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COVARIANCE MATRIX ELEMENTS ESTIMATION:
SPECIAL LINEAR MODEL WITHOUT
AND WITH REPEATED MEASUREMENT

GEJZA WIMMER

(Communicated by Lubomir Kubdcéek )

ABSTRACT. The paper shows locally best linear-quadratic unbiased estimators
of the covariance matrix elements in a special structure of the linear model, where
the dispersions depend on mean value parameters. The existence, uniqueness and
the dispersion of these estimators are investigated. Their asymptotic behaviour is
determined in a special case. The existence of these estimators and their dispersion
in the case of increasing repetitions of one measurement is also investigated.

1. Introduction

Let us measure linear dependence (2 variable case) with a measuring device
whose dispersion characteristic is linear-quadratically dependent on the actual
measured value, i.e., we have the model

(Y,XB3,%), (1.1)

where Y, | is a normally distributed random vector. Its realization ¥,, ; is the
result of measurement. The mean value E(Y) =X, 20, (X is a known design
matrix of order n x 2 with ith row (1,z,), z, # z; for 1 # j; B € R? is the
unknown parameter, n 2 4). The covariance matrix of the vector Y is

(a + ble! XA))? 0 0
) o 0 (a+blelXAN? ... 0
0 0 . (a+blelXB))?

AMS Subject Classification (1991): Primary 62J05, 62F10.
Key words: linear model, dispersion, mean value parameter, locally best linear-quadratic
unbiased estimator (LBLQUE), covariance matrix, normally distributed random vector.
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where a, b and o2 are known positive constants (the characteristics of the
measuring device, for more details, see, e.g., [2; p. 28], [5; p. 456, 914]), and e
is the transpose of the ith unit vector.

Under the assumption that one (say the jth) measurement is repeated several
times independently, we have the model

(vaRﬂsz)a (1.2)

where Y, , ; ,, is again a normally distributed random vector, and its real-
ization y,, ;_,, is the result of measurement. The mean value £(Y) =

R
Xn+J_112,32’1 , where
T2
1 Tj—-1
1z, 1
XR i+

n+J-1,2 — | . . )

Zj

1 Z
and z, # T; for i # j. J 2 1 is the number of repeated measurements at the
point z,. The covariance matrix of the vector Y is now

X, =0"%,(B)
(a + ble} XE3|)2 0 0
, 0 (a+blesXEB)2 ... 0
=0 . . . .
0 0 .. (a+ble,, ;_XEB|)?
(a+ble} X812 ... 0 0 0 0
0 .(a+b|e;XRﬁ|)2 0
= 02 . S
0 (a+ble!, XRg))? 0 0
0 (a+ble;X7B)% ... 0
. . 0
0 (a+ble/ X" 8))?

where a, b and o2 are again known positive constants. It is evident that we
consider independent measurements.
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COVARIANCE MATRIX ELEMENTS ESTIMATION

In Section 2 of the paper, we look for the 8,-LBLQUE (locally best linear-

quadratic unbiased estimator, see, e.g., [7]) of the functional o?(a + bIe}Xﬂl)z
(7 =1,2,...,n) of the parameter 3 (i.e., of the element of the covariance matrix
¥ ) in the model (1.1). This is of a great importance for an observer; he has to
know whether the variability of the variances of the measurements needs or does
not need to be taken into account in processing the measured data.

Further, we investigate the existence of the above mentioned estimator and
its uniqueness (in Section 3), we derive the form of this estimator (in Section 4)
and also determine its dispersion (in Section 5).

The existence of the 8, -LBLQUE of the functional 02(a + b}e;XR',B[)2 (1=
1,2,...,n+.J—1) of parameter 3 in the model (1.2) is investigated in Section 6.
We also determine the dispersion of the B,-LBLQUE in the model (1.2)
(Section 7) and its asymptotic behaviour in the case of increasing J (the number
of repetitions of the jth measurement) (in Section 8). So this paper forms a base
for investigation of the general (2 variable) model with repetitions of an arbitrary
measurement. The above mentioned investigations are of a great importance for
an observer for the reasons stated above. The observer is also interested in the
influence of repeating the jth measurement on the dispersion of the estimator
of 02(a + ble/X"B|)* for i # j and for i = j.

Some propositions needed for our investigations in Section 2, Section 3 and
Section 4 are in Appendix 1.

The asymptotic behavior of the dispersion in the model (1.1) in the special
case of increasing =, with a = 02 = 1 and B, = (0,1)" is investigated in
Appendix 2.

How to verify the correctness of the numerical value of the estimate in the
model (1.1) is shown in Appendix 3.

This paper is a continuation of [6], [7] and [8] (see also [9]).

2. The (3,-LBLQUE of o2(a +ble,XA|)” in the model (1.1)

Let us denote by D the following class of n X n matrices:

lefXB| o 0
0 les X8| ... 0
D=<D,, : TrD| . , =0 V{BeR?},
. 0 . 0
0 0 .. el XpB|

TTD =0, X'(D +02b226ie;Deieg)X = O}.
—

1

(TrD is the trace of the matrix D.)
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LEMMA 2.1. In the model (1.1), B € D if and only if

eBe;, =0, i=1,2,...,n, (2.1)
and

X'BX =0. (2.2)

Proof. According to Lemma 9.1, the condition
le} X 3| 0 e 0
TrB (,) le;;(ﬁl z = zn:e;BeAegxm =0 V{BeR?}
0 o ... jexs)
is equivalent to (2.1). Now, we can easily finish the proof of the lemma. 0O

COROLLARY 2.2. In the model (1.1),
BeD < vecB e KerX,

where KerX' = {£ € R . X¢= O} (for the definition of the matriz X' and
also the definition of vec B, see Appendiz 1).

LEMMA 2.3. In the model (1.1), a'Y + Y'AY is an unbiased estimator of
o2(a+ble'XB))?, j €{1,2,...,n}, if and only if
acKerX’, (2.3)

and

X/(I+1%) vec A = (2;;1) , (2.4)
J

where 1* 1s defined in Appendiz 1.

Proof. The random variable @'Y + Y’AY is an unbiased estimator of
o%(a + ble;XB)* if and only if

v{Aer?)
£5(a'Y +Y'AY)
=ad'XB+ 08X AXB+TrAX

e4XBl 0 .. 0
p I 2 2 2 0 lezXpl .. 0
=a' X8+ B X' AXB +0°a*Tr A + 2abo? Tr A
0 0
0 0 .. lel XB|

+ o2b? z:e:;Aei(e;X,[-})2 =0%(a+ ble X | )2 ,

=1
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which is equivalent (for details, see [7; Lemma 2.1]) to
ehe,=0, i=12....5-1j+1,...,n, € Ae =1, (2.5)
X'(A+AYX =0, (2.6)
and (2.3). As (2.5) and (2.6) are equivalent to (2.4), the lemma is proved. O
Proofs of the next two lemmas can be found in [7] and are omitted.

