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(Communicated by Sylvia Pulmannovd) 

ABSTRACT. A sublattice A of a lattice L is said to be a weak direct factor of L 
if there exist a lattice B with a least element 0 and an embedding tp: L —:> A x B 
with tp(A) = A x {0}. There are given necessary and sufficient conditions for a 
sublattice A of a lattice L to be a weak direct factor of L. Further, the ordered 
system of all weak direct factors of a lattice is investigated. 

1. Introduction and preliminaries 

For groups and some other algebraic structures there is a natural way for 
defining an internal direct product decomposition. This notion can be easily 
transferred to partially ordered sets with a least element. J. J a k u b i k and 
M. C s o n t o o v a [J-Cs] introduced the notion of an internal direct product 
decomposition of a partially ordered set (not necessarily with a least element) 
with a central element. Let us recall the definition of a two-fact or internal direct 
product decomposition of a partially ordered set (P, <) with the central element 
seP. 

Let A, B be partially ordered sets and let ip be an isomorphism of P onto 
A x B. For x e P we denote ip(x) = (x(A),x(B)). Put A(s) = {x e P : 
x(B) = s(B)}, B(s) = {x e P : x(A) = s(A)}. Then cps: P -> A(s) x B(s) 
defined by (ps(x) = (<p~l ((x(A), s(B))), (p~x ((s(A),x(B)))) is an isomorphism 
and it is said to be the internal direct product decomposition of P with the 
central element s. The sets A(s), B(s) are convex subsets of P such that 
A(s) fl B(s) = {5}; they are called internal direct factors of P through s. 
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The internal direct product decompositions of some special partially ordered 
sets and direct factors were investigated also in [J1]-[J5]. 

In the present paper we introduce the notion of a weak direct factor of a 
lattice (2.1). As to the relation of this notion to the above mentioned one of an 
internal direct factor, the situation is as follows. If L is a lattice, then the direct 
factor A(s) (or B(s)) is a weak direct factor of L if and only if s(B) (or s(A)) 
is the least element of B (or A). The main result is a characterization of weak 
direct factors of lattices (2.8). As a consequence (2.12), weak direct factors of a 
distributive lattice are just its almost principal ideals, which play an important 
role in the connection with the notion of the affine completeness (cf. [P]). We also 
investigate the ordered system W(L) of all weak direct factors of a lattice L. 
We show that if L is a distributive lattice or a lattice having a greatest element, 
then W(L) is a sublattice of the lattice IdF of all ideals of L (3.4 and 3.5). 
Whether the latter holds for any lattice L, is an open question. 

We will use the standard lattice-theoretical terminology and notations (see 
e.g. [B] or [G]). Let us remind some notions which will play a key role. Let L be 
a lattice. By an ideal of L, a nonempty subset A satisfying the following two 
conditions will be meant: 

(i) a l 5 a 2 E - 4 => a1V a2 G A] 
(ii) a € A, x £ L, x < a => x G A. 

If a G F, then (a) = {x G L : x < a} is an ideal of F; it will be called 
the principal ideal generated by a. The notion of a congruence relation and 
of a homomorphism will be supposed to be known. We will use the following 
statement (cf. [G-Sch] and [M]). 

(u) A reflexive binary relation 9 on a lattice L is a congruence relation if 
and only if the following three conditions are satisfied for x,y,z,t G L : 

(i) x6y •<==> x Ay 9 x\/ y; 
(ii) x<y<z, x9y, y9z => x9z; 

(iii) x<y, x9y => xAt9yAt, x\/ t9 y V t. 

2. Weak direct factors 

DEFINITION 2.1. Let L be a lattice, A a sublattice of L. We will say that A 
is a weak direct factor of L if there exist a lattice B with a least element 0 and 
a one-to-one homomorphism </?: L —> Ax B such that ip(A) = Ax {0}. 

We will give necessary and sufficient conditions for a sublattice A of a lattice 
L to be a weak direct factor of L. 

