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ABSTRACT. We give some sufficient conditions for a function transforming a
commutative semigroup to a commutative group to be a polynomial function.
Some stability results are also given.

Introduction

Let (X,+) be a commutative semigroup and let (Y,+) be a commutative
group. If f: X — Y is a function and h € X, then we define the difference
operator A, in the following way

Ay f(z) = f(x+h) - f(z), reX.
The superposition of several operators Ahl, ey Ah,, will be denoted briefly by
Ahla--'vhp = Ahl‘.‘AhP’ p: 1727"' .

If hy =---=h, =h, we will write A} instead of Ahl,...,hp' It is well known
([4], for example) that if f,g: X =Y, u,v,x € X, then

D=8, A f@)=-Af(z-u), A(+9)=4,f+A,9.

A function f: X — Y is called strongly polynomial function of pth order if and
only if
BDpyohpin f (@) =0 (1)

forall z,h,..., h’p+1 € X . If we assume that condition (1) holds for all z,h € X
and hy =hy=---=h,, , =h,ie.

AP f(z) =0, (2)
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then f is said to be a polynomial function of pth order. Let C be a subset of X .
A function f: X — Y is called strongly C -polynomial function of pth order if
and only if condition (1) is satisfied for every z € X and all hq,..., hypir €C.
Analogously, f is said to be C-polynomial function of pth order if and only if
condition (2) is satisfied for every £ € X and each h € C.

It follows from Djokovic¢’s theorem ([2; Corollary 1], also [5]) that if YV
has the property

(Vy)([y eEYA((p+))y=0] = y= 0),

then f: X — Y is a polynomial function of pth order if and only if it is strongly
polynomial function of pth order as well. We say that f: X — Y is a polynomial

of pth order if there exist a constant a, and symmetric i-additive functions
a;: X* =Y, 4 =1,...,p (i.e additive in each variable) such that f(r) =

P
a0+_zlai(x,...,:c), z€X.
1=

1. C'-polynomial functions

In [3] it is proven that if X and Y are uniquely divisible by (p+1)!, C-C =
X,C+CccC and +1 ,C C C, then every C-polynomial functlon of pth

order is a polynomial of pth order. In this part of the paper, we will obtain some
other results of this type. We start with the following lemma.

LEMMA 1. Let X be a commutative semigroup and let Y be a commutative
group. If f: X =Y is a function, then for arbitrary x, h;. €eX,ji=12,...,p,
i=0,1, we have

p
Apoynt,.., h°+h1f (z) = Z Aper h:Pf(m + kZ_ZI(l - ak)hllc)' (3)

€1,..,€p=0

If, moreover, X 1is a group, then

1
p
BDpo_nt, . no—nif(€) = Z (—1)51+"'+5”Ahi1 h;pf(:c -3 h}c) (4)

,,,,,

€14.,Ep=0 k=1

Proof. Induction. As an example, we give a proof of equality (4). For p = 1
we have

Apo_pif(@) = f(x+hY —h7) = f(z = hy) + f(z ~ hy) = f(z)
= Apof(z —hy) + Ay f(z) = Dpof(x — hy) = Ay fz — hy)
1
=3 (=) Ay fz = hy).

51:0
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Assume (4) and take arbitrary z,ht € X, j=1,...,p+1, i = 0,1. Then,

A
Bg—hi e, —h1,, £ (2)
1
— _1)ép+1 _pl
= Apg_hl,.,ho—h > (=1 Ahfgﬁlf(x hpi1)
ep+1=0
1 1 »
- _ € +1 . €1+“'+E . _ 1 _ 1
=2 (-1 Apria > =D pAhll,...,hi”f(x hp1 k; hk)
ep+1=0 €1,..,Ep=0 =1
1 Pl
= 2 Ahil,...,h‘{’;;lf(x P> hk)’
61,4..,€p+1=0 ? k=1
which ends the proof. O

The next two lemmas are consequences of Lemma, 1.

LEMMA 2. Let X be a commutative semigroup and let Y be a commutative
group. If C C X satisfies the condition

C+C=X, (5)

then every strongly C -polynomial function of pth order f: X — Y is strongly
polynomial of pth order.