LEMMA 2.4. In the model (1.1), the random variable @'Y + Y'AY s the
B,-LBLQUE of its mean value (in the class of linear-quadratic estimators) if
and only if there exists a vector z € R™ that

a=—(A+A)XB, + (X)), n@)X = (2.7)
and
v{DeD}
Tr(D + D') {022 (B,)(A + A)E(B,) + 2XB,2' X [(X ) (x(a.)] Z(Bs)} =0.
(2.8)

((X'):n(z(ﬁo)) is an arbitrary but fired minimum X(3,)-norm g-inverse of the
matriz X', i.e., a matriz satisfying the relations X’(X');(z(ﬁc))X’ = X' and
_ ! _
((Xl)m(E(ﬂo))X,) x(8,) = 2(,30)(X')m(z(go))xl )
LEMMA 2.5. For the arbitrary matrices A, X and a vector 3,
HzeR"} —(A+ANXB, +(X)ysp. X2 =0

and
a € Ker X'
if and only if

a=(I- (X’)m(z(ﬂo))X’) (—(A+ANXB,).

LEMMA 2.6. In the model (1.1), the random variable @'Y + Y'AY is the
B,-LBLQUE of o*(a + blegxm)?, j€{1,2,...,n}, if and only if
a=—-(A+A"NXg3,, (2.9)
Y(DeD} (D +D)E(B)(A+A)S(B,)=0,  (210)
and (2.5) and (2.6) hold.
Proof. The random variable a'Y + Y'AY is the B,-LBLQUE of
o?(a+ I)I@}Xﬁ])2 if and only if
(i) @'Y + Y'AY is an unbiased estimator of o%(a + ble;Xﬂl)z,
(ii) @'Y + Y'AY is the 3,-LBLQUE of its mean value.
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According to Lemma 2.3 and Lemma 2.4, (i) and (ii) are satisfied if and only if
(2.3), (2.5), (2.6), (2.7) and (2.8) hold. As (2.3), (2.6) and (2.7) are equivalent
to (2.9) and (2.6) (Lemma 2.5), and (2.8) is equivalent to (2.10) (because of
X'DX =0 for all D € D (see Lemma 2.1)), the lemma is proved. a

LEMMA 2.7. In the model (1.1),

v{DeD} Tro*(D+D)E(B,)(A+A)NE(B,)=0
= IH{yer*} (2(8,) ® =(B,)) vec(A + A") = X .

Proof.

v{DeD} Tro?(D+D)E(B,)(A+ANE(B,)=0
<~ v{DeD} [vec £(8,)(A + A)E(8,)] vecD = 0
<= IH{yeR™"} (2(8,) ® 2(8,)) vec(A + A') = Xy

(using Corollary 1.2 and the well-known relations Tr AB = (vecB’) vec A,
vec ABC = (C' ® A) vec B, where ® means the Kronecker product, see, e.g.;
[4; p. 11]). a

As a consequence of Lemma 2.6 and Lemma 2.7 we have the following:
LEMMA 2.8. In the model (1.1), the random variable @'Y + Y'AY s the
B,-LBLQUE of o*(a+ble/XB])°, j € {1,2,...,n}, if and only if

a=—(A+A)XB,
and IyER**™ such that

(2(B,) ® 2(B,)) vec(A + A") =X, (2.11)
! * O
XT+I")vecA = ( 2211). (2.12)

We simply note that (2.5) and (2.6) are evidently equivalent to (2.12).
As (2.11) is equivalent to

vec(A +A') = (£271(8,) @ 271(8,)) X,
we see that
I* vec(A + A’) = vec(A + A)
and so, according to Lemma 9.3,
I'(271(8,) @ 271(8,)) Xv
=(Z71B,) 0T 71(B,)) (X X)I" e, ®e€,,...,e, Q€)Y (2.13)
=(Z7B,)®E71(B.)) (X @ X), e, @€, e, De,)7.
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As (271(3,)©X7(B,)) is a nonsingular matrix, and (X®X) is of full column
rank (see Lemma 9.2), we obtain from (2.13) that
e)y =eyy.
We can modify Lemma 2.8 as follows:
LEMMA 2.9. In the model (1.1), the random variable @'Y + Y'AY is the
B,-LBLQUE of o*(a+ ble}Xﬂl)2, j€{1,2,...,n}, if and only if
HyeRMT, ey = ey}
R (2(8) 028 %r = (90 ) (2.14)
J

In this case,

- (Z71(B,) ®71(8,)) X,
~(A +A)X8, .

vec(A + A’

a

LEMMA 2.10.
3{veR™™", ey = e;v}:
o
X/ (£71(8,) ® £71(8,))X = ( 2;})
J
— IR}

XT+I)(Z71B,) © 71B,)) I +T1")X6 = (2211 ) .
J
Proof. With § =~ (see (9.3))
X(I+1)(271(8,) @ Z71(8,)) X+ I')X6

(T g)xErerezEme = (2 ).

o 2
Y= (I+I* o) 5
N 0] 21 2°
So e,y = ey and

X'(2718,) ® 271(8,)) Xy

—awee)ez@x(Tel 0)2

Now let

- %X’(I +I)(Z71B,) ®=71(8,)) T +T1")X6 = (;;;) :

From Lemma 2.10, we finally have the last modification of Lemma 2.9.
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THEOREM 2.11. In the model (1.1), the random variable a'Y +Y'AY 1is the
B,-LBLQUE of o*(a +ble/XB|)*, j € {1,2,...,n}, if and only if
IR} -

XI+I)(=1B,) @ =7(B,) I+ I")X6 = ( 0 ) : (2.15)

8ej
In this case,
vec(A +A) = (I1+1°)(571(8,) © 71(8,))X? (2.16)
a=—(A+A"Xg,. |

3. Existence of the 3 -LBLQUE in the model (1.1)

As (2.15) is a n.a.s. condition for the existence of the B -LBLQUE of

o?(a + b|e§X,3‘)2, j € {1,2,...,n}, we see that this estimator exists if and
only if

(82.) € u(X'T+I)(271(8,) ® 71(B,)) (I +I)X)
= (X I+I)(Z75(8,) @ £75(B,)))

I+I")X' ®X') (3.1)
2e| ® €]
=M . )

2el ®el,

where
(a+ble)X,B,1)7? 0 Lo 0

0 (a+bleyX,B8,)1 ... 0
= 3(8,)= : o )

0 0 ... (a+ble!X,B,)7!

and p(X'(I + I*)(E z2(8,) ® E“%( ,))) is the vector space spanned by the

columns of the matrix X'(I +1I*)(X~ %(ﬂo) ® 2_%(,30)) (see also Lemma 9.3
and Lemma 9.4).