LEMMA 2.2. Let A be a weak direct factor of a lattice L. Then A is an ideal 
ofL. 
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P r o o f . Let x < a G A. We have to show that x G A. It holds that 
cp(x) < (p(a) = (a ' ,0) , ip(x) = (a1,b1) for some af,a1 G A, b1 G B, where <p 
and 29 are as in 2 .1 . Then evidently bx = 0 and hence x G A . • 

DEFINITION 2.3 . (cf. [P]) An ideal A of a lattice L will be said to be almost 
principal if for each x G L, the set {a G -4 : a < x} has a greatest element. 
This element will be denoted by x(A). 

It is easy to see that each principal ideal in a lattice L is almost principal; 
if a G L, A = (a), then x(A) = x A a for each x G L. To show that there exist 
almost principal ideals which are not principal, let A be any lattice without 
a greatest element and B any lattice with a least element 0. Then A x {0} 
is an almost principal ideal in the lattice L = A x B which is not principal; if 
(a, b) G L, then (a, 0) is the greatest element of the set {(af, 0) : (af, 0) < (a, b)} . 
As an example of an ideal which is not almost principal, we can take the ideal 
of all finite subsets of an infinite set M in the lattice of all subsets of M. 

LEMMA 2.4. Let A be a weak direct factor of a lattice L. Then A is an almost 
principal ideal in L. 

P r o o f . Let x G L, ip(x) = (a1,b1). Then evidently tp~1((a1,0)) is the 
greatest element of the set {a e A : a < x}. • 

Consider the following conditions concerning L and A, where L is a lattice 
and A is an almost principal ideal in L: 

(a) (xVy)(A) = x(A) V y(A) for all x,y G L; 
((3) if x, t G L, a G A, then there exists a! G A with (a Vx) At = af V (x At). 

Evidently the condition ((3) can be reformulated in such a way that 

(a V x) A t = ((a V x) A t) (A) V (x At) 

for all x,t G L, a G A. 

It is useful to realize that if we want to verity (f3), it suffices to consider 
x,t G L — A, x^_t. 

LEMMA 2.5. Let A be a weak direct factor of a lattice L. Then the conditions 
(a) and ((3) are satisfied. 

P r o o f . To prove (a), let x,y G L, <p(x) = (a1,b1), ip(y) = (a2,b2). Then 
tp(xVy) =<p(x)V<p(y) = (ax V a ^ Vb2), so that (xVy)(A) = ip~1((a1Va2,0)) = 
^((a1,0)V(a2,0))=^((a1,0))v^-1((a2,0)) = 

Now assume that x,t G L, a G A, ip(x) = faiA)* <£>(*) = ( a oA)> 
y?(a) = (a, 0). We have (aVx)At = (( rO-1((a,0))V(^""1(K,b1)))A^-1((ao ,b0)) = 

( ^ ( ( ( a V a-.) A a0, bx A b0)). Taking a' = ^ ( ( ( a V ax) A a 0 ,0 ) ) we ob­

tain a' V(xAt) = ^ ( ( ( a V a - J A a 0 , 0 ) ) V ((/T1 ((a1? 6 J ) A yT 1 ((a0, b0))) = 
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tp-1 ( ( ( ( a V ax) A a0) V (al A a0), bx A b0)) = (p~l (((a V ax) A a0, bx A b0)) . So 

(/?) holds, too . D 

Now we will suppose that L is a lattice, A an almost principal ideal in L 
such that the conditions (a), (/3) are satisfied. The aim is to show that under 
this assumptions, A is a weak direct factor of L. 

Let us define binary relations p and a in L as follows: 

xpy <F=> x(A) = y(A)\ 

x a y <$=-> there exists a G A with (xAy)Wa = x\/y. 

LEMMA 2.6. T/ie relations p and a are congruence relations in L and pn a 
is the identity relation. 

P r o o f . As to p , we want to verify that the mapping x i-» x(A) is a homo-
morphism. Then p, as the kernel of this mapping, is a congruence relation in L. 
In view of (a) it is sufficient to prove (x A y)(A) = x(A) A y(A) for all x, y G L. 
So let x,y e L. We have x(A) Ay(A) <xAy. Now let a' G A, a' < x Ay. Then 
a' < x ,y , so that a' < X ( A ) , T / ( A ) , which implies a' < x(A) A 2/(A). Therefore 
(xAy)(A) = x(A)Ay(A). 

