements of L are just 0, a, ¢, 1, while
standard elements of L are 0, 7, 1. Thus 0, 1 are only neutral elements. Hence
W(L) = {{0},L} is a sublattice of {(z): z € L, (z) satisfies (8)} = {(=) :
z is standard} = {{0}, (i), L}. The latter is a sublattice of Id L. On the other
hand, {(z) : = € L, () satisfies (a)} = {(z) : z is dually distributive} =
{{0}, (a), (c), L}, which is not a sublattice of Id L.
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0

FIGURE 9.

Now let L be a non-distributive lattice without a greatest element. We do
not know if the meet and the join of two almost principal ideals of L satisfying
the conditions (a), (8) (in the lattice Id L) are also almost principal ideals of
L satisfying («), (3). In other words, the following question is open.

Is W(L) a sublattice of Id L for each lattice L?

(B]
(G]

[G-Sch]
(1]
(2]
(J3]
(J4]
(J5]

[J-Cs]
M)
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