As

2zy z1+x2 ... T1+Tn T2+T) 2T2 ... T2+ Tn .. TptTy L 2T,
29:? 2x122 ... 201X, 2T2T, 22% oo 2B2%y ... 2@,Ty ... 2.1:31

2 2 .2 2 2 2 ... 2 .02
/ ' 2zy z1+T2 ... T14+Tn T2+2T1 2T2 ... T2+Tn . Tp+T .. 2T,
I+INX @ X') = ,
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let us look for such a vector

d, = (d',d%, ... drtd?, .. drR, LAY (3.2)
for which
I+TI*) (X' @ X)
2e) @€} 0
e (2) 53)
. J
2el, Qe
It is obvious that
dil =d? = =d W =@t = =gt =0 (3.4)
and
d7 =4. (3.5)

From the assumptions of the model (1.1), there exist three different z,, =
and z,. Then

2 2 2
det | z,+z; z,+z z;+z; | =4(z; —z)(z; —z,)(z; — ;) #0,
Qxixj 2z, 2a:jxk

J

and so, the matrix
2 2 2
(mi+mj z, + a:j+mk
2Ii‘7:j 2z, 21:jzk

is nonsingular. The equation

2 2 2 did -8
T, +z; Ttz T+ dik | = —8z; (3.6)
jk
2z, 2zmy 2z d’ —8:1:?

is always soluble (for every z;), and d, for which (3.4), (3.5), (3.6) hold and
the rest of coordinates are zeros satisfies (3.3).
We have proved the next theorem:

THEOREM 3.1. There always exists d satisfying (3.3), and so, the 3 -LBLQUE
of 0*(a+ b|e;-X,3|)2 exists for each j € {1,2,...,n}.
A n.as. condition for a'Y + Y'AY to be the B,-LBLQUE of

o?(a + b|e}X;@|)2 is (2.15) (in which case (2.16) is also valid). We see that
for every solution § of (2.15) (i.e.,

§=[XA+I)(=(8,) @71 (B,) X +17)X] (82)

+H{I- [XT+I) (2B, © 51 (8,) I +I)X]™ -
XA+ (BB, ®E7H(B,)) T+ I7)X] }n)
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we have that
vec(A + A') =

—_

I+T)(274(8,) ® =71(8,) XS

I+I)(=71(8,) @ =71(8,))X- (3.7)

N —

X I+ (B7B,) @ £71(B,) L +17)X] (83)

is unique (and does not depend on the choice of the g-inverse as (3.1) is always
satisfied).

COROLLARY 3.2. There always ezists a wunique B,-LBLQUE of
02(a+b|e;Xﬁ|)2 for each j € {1,2,...,n}.

4. Formula for the 3,-LBLQUE in the model (1.1)

As the 3,-LBLQUE of o2(a + b|e;Xﬁ])2 is unique and given by (3.7) (for
arbitrary choice of the g-inverse), we obtain the formula for it as

A+ A
2

adY +Y'AY = -8/ X' (A+A")Y +Y’ Y

=Ly o (v - 2XB,)) 1+ T)(Z7(8,) 0 Z7(8,)X
X4 (ET(E,) e BB, A+ 17X (;jj) (4.1)
=2(Y' @ (Y - 2X8,)) 1+ ') (=7 (8,) @ £7'(8,))X:

X (=7Y8,) ®=71(8,))x} (2 >

(see Lemma 9.4).
Let us denote

(=) o)X = (N pan ).

According to Lemma 9.5, we now have
aY +Y'AY

1 / I * -1 _ Nej
:§(Y ® (Y —2X8,))I+I")(Z71(8,) ® = 1(ﬁ0))x(Pe )
=1 (V' e (¥ -2XB,)) 1+ T)(Z7(8,) @ Z7'(8,))-

. ((X R X)Nej + 12::1(61- &® ei)nz‘le:;Pej) .
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Since for 1 # j
(e;®e;) [(X ® X)Ne; + ,;(ez ® el)nz,le;Pej] =0

and

(ef®e)) {(X ® X)Ne; + l;(el ® el)n2,le;PejJ =(a+ b[e}Xlgoly ,

we obtain from (4.2) after a short computation

a'Y +Y'AY
~ (Y.e,XB, +Y,e.XB,))
_ _2Y X - .
=(, ;XB.) ZZ a+b|e'X,3 )*(a+bletXB,1)°

1‘191

Aw! + xj(w + w13) +ziw' + w4+ avj(w22 +w?3) + xz 4]
+z, [w + 2, (W +w’ )+:1:2w34] +z,z,[w +z;(w* +w? )—{—xzw‘lﬂ I
where the w?/ are elements of the matrix W~1 (W is given by (9.7), see also
Lemma 9.5).
From Lemma 9.6, we finally obtain the formula for the B3, -LBLQUE of

o?(a+ ble;X,B})2 as

dY +Y'AY
—(Y2_9v.eX - — (Y,e, X8, +Y,e, X[, ))
_( i jej '6 Z '
r=1s-1 a+ble XB,])" (a+ble,XB,1)*
Aw' + w2z 4z, +z,) + w0 (@} +z,3) + (WP wP)z(z, +2)

24 2
+w” sz, (z,z; +z.2; + 2z,2,) + w? xrxs:r]

(4.3)
where the w% are given by (9.12) —(9.18).

5. Dispersion of the 3 -LBLQUE in the model (1.1)

Let us now calculate the dispersion of the 3,-LBLQUE of o2 (a + b|e;X,3|)2
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at B, .