The relation a is reflexive, since x V x(A). = x for each x G F. Now to 
prove that a is a congruence relation in L, we will use the statement (CJ) . The 
conditions (i), (ii) are trivially satisfied. Now let x ,y , t G F, x < y, xay. Then 
there exists a £ A with x V a = y. The relation x A t ay At follows immediately 
from ((3) and x V ta y\J t is evident. 

Finally if x, y G L, x <y, x py, xay, then y = xV y(A) = x V x(A) = x . 
This implies that p fl a is the identity relation. D 

Now consider the quotient lattice B = L/a. Then evidently [a]a = A for 
each a G A and it is the least element of L?. Let us define (p: L ^ A x B by 

tp(x) = (x(A),[x]a) . 

LEMMA 2.7. (p is a one-to-one homomorphism of L into A x B such that 
'p(a) = (a,0) for all a G A. 

P r o o f . Let ^(x) = (^(T/) for some x,y G L. Then x(A) = y(A) and 
[#]O- =- [u]cr, which implies (x,y) G p Pi a. Using 2.6 we obtain x = y. The 
fact that <p is a homomorphism can be verified easily. Finally we have cp(a) = 
(a(A), [a]a) = (a, A) for each a G A and the proof is complete. D 

Hence in view of 2.4, 2.5 and 2.6, 2.7 we have: 
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THEOREM 2.8. Let L be a lattice, A its sublattice. Then A is a weak direct 
factor of L if and only if A is an almost principal ideal of L such that the 
conditions (a), ((3) are satisfied. 

Now look at the conditions (a), (/?) in more detail. It is easy to see that if 
A = L, then both (a) and (/3) are satisfied. The same holds for A = {0} if L 
has a least element 0 . But there exist ideals, even principal ones, which do not 
satisfy any of (a), (/?). 

E X A M P L E 2 .9 . Let L be as in Figure 1, A = {0 ,x} . Then neither (a) nor (/3) 
holds. Namely (y V z)(A) = x ^ 0 = y(A) V z(A) and (x V y) A z = z but 
x\/(yAz) = x^z, 0\/ (y Az) =0 ^ z. 

E X A M P L E 2.10. Let L be as in Figure 2. If A = {0 ,x} , then (a) is satisfied 
while (f3) does not hold because (x V y) A z = z but x\l(yAz) = x ^ z , 
0V(yAz) = 0 ^ z. If A = {0,x,z}, then (a) does not hold because (x\/y)(A) = 
z 7-- x = x(A) V y(A), while the validity of (/?) can be verified easily. 

The lattices in the preceding examples are not distributive. A natural question 
arises what about the validity of (a) and (/?) if the lattice L is distributive. 
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Let us remind (see e.g. [G]) that an element a of a lattice L is said to be 

(i) distributive if, for all x,y G F, 

a V (x A y) = (a V x) A (a V H); 

(ii) standard if, for all x,y e L, 

(a\/ x) Ay = (a Ay)V (x Ay); 

(iii) neutral if, for all x,y € L, 

(a A x) \f (x Ay) V (y A a) = (aV x) A (x \/ y) A (y W a). 

LEMMA 2.11. Fe£ L be a lattice, A an almost principal ideal of L. 

(a) 7/ a// elements of A are dually distributive, then (a) holds. 
(b) / / all elements of A are standard, then (/?) holds. 

P r o o f . 

(a) Let x,y G L. Evidently x(A) V y(A) < xVy. If a € A, a < xVy, then 
a = a A (x V y) = (a A x) V (a A y). Since a A x < x(A), a A y < y(A), we have 
a < x(A) V y(A). Therefore (x V y)(A) = x(A) V y(A). 