Dg, (@'Y +Y'AY)

/! !
=200 T A A w(p, ) AL A 5 (g,)

+ 0 {(A+A)XB, - (A+A)XB,} Z(B,){(A+A)XB, — (A +A)XB,}
_ 2 Tr(A + A)S(8,)(A + A)=(8,)

S

S

o
g_

)
= % [vec(A + AN vec[E(8,)(A + A)E(B,))
2

[vec(A + A")]'(2(8,) ® £(8,)) vec(A + A')

S

= X (271(8,) ® 571(8,)) 1+ 1) (B(8,) © B(8,)):
S(I+I) (=718, ® 71(8,)) X6
= 28 X (14 T) (57 (8,) @ B71(8,) (T +1)X] 6, (5.1)

where & is a solution of (2.15). As (3.1) holds, we have

Dy, (@'Y +Y'AY)
4

20_61 O — 0,46/ O
8 8ej €;

=804(0, /) [X' T +T")(=71(8,) ® 71(8,)) T+ 1")X] (22‘,1 ) )

and this dispersion does not depend on the choice of the g-inverse

XA+I)(371(8,) @ 271(8,)) L+ I)X] .

According to Lemma 9.4, we have
Dag, (@'Y +Y'AY)

=0*(0e)) (X' (Z71(8,) ® Z71(8,))X] (IBI* SI) <O>

=2a4e;Pej
=20*[(a + ble;.X,Bo|)4 +w' + :Ej(w12 + w4+ w? w3
+ a:?(w14 + w?? + w2 + w32 + B )

n x?(wz" +wtt + w2 4 ®d) 4+ x?w“] _ (5.2)
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After a short computation, we obtain from (5.2) (see Lemma 9.6)
Dy, ('Y +Y'AY)
:204 [(a + b|e;XIBOI)4 + wll +4xjw12 + 21?(1014 + w22 + w23)
4, 44

3, 24
+4:c]-w + 5w ], (5.3)

where the w'/ are given by (9.12)-(9.18).

6. Existence of the 8,-LBLQUE in the model (1.2)

Let us denote
(XR)/ ® (XR)/
el ®e}

/ !
€, 19€e;

(XR)/ _ n+J-1
mHEI-D? T el el + ) el ®e]
J J q q

qg=n+1

/! !
€jr1 @€

¢ ¢,
The next Theorem can be proved (see [3]):

THEOREM 6.1. In the model (1.2), the random variable a(, Y + Y'A )Y is

the B,-LBLQUE of o%(a+ble/X?B[)’, i € {1,2,...,n+J —1}, if and only if
3{6,,€RM} -

(KA T)(2, 7 (0) 8 3, BN+ T8, = (920 ), 6)

q

where
g=1i for i€ {{1,2,...,n} —{j}},
q=7 for ie{jn+1,...,n+J—1}.
In this case,
vec(A gy + Aly) = 31+ ) (SR} (8,) ® TR (8,)) (L +1")X"8,

and
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a = _(A(Z) + Ali))XRﬁo .
From the n.as. condition (6.1), we see that the B,-LBLQUE of
o*(a +b|e;XR,3|)2, 1€{1,2,...,n+J — 1}, exists if and only if

(a0 ) €nEmY@+1) (=48, © 2,7 (8.)) A+ 1)%")

= u((XPY A+ 1) (B 72(8,) @ B 7(8,))) = u((XP) (X +17),

(6.2)
where
(a-+ble; X{B))~ o e xR L X
. 0 a+ble, X6~ ... 0
232(:30): . 2 ..
O 0 (a+ble,ln+_]_levﬂ|)il
(n(A) is the vector space spanned by the columns of the matrix A),
g=i for i€ {{1,2,...,n} - {4}, ’

q=17 for 1€{jn+1,...,n+J—1}.
LEMMA 6.2. Let i € {1,2,...,n+ J — 1}. The vector

1 21 n+J—1,1 ,1,2 n+J—1,2 n4+J—1,n+J—1y/
d(i) = (d(i),d(i), ..,d(i) ,d(i),...,dw ,...,d(i) )
with N
diy =4,
dzll; dzlt) and d@.’)t determined by
_ ik
2 2 2 b/ -8 d(it)
z,tz, zT,+z, T+, —8Ig = d(;) ,
2zqzk quxt 2z, x, —8:cq dfi’)t
where

g=1  for i€ {{1,2,...,n} - {j}},
q=17 for ie{jn+1,...,n+J -1},

and the remaining of coordinates zero, satisfies the equation (X®)'(I +I4)d ;) =

(2). |

Proof. The proof is based on the fact that in the model (1.2), there exist
three different z_, z; and z, and is omitted (see also Section 3). a

So we have proved the next theorem:
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THEOREM 6.3. In the model (1.2), the B,-LBLQUE of o(a + ble,X?B|)”
exists for every 1 € {1,2,...,n+J —1}.

We only note that this 8,-LBLQUE is unique for every 1 € {1,2,...,n+J—1}
(see Section 3).

7. Dispersion of the 8, -LBLQUE in the model (1.2)

It can easily be shown (see Lemma 9.2) that the matrix (X®)’ has rank 4+n
(i.e., it has full row rank). From this follows the existence of the matrix

1 -1 - MR an
{(XR)/(ER_ (:30)®2R (IBQ))XR} b= ((NR‘x)‘i’4 Pg:ﬂ) :

In the same way as in Section 5, we obtain that the dispersion of the 3,-LBLQUE
of 02(a+b|e;XRﬂ|)2, i€{1,2,...,n+J —1},at 3, is

4 I pR
Dg, (@)Y + Y'A(i)Y) =20'e;Pre,, (7.1)

where

q:’l, fOI' ’LG{{l,?,,n}"{J}}v
and

q=17 for ie{jn+1,...,n+J—1}.

Using the notation

R R
(X (2R (B) @ B (8,))X" = (( Y B) :

R / R
B )n,4 Zn,n
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R
V4,4 =
_ Ry/ -1 R Ry/ R
= ((XP)ZR7H(B,)XT) @ (XF)BR 7 (6,)XT)
2
21 witJp; Z witJe; (E zipitJzjp;
1 i=1 1=1
i£j i#] i#]j
21 witdo; || 2 zipitJzio; witJo; (21 ol pitJzle;
=1 1=1 7
— i#]j i#) i#] i#]
n n n n
_):1 zipit+JTjp; Z +Jp; Z 1<p1+Jm,<.o,) '21 zipi+Jz;p;
1= =1 =1 1=
i#] i#j i#] i#3
‘21 zipitJT;p; ( zipitJzjp; i 1‘P1+JTJ¢J) 'Zl I?‘Pi'f‘-]I?‘Pj
1= 1= 1=
i£] 1#] i i#]
> zipitdzie; || 3 it e X ozipitdzio; | | X zieitTie; ’
i=1 i=1 i=1 i=1
17#] 1#] i#] 1#]
> zipit+Jzje; > zipitJzip; > zipitJzjp; > oz} ga,+Jz ©;
i=1 i=1 i=1 i=1
i#] 1#] 1#] 1#)
n 2 2 n n 2 2 n
X zieitJzie; 2 pitJe; > zipitJzie; X zipitJzjp;
i=1 i=1 i=1 i=1
1#£j i#£j 1#£] 1£]
5 a2 Joitdzieo; || & mivitJz;o; 5 o2 loitdzlo; || 3 2ivitJzie;
i=1 i=1 =1 =1
i#] i#] i#] 1#]
. _ Iv R -2
with ¢, = (a +ble;X ﬂo[) ,
2 2 2 2
oh py o Jei o wp
2 2 2 2
BE_ | T1¥1 Ty .- Jzjp; ... z,0p
| oz p? 2 Jz . p? z, o2
1P1 TP - iP5 o Tnfn
2.2 .2 2 2 2 2 2
TiPp] TP, ... J.’L‘j(pj c. T
and
vy 0 0
2
0 5
R =
0 Jcp?
2
0 (ot
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Then for P we have (see, e.g., [1; p. 66])
Pt = (2%)7' + (2) (B (WR)-1BR(ZR)-1 |
where
WR = VR _ BR(zR)-1(BRY

If we denote

n n n n
a=Z<,0i, ,BZZSO?» VZin‘Pi’ 6:2&%90?,
i=1 i=1 i=1 =

i#] i#] i#] i
n n n n
_ 2 _ 2 2 _ 3 2
E—Z-'L‘iﬂoiv g_zxi(pia U—ZT,'%', PZZ'T?(P?’
i=1 i=1 i=1 i=1
i£] i#] i#] i#j
then
(a+ ;)= (B+T?) (atJo;)(v+Tz05)—(6+T2507)
WHh = | OFTesee+Te)=(8+T2,0]) (a+Tes)(e+Tzde;) - (e+Ta%03)
(v+Tz505) (a+T0;)—(6+Tz507) (v+HJzj05)% - (E+T230?)

(vHIzi0)? = (6+T2505)  (vHTzie;)(e+Tzie;)—(nt+Tzde?)

(at+T@;)(v+Tz50;5)—(6+T2;02) (v+Jzj0;)% - (E+Tz20?)
(v+JIz05)° —(E+T229?) (y+Tzj05)(e+Tz30; )~ (n+ 2307 )
(atJp;)(e+Tate;)=(64+T230]) (v+Tz;0;)(e+Tai0;)—(n+Tade?)

(v+JIz0;)(e+T220;)—(n+Jxde?) (e+Jx20;)* ~(p+Tate?)

Now it is easy to obtain (see also Section 5) for i € {{1,2,...,n} — {j}}:
I !
Dp, (amY +Y'A,)Y)
=20*[(a + b|e;XRﬂ°|)4 + w'! + 4z,w'?
+ 222 (w™ + w22 4+ ) + 4zdw + M) (7.2)
and for 1 € {j,n+1,...,n+J —1}:
! !
Dy, (ayY +Y A(j)Y)

a+ ble!XEgB |)*
_ a0 ! lJJ ) +w'! + 4z,w'?

+ 2x§(w14 + w4+ w?) + 41?1024 + r?w‘“ (7.3)

where the w' are elements of the matrix (W)~1.
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8. Asymptotic behaviour of the 3 -LBLQUE
in the model (1.2)

Let us now investigate the asymptotic behaviour of the B -LBLQUE of
o?(a+ b|e;XR,3|)2 at B, for increasing J.
Using Lemma 9.6, after a little tedious computation, we obtain

wll +4xiw12+2m?(w14+w22+w23)+4m3w24+z4w44

B JPpd(eia — 2z v +€)(z; — z;)* + J%a, + Ja, +a, (8.1)
B JPa, + J2a, + Jag + a ’

where 1
a; = ;3{53 —ep +z,[20p — 6y + 4den)

[3(16 — ap — 6e€ + 129%e — 87
[ 87 + 1279¢ — 12aye + 4an + 4eé) (8.2)
[3a € — Be — 6l + 12av* — 8v6) /
22287y — 6a’y + 4ad] + z5[a’ — af]}

and a,, ay, ay, a,, &, a, are constants. (We note only that the term at J3

in the numerator in (8.1) is always positive.)
Let us now calculate

Jim Dg, (a(yY +Y'A,Y),
where azi)Y +Y'A,)Y is the 8,-LBLQUE of o?(a+ b|e§XR,Bo|)2.
(i) If i € {{1,2,...,n} — {j}}, we obtain from (7.2), (8.1) and (8.2):

(xj —m1)4

lim Dy (a(,Y +Y'A,)Y) = 20*(a +bleX B, )" + 20" L

J—-o0

(8.3)
1

with
by={e*—p+ z;[4n — dev] + z?[2a6 + 4v% — 6€] + 1:?[46 —day] + x?[az - A}
= (z?a —2z;v+ €)? — (:v‘},B - 4z?6 + 6:c?§ —4z;n+p)

2

_ " (xj - xi)z _ - (Ij - wz‘)4
B ; (a—l—b]e;XRﬁoD2 ; (a-+—b|e;;XR,30|)4

i#) 1#]

(which is always positive).
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(i) If i € {j,mn+1,...,n 4+ J — 1}, we obtain from (7.3), (8.1) and (8.2)
(taking into account (8.4)):

J— o0

lim Dy (a(,Y +Y'A,)Y) =0, (8.5)

ie, a;)Y +Y'A ;)Y is a consistent estimator of o?(a+ b|eiXRﬂ])2 at 3, .

Appendix 1

LEMMA 9.1. If z, # z; for i #j, then

V{B=(8,,5,) €R*} Zbiwl + Bz, =0 (9.1)
=1
if and only if
by=b,=---=b,=0 (9.2)

s valid.
Proof. Without loss of generality, we can assume that
T, <y <<

n

Let us denote

|I1',+1"-77,;|:ai, 1=1,2,...,n—1.