(b) Let x,t e L, a € A. Then (a V x) A t = (a A t) V (x A t) and evidently 
aAte A. U 

As all elements of a distributive lattice are dually distributive and standard, 
we obtain: 

THEOREM 2.12. If L is a distributive lattice, then weak direct factors of L 
are just its almost principal ideals. 

The converse statements to (a) and (b) of 2.11 do not hold in general. If we 
take, e.g., L as in 2.10 and A = {0,#, z}, then (/?) holds, but x is not standard, 
because (x V y) A z = z / x = (x A z) V (y A z). To see that the converse to (a) 
does not hold, consider the following example. 

E X A M P L E 2 .13 . Let L be as in Figure 3, A = (a). It is not difficult to verify 
that (a) is satisfied. But ax is not dually distributive, because ax A (x V y) > 
(ax Ax)y (ax A y). 
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FIGURE 3. 

As to principal ideals, we can give a nice description of those satisfying (a) 
or (/?). 

THEOREM 2.14. A principal ideal A = (a) of a lattice L satisfies 

(a) the condition (a) if and only if a is a dually distributive element of L. 
(b) the condition ((3) if and only if a is a standard element of L. 

P r o o f . The assertion (a) is obvious because (x V y)(A) = (x V y) A a and 
x(A) V y(A) = (x A a) V (y A a) for any x,y G L. 

Let A satisfy (/3), x,y G L. Then (a V x) A y = ((a V x) A y) (A) V (x A y) = 
((a V x) A y A a) V (x A y) = (a A y) V (x A y). Conversely, let a be standard-
Take any ax < a, x,t G L. We have (ax V x) A t < ax V x < a V x, and so 
(ax V x) A t = (ax V x) A t A (a V x) = ((ax V x) A t A a) V ((a : V x) A t A x) 
since a is standard. Setting (ax V x) A t A a = a[ we obtain (ax V x) A t = 
a[ V ((ax V x) A t A x) = a[ V (t A x), where evidently a^ G -4. • 

It is known that an element a of a lattice L is neutral if and only if it is 
standard and dually distributive (see e.g. [G]). So we have: 

COROLLARY 2.15. A principal ideal A = (a) of a lattice L is a weak direct 
factor of L if and only if a is a neutral element of A. 

If a lattice L has a greatest element, then almost principal ideals of L are 
just its principal ideals. So we have: 

THEOREM 2.16. Let L be a lattice with a greatest element. Then weak direct 
factors of L are just its principal ideals (a) such that a is a neutral element 
ofL. 
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FIGURE 4. 

FIGURE 5. 

A f + 

FIGURE 6. 
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FIGURE 7. 

In Figure 4-Figure 7, there are given some examples of weak direct factors 
A of L and corresponding embeddings ip: L -» A x B. 

3. Ordered system of weak direct factors 

If L is a lattice, let Id L denote the set of all ideals of L. It is well known that 
Id L is a lattice under set inclusion. For Ax, A2 G Id L it is Ax A A2 = Ax D ^42 

and Aг V A2 
= {x Є L x < aг V a2 for some ax G A Ł i j G A J . This 

implies that the set of all principal ideals of L is a sublattice of Id L, because 
(a) A (6) = (a A b), (a) V (b) = (a V b) for all a, b G L. 

Let >V(L) denote the set of all weak direct factors of L. It is W(L) C I d L , 
so we can ask if W(L) is a sublattice of I d L . First let us look at the system of 
all almost principal ideals of L. 

LEMMA 3.1. Let A19 A2 be almost principal ideals of a lattice L. Then A = 
Ax fl A2 is also an almost principal ideal. Particularly, x(A) = x(Ax) A x(A2) 
for each x G L. 
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P r o o f . Let x G L. Then x(Ax) A x(A2) G Ax n A2 = A and evidently 
x(Ar) Ax(A2) < x. Now let a G A, a < x. Then a < x(Ax), a < x(A2), so that 
a < x(Ax) A x(A2). We have proved x(Ax) A x(-42) = #(.4). D 

The following example shows that if Ax, A2 are almost principal ideals, the 
ideal Al V ̂ 42 need not be almost principal. 