It is obvious that for n > 1 > r > 1 we have

Ixt‘zr[:Imr“‘vllzar+ar+1+"'+al—1>0'

If (9.1) is valid, then for ﬂij) =-z;, ,Béj) =1(5=1,2,...,n) we have

Zbil -z, +z,/=0,
i=1

n
> bl -z, +z,]=0,
=1
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which can be rewritten as

3
|
—

0 a, a;+a, a,
i=1
n—1
a 0 ay 2 a;
1=2
n—1
a,+a, a 0 a,
Ab — 1 2 2 i T b — O,
n—2
200 a,
’L:l
n—1
A e 0
i=1
where b’ = (b;,...,b,). If we subtract the (j—1)st row of the matrix A from
its jth row (j = n,n—1,...,2) and successively add the first to the jth column
(j =m,n—1,...,2), we obtain the matrix
n—2 n—1
0 a;,  a;+ay, a;tay+a; ... Y a; Y a
=1 =1
a, 0 0 0 .0 0
a, 2a, 0 0 0 0
ag 2a, 2a, 0 0 0 ’
a, , 2a, , 2a, 2a,,_, 2a, 4 0

whose determinant is

-1 -1
_1\n+1 n—2n k'
(-2 23" a, [ o > 0.
i=1 i=1

The determinant of the matrix A has the same value. So (9.2) is valid. The
opposite implication is trivial, and we have proved the lemma. O

By vec A we denote the vector

p,q’

_ !/
vec A = (all,azl,.,.,apl,alz,a22,...,apz,...,alq,aQQ,...,am)

for an arbitrary p x ¢ matrix with elements a;; = e;AeJ—. I* is a symmetric
nonsingular matrix for which the next assertion is valid:

v{A,,} I"vec A = vecA’.
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LEMMA 9.2. Let n 2 4. The matriz X' of order (4 +n) x n?
X' ®X'
' _ el ®e]

/ !
en®en

is of rank 4 +n.
Proof. The 3rd, 4th, (n+3)rd and (n+4)th column of the matrix X' are

!
(1,z4,2,,2,2,,0,...,0),

)
(,zy,z,,2,74,0,... ,0)’,

)

)

(1,24, 24, ¢,25,0,...,0),
(1,z4,z,,z,2,,0,...,0)".
Since
1 1 1 1
det T, T, Ty T,
Ty Ty Ty Ty
T Ty T T, ToT, T,
1 1 0 0
T T 0 0
= det 3 4
T, T, Ty — 1T T, — 1,
Ty T, T3(T, —T,) T4(T, —T)
1 0 0 0
— det T4 Ty — Tg 0 0
T, 0 Ty — T, 0
z,x3 (T4 —T3) T3z, —7T) (zy = zy)(z4 — T3)
2 2
=(zy — 7)) (x4 — 73)",
it is obvious that the rank of the matrix X' is 4 +n. O

LEMMA 9.3. We have

(X' @ X ,e =1, (X @ X). (9.3)

Proof. For an arbitrary matrix Z_,, is

[ (X' ®X')vecZ = I* vec X'ZX = vec X'Z'X
=(X'®@X')vecZ = (X' @ X')I'> ,2 vecZ

n2,n?

(using the formula vec ABC = (C' ® A) vecB). O
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LEMMA 9.4. One choice of

X'IX+1)(=71(8,) ®Z71(B,)) T +17)X]

%{XI(E—I(,BO)@E——l(ﬂo))X}_l ((I -{(—):[’0‘)414 20131,’1:1) .

n,4

Proof. First we note that according to Lemma 9.2, is X' of full row rank,
so the inverse of the matrix X' (271(8,) ® 271(8,))X exists.

Since
I'(571(B,) ® 271(B,)) = (271(8,) ® Z71(8,))I"
(see, e.g., [7; Lemma 3.8]) and also (9.3) is valid, we have
XX+T)(271(8,) ® Z71(8,)) X+ I")X

X' X' )I+TIY
2e| ® €]

—2 : (Z7(B,) @ =71(8,))X
Ze;ébe;
=2 (g0 he Jen ) (=718 0 5748, (0-4)
zzx'(z—l(ﬂo)®2“(ﬂo))x((lzl*) ;) (9:5)
So we have
2 (Torke o ) ¥ e e 3 )%
1 rxer (=1 -1 (XTI, O4,n )
g IX(E(8,) ®E7(B,))X} < 0,, In,n)
.2(0-6:34,42‘} )X (27(8) 0 =7 (B)X
s (e )
O
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Let us denote

V4,4 = (XIE—I(ﬁo)X) ® (XIZ_I(IBO)X) )

n 2 n 9 n n
2 2 2
Z ¥; Z Z;Pi E Tip; D TP;
=1 =1 i=1 i=1
N2 2,2 S22 NA.3 2
Z mi(pi Zl :E’L SOZ Z ‘ri (’01 Z I’L 901
_ 1=1 = i=1 =1
Taa z 2 2.2 .2 2 o ’ (9.6)
3,2
POE A DS D DE H" A D "
=1 =1 =1 =1
N 2.2 N~.3.2 SN.3.2 . 4 2
Yak? S ale? S al? 3 alyd
=1 =1 =1 =1
where ¢, = (a + ble!X3 I)_2 and
P = i o
W4’4 =V -T.
It can be easily seen that
(Z ‘Pa) - v Z i 3 Tipi— Y ziwf
i=1 i=1 i=1  i=1 i=1
kA n T T n n
Yoei o mivi= 3 zipl 3w 3 ziei— Y, alel
W — i=1 =1 i=1 i=1 i=1 2 i=1
i ) i SN2 N N2 2
2 pi X Tiwi— Y, Tip; 2 wipi ) =3 zie;
i=1 i=1 i=1 1=1 i=1
n 2 n n
( Zziw,) —er?w? > T Zm Pi— Zza H
i=1 i= i=1
(9.7)
n n n 2
Z:ILPz ll't‘Pt_El Tip; ( > zt‘Pi) -2 11290?
i= 1= 1= i=1 i=1
n 2_ n 2 2 n n 2 _ L 3 2
> zipi 2 TP X Tips 3T 0i— ) TP
i=1 i=1 i=1 =1 i=1
i }n: 2\ 2.2 o SN 2 N3 2
i 2 TPi zi0] 2 T 3 T z;¢;
=1 i=1 i=1 i=1 i=1 i=1
i .0 i i 3 2 N2 2__ 4 2
ipi DD M 2w ) =3 T
=1 i=1 i=1 1i=1 i=1

We denote the elements of the matrix W~1 by {w%}; its regularity follows
from the regularity of the matrix X' (27!(8,) ® £7(8,))X (cf. the proof of

Lemma 9.5).
LEMMA 9.5. If

{(X'(Z7'(B,)®=71(B,)X} ! = (11\\1/[/"4 1;4,n> : (9.8)
\ Vn,4 n,n
then for j € {1,2,...,n} we have
w' 4z (w'? + w'®) + 2w
w2l + :vj(w22 +w?) + 2w (©9.9)
J w3l + mj(w32 + w33) + m?w“ ) .
wil + a:j(w“ +w®) + x2w44
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and for 1 € {1,2,...,n} 1is
e/Pe, =8, (a+ble/XB,|)" — (1 z, z, z})Ne;,

where 65 150 for j#1 and 1 for l=j.

Proof. Since

X (Z718,) ® T71(8,))X

\'% (X'=1(Bo)®X'E7(Bo))(e1®€1,....en®€n)
e, ®e]
= ( : )(2“(50)X®2“(EO)X) =72(Bo) ’
e, ®e,
we have
e/ Qe
P=X’(B)+2(8) | i | (ET(BIXETEIXW I
e, ®el, :

(X'Z7B,) @ X'ET(B,)) (e, ® ey, re, ®€,)E ()
(see, e.g., [1; p. 66]) because of the identity
T = (X'Z‘_l(,@o) ® X'Z]‘l(,@o))(e1 ®e,...,e, ® en)22(,30) .
€| ®e)
(E71(8,)X © Z71(B,)X) -

eI ®el

n n

Similarly, we have

N=-W(X'Z78,) @ X'E7'(B,))(e; ®ey,- .- €, ® €,)E(Bo) - (911)
From (9.10), we obtain for ! € {1,2,...,n}

—

4 -1
ePe; =6, (a+ble}XB,)" +(1 =, z, zf)W

8 8 8
[ SIS

=5]~z(a+biegxﬁo|)4—(1 z, z, =;)Ne;.

Since

(X'=1(8,)0X'E71(B,))(e; ®ey, ... e, ®e,)5%(B,)e; = (1 z; z; 7).
from (9.11) it is easy to obtain (9.9). o
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LEMMA 9.6. The nonsingular matriz

ISURES RS SIS
o a0 o
o o a o
0 0

has

c?f+2de®—2ce’~d*f  —bcf—d®e+dce+bdf
1
= —bef—d%e4cde+bdf acf+2bde—cd?—b%f—ae?
A —bef—d?e+cde+bdf —adf —2bde+d3+b2 f+ae?
—2bde—c?d+d3+2bce ade+bcd—bd%—ace

—bcf—d?e+cde+bdf  —2bde—c?d+d®+2bce

—adf —2bde+d3+b? f+ae? ade+bed—bd®—ace

acf+2bde—cd?—b2f—ae? ade+bcd—bd?—ace ’
ade+bed—bd% —ace ac?+2b2d—2b%c—ad?

where
A=(c—d)A, = (c—d)[(c+d)(af — d*) + 2e(bd — ae) + 2b(de — bf)]
as 1ts wnverse.
Proof. The lemma can be proved by an easy computation. O

From the previous lemma, we obtain the following formulas for the elements
of the matrix W~1:

oo

[i:l a+b|eXﬁ]2i1 +b|eX,@|)

-2y a+b|e/xm) +(;(a+blezxﬁol)2” 1)

n 2 n 1‘;1
(Z a+b;e xg |)2> . 1(a+bleéxﬂo\)4}

i=1

=1

_2[2": g z

: 1(a+b|eXﬁ| a+b|eX,6|)

n (E3 2
_Z (a+bleéxﬂol)4r?} }
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3
\_/

2 n 1:12
<z:1 a+ble Xﬁ )? i=1 (a+b|62Xﬁol)4J

3
3

2

z; _ - wf
{ (a+bleXB,)° S (a+blexp,|)

.Lizl (a+b|e Xﬂ |)2 i

M:

Il

3
\_/

) _(izl a+b|e Xﬂ !)

n

Il

2 n 1‘4
5 (a+bte;xm|)“}

M:
M

I

z, B - z,
L i=1 a+b|e X8, |)2 i=1 (a+ble§Xﬂo|)2 i=1 (a+b|e;Xﬂ0|)4}},

(9.13)
r n 2 n
== L] L) 1 |
o Al{_ L ey & wrvea)’
M n m12 2 n .’I)? 1
| (Z (a+b|e;xzso|)2> 2 (o HeXa)
(/& z; 2z 2
—_(;(a+b|e2X,BOI)2> ;(a+b|e;xzso|)“_ ’
(9.14)
w14_

2

1 i i T
N 2 1
Al{ E 1(a+b|e XB,!) Z a—{—bleXﬂ )? ;(a+b|eXﬁ ? }

1 (a+b|e Xﬁ |)

I

'M:I

(a+b|eXﬁl ;(Hblexﬁl) }
) i=1 a+b|eXﬁ| ]

L2

Il

M:

o

1 a+b|eXB|

L 2

n

Y z

im1 a+b|eXﬂ| p a+b|eXB|)

(Z:: a+b|6 5, )? )2”

(9.15)

AM:I

1 (a+b]e Xﬁ|

L2

Il
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:A%{ Z‘:(wmeXﬂ )? g(a+b|exﬁ] o1 (a+b|eXﬁ )* }
S N A
'_(;(a+ble5xm>2> =t +bIeXﬂl }
- - ,
- (;(Hm:xm) ) _E a+b|eXﬁo')4}
| Li=1 +b18 Xﬁ |)2§ (a+bleixﬂo|) ; (a+b|eixﬁol)4]},

(9.16)

’ll)44 =

N———

2 n
i=1 a+b|e X8, l) :|

2
)

7 (a+ble/XB,])’

{KZ a+bleXﬂ| )?
o

=1 a + b\e Xﬁ |)

T

2

M:

1

n z. 2
-9 + 2 )
; a+b|e Xﬁ )* (; (a+ble£Xﬁol)2 }

n n 2
—9 _ T
{Z:l (a+ble XB,!) g a+ble Xﬁ )% ; (a+bieéxﬁo|)4} }

(9.17)

with

A, =
! [;(Hme'xm 2_: (a+ble 'x5|)

*22 a+b|e xm) +<;(a+blefxml>2> }
n 1 2 n 1
{ {(; (a+ ble}XB, |)2> _Zl (a+b|e’Xﬂ0|)4}

2

{(,Z";(Hb:xm > ; a+ble4Xﬁ|)]