A2 are E X A M P L E 3 .2 . Let L, Ax, A2 be as in Figure 8. Then evidently Ax. 
almost principal ideals, while Ax V ̂ 42 fails to be almost principal since the set 
{a G Ax V A2 : a < x} has not a greatest element. 

FIGURE 8. 

Hence the system of all almost principal ideals of a lattice L need not be 
a sublattice of I d L . But we cannot deduce from this fact that W(L) is not a 
sublattice of I d L . Namely, if we look at the previous example, we can see that 
Ax, A2 are not weak direct factors of L. In fact, A1, A2 do not satisfy any 
of the conditions (a), ((3), because, e.g., (x V v)(Ax) = u, x(Ax) V v(Ax) = 
x(Ax) VO = x(Ax) / u and (uVx) Av = v, xAv = x(A2), so there is no a G Ax 

with (u V x) A v = a V (x A v). 

We will show that if L is a distributive lattice or a lattice with a greatest 
element, then W(L) is a sublattice of the lattice I d L . 
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LEMMA 3.3. Let L be a distributive lattice, let A1,A2 be almost principal 
ideals of L. Then A = A1V A2 is also an almost principal ideal. Particularly, 
x(A) = x(Ax) V x(A2) for each x G L. 

P r o o f . Let x G L. Then x(A1) V x(A2) G A1 V A2 = A and evidently 
x(Ax) V x(A2) < x. Now let a G A, a < x. Then a < ax V a2 for some 
ax G A1 , a2 G A2 and this implies a = a A (a1 V a2) = (a A ax) V (a A a 2 ) . The 
element a A a1 belongs to Ax and a l\ax < a < x , so that a A ax < x(Ax). 
Analogously a A a2 < x(A2) and hence a < x(Ax) V x(A2). We have proved 
x(Ax) V x(A2) = x(A). D 

Using 3.1, 3.3 and 2.12 we obtain immediately: 

THEOREM 3.4. If L is a distributive lattice, then W(L) is a sublattice of the 
lattice I d L . 

It is known that the lattice I d L for any L is closed under infinite joins, too. 
But W(L) need not be closed under infinite joins, not even in the case that L is 
distributive. To see this, let L be the lattice of all subsets of an infinite set M. 
Then V {({a}) : a G M} is the ideal of all finite subsets of M , which is not 
almost principal. 

Now we will deal with lattices L having a greatest element. As we have 
remarked, weak direct factors of L are just principal ideals (a) with a being a 
neutral element of L (2.16). It is known that the set of all neutral elements of a 
lattice is closed under joins and meets. So we have: 

THEOREM 3.5. Let L be a lattice with a greatest element. Then W(L) is a 
sublattice of the lattice Id L. 

Let us remark that if L is any lattice, the set {(a) : (a) satisfies (/?)} is a 
sublattice of the lattice Id L, because the set of all standard elements of L is also 
closed under joins and meets. But as the set of all dually distributive elements 
of a lattice L need not be closed under joins, the set {(a) : (a) satisfies (a)} is 
not a sublattice of Id L in general. This is the case, e.g., if L is as in Figure 9. It 
can be verified that dually distributive elements of L are just 0, a, c, 1, while 
standard elements of L are 0, i, 1 . Thus 0, 1 are only neutral elements. Hence 
W(L) = {{0},L} is a sublattice of {(x) : x G i , (x) satisfies (/?)} = {(x) : 
x is standard} = {{0},(z) ,L} . The latter is a sublattice of I d L . On the other 
hand, {(x) : x G L , (x) satisfies (a)} = {(x) : x is dually distributive} = 
{{0}, (a), ( c ) ,L} , which is not a sublattice of I d L . 
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g 

F I G U R E 9. 

Now let L be a non-distributive lattice without a greatest element. We do 
not know if the meet and the join of two almost principal ideals of L satisfying 
the conditions ( a ) , (/?) (in the lattice IdL) are also almost principal ideals of 
L satisfying (a ) , (/?). In other words, the following question is open. 

Is W(L) a sublattice of IdL for each lattice L? 
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