7
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r n . 2 n 232 2
—_<§(a+bte;xm)2> _;<a+b|e;xa,l } }
[ n - n .’EZ n I3
+92 7 7 _ 7 .
= (a+ble’~Xﬂ D= Z (a+ble’-Xﬂo|)2 g (a+ble§:Xﬁo|)4}
{_;( +ble; X3, ) Zl a+b|e Xﬁ )? ;(Hblezxml)“}
-(i T, )2_i xzz 2
NS (a+blelXg,))") o (a+bleXp, )"
n 1 n
_(Z;(a+maXﬂ|f> Z; a+meXﬁ|f]
Jﬁ(a+meXﬂ|2§; a+MeXﬁ| 2; a+M’Xﬁ|)}}
+2 :
;(a+b[eXﬂ| z:: a+b|eXﬁ| ; a+b|eXﬁ|)}
'{_<Z;( +MeXﬁ|)> Z; a+meXﬁ|f]
[ n z, n 3312 n CE:}
Jﬂ(a+MeXﬁ022;(a+MeXBD 2;(a+M¢X@D4]
n n n ,’El
_2;(a+MeXﬂ|22; a+MeXﬁD *Z;(a+m¢xmn4%}
2 n 4

<

 < @+MeXﬂ|

=1 7

Il
I

T

(9.18)

)

! a+b|e Xz, |)

Appendix 2

Let us now investigate in the model (

1.1) the dispersion of the 8,-LBLQUE of

2 . . . . .
o? (a+b|e;X,8|) at B, in the special case of increasing the number of measuring

points z,.
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Let
o2t
z, =2"+ i, 1=1,2,...,
t b
a=0’=1, b>0
and
=(0,1)".
We obtain
(a+blejXB,))* =4 (b +1)?,  i=12,..,
and so
lim Z !
n—00 £ a+b|e X3,])° T 3(b+1)?

i . " oL2ib+1) -1
hmz i = lim b(i(+)2)
n—»oo7 : (a+b|e Xﬁ l) n—oo pr 4 (b+1)

1 1 o 3b+2

T b(b+1) 3b(b+1)2 3b(b+1)?

Similarly, we have

1 « 2

T 1
lim — L Ty
n—oo n ; (a+ ble}XP3, |) b?

n

1 1
11m =

n

lim Z i = ! - !
n—o0 (a+b|e Xﬁ |> H(b+ 1) 15b(b+1)4

=1

lim Z = ! — 2
o 2 a+b|e Xﬁ TR RV RS E
1
MSTEICEER

n

im Z T 1 B 1
=00 £ (g 4 ble/X,|)" TG+ Bb+1)?
L3 1
(b +1)3  1563(b+ 1)

(10.1)

© (10.2)

(10.3)

(10.4)

(10.5)

(10.6)

(10.7)
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and finally

n

1 z3 1
lim — £ =—. (10.8)
n—oo m ; (a +ble/xg,)" v

If we denote the matrix W (defined in (9.7)) by

W =

we have (see Lemma 9.6)
_ . 2 .3 . 2 5.2
AI = W WaWe + W WWe — Wawy — wy + 4w, w,wg 2w, wg — 2wiwyg .

From (10.1) - (10.8), we have

1
lm —w, = —————
ncon 3 302(b 4 1)2
I 1 3b+2
im —w, = ————
n—oom ° 363(b+1)2°
and
1
lim —w, = —

n—oo N2 6 pd -’

The other elements of the matrix W tend to constants with increasing n. It is
easy to see (using Lemma 9.6 and (5.3)) that

lim w!! = §2§(b+ 1)4,

n—00
lim w'? = lim (w4 w*? + w??) = lim w* = lim v** =0,
n—oo n—oo n—00 n— oo

and the dispersion of the 3,-LBLQUE of ¢?(a + blegXﬁl)2 at B, in the model
(1.1) tends to 20*[(a + bleiX,@oD4 +Bb+1)4 =20[(1+bz,)* + £(b+ 1))

fori=1,2,....
Appendix 3

A very serious question is proving the calculated value of the estimate. Here
we give an alternative method of computing the B -LBLQUE of

o?(a + b|e;-XB|)2 in the model (1.1). This method can be used for proving
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the numerical value of the estimate (as we know that the estimator is unique
(see Section 3)).

From (4.1), we obtained that a'YV + Y'AY is the B -LBLQUE of
0®(a+ble/XB])” in (1.1) if and only if

QY +Y'AY = (Y8 (Y - 2X8,))(1+ ) (E71(8,) @ 271(8,)X-

AX(EZTHB,) @ =71B,)) X} (2) :

Using the notation

(X(27(8,) 857 (8,)X} " = (1‘1\/11,4,4 N4,n)

n,4 n,n

and using, e.g., [1; p. 66, (15)] we obtain

aY +Y'AY
=1y e (v -2X8,)) 1+ 1) (=7 (B,) ® =71(8,))-
X®X,e, ®e,...,e, Re,):
. (—V—I(X'E’l(lgo) ®X’2‘;(ﬁo))(el Rey,...,e,® en)> _

el ®e)
2’2(50)—( : )(E'l(ﬁo)xe@z—l(ﬁo)x)v-l.

! /
en ® e‘ll

(X'BYB,) @ X'S7VB,))(e; ® ey, e, ®e")} K
=2(Y' @ (Y —2XB,))I+1")-
. {‘(2—‘(ﬂc,)xocz*‘(@)X)*‘X’E‘l(ﬁo)

& B (B)X(XE 1 (B,)X) X'ET(B,) (e, ®ey e, B ey)

(58,6, B 57 (B )el [ Pey

u=1
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(Y'® (Y —2XB8,) )T +1TI)-

N

n

. { 3 [(2—1(ﬁo)eu ® X7 1(B,)e,)

u=1

- (B BIXEXET(B)X) X' (Bye,

® 2—1<ﬁo)X(xz—1<ﬁo)X)‘1X’z—l(ﬁo>eu)]e;}Pej, -

where
¢\ e
P=|27%(8,) - ( : ) (=718)X(X=1(8,)X) ' X'=71(8,)
e, ®e, .
® 2—1(ﬁo)X(XE‘l(ﬁo)x)—lxlz—l(go)) (e1 ®e,...,e, ® en)} ‘
We see that

(P71}, =6,;(a+ble;Xp|)" - {2—1(50)x(xz—1(go)x)‘lx'z—l(ﬁo)}f,j
(11.2)
(6, ; is defined in Lemma 9.5).

As I*(De, ® De,) = De, ® De, for any square matrix D, we obtain from
2
(11.1) the alternative formula for the 3,-LBLQUE of o*(a + b|e}X,8]) as

aY +Y'AY

=33 Y, (Y,-2¢,X8,)-

s=1t=1

' { > [5”% (a+ble}XB,[) " (11.3)
u=1

— (=71 B)X(XE(B,)X) T X'EB)Y,

(BT EX(X8)X) XS @)}, )P

where {P}, ; can be obtained from (11.2).
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