Proof. Fix z,hy,...,h,,; € X. According to (5), there exist h; e C,
j=1,...,p+1, i = 0,1, such that h; = h} +h}, j = 1,...,p+1. By virtue
of (3) of Lemma 1 and our assumption we obtain

By f (@) = Brognr no g1, f(2)

! p+1 .
= z Ahil,...,h:ﬁjlf(m + kz::l(l - 5k)hk) =0,

€1,--€p4+1=0
which finishes the proof. O
In a similar way one can prove the following lemma.

LEMMA 3. Let X and Y be commutative groups. If C C X satisfies the
condition

C"C:xY, (6)

then every strongly C-polynomial function of pth order f: X — Y is strongly
polynomial of pth order.

Let m be a fixed positive integer. We say that a group X has a (m—C) -prop-

m
erty if and only if each element h € X has a representation h = ) h,, where
i=1
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h; € Cu(=C),i=1,...,m. Note that if f: X — Y isa strongly C-polynomial
function of pth order, then it is also strongly (C U (—C))-polynomial function
of pth order.

THEOREM 1. Let X and Y be commutative groups. If X has the (m—C') -prop-
erty with some positive integer m, then every strongly C -polynomial function
of pth order f: X =Y is strongly polynomial of pth order.

Proof. Fix z,hy,...,h,,; € X. There exist a positive integer m and

hjxy €CU(=C), j=1,...,p+1, k=1,...,m, such that h, =k§1h]}k. Thus

Ahlv-~7hp+1f(x)
:A ™m m
3 hiky 2 Rpiak
k=1 k=1
m ]';fjl jp+21*1
=Am - Z f(a:+ h )—f(x+ h )
2 Rk 20 hp k=1 pHLk k=1 Lk
= k=1 Jp+1=1
m Jp+1—-1
=Am w3 A (247 % hpars)
Z h]yk,..., Z hpyk . hp+1’jp+1f kzz:l p+1.k
k=1 k=1 Jp+1=1

m m ji—1 Jp+1—1
=y ...y Ahl,jl,...,hp+1,j,,+1f($+ k; hyg+-+ ;;1 hp+1,k) =0,

Jji=1 Jp41=1

because f is strongly (C'U(—C))-polynomial function of pth order. This ends
the proof. O

2. Stability in the sense of Ulam and Hyers

Assume X is a commutative semigroup and Y is a real Banach space. Let
us fix € >0 and let f: X — Y be a function. We are interested in solutions to
the inequalities

1D, f@I<e,  TEX, hyyiihy,, €C, (7)
and
AP (@)l <e, zeX, heC, (8)
where C is a subset of X . In the case of C = X, the problem was considered
by many authors. In particular, M. Albert and J. A. Baker [1] have proved
the following theorem.

358



A FEW REMARKS ON ALMOST C-POLYNOMIAL FUNCTIONS

THEOREM A-B. Let X be a commutative semigroup with zero and let Y be a
real Banach space. If f: X — 'Y satisfies condition (7) with C = X, then there
exists a unique (up to an additive constant) polynomial g: X — 'Y of pth order

such that
If(z) —g(=)|| <€, zeX.
The first theorem in this section reads as follows.

THEOREM 2. Let X be a commutative semigroup with zero and let Y be a real
Banach space. If f: X = Y satisfies condition (7) where C C X satisfies one
of conditions (5) or (6), then there exists a unique (up to an additive constant)
polynomial g: X — Y of pth order such that

1f(z) —g(z)| < 2°F'e, zeX.

Proof. Assume (5) (if (6) is satisfied, then the proof is similar). Let
x,hy,...;h, , € X be arbitrary fixed. According to (5), there exist h; € C,
j=1,...,p+1, i=0,1, such that h; = h +h}, j=1,...,p+1. By Lemma 1
and (7) we get

80ty SN < Zl

<s€p+1=0

Ret, hp+1f($+pz+:ll—€k hl)“<2p+l

Our assertion follows now from Theorem A-B. 0

J. H. B. Kemperman ([4; p. 369]) noticed that if X is a commutative group
admitting division by (p + 1)!, then we can express values of the operator

as linear combinations of iterates of the (p + 1)th order of difference

Ahh hpt1 X

operators depending only on one span. More precisely, if z, h, ""h’p+1 €
and f: X =Y is a function, then

1
fl@)y= > (~1mttenart! fla+hl . ..)

hh hpt1 €1reepil

€15,Ep41=0

where
/ - _ 7
h517~~~75p+1 - Z ] h]’

and
p+1

" _
h61,---7€p+1 - zejhj :
Jj=1

The next theorem refers to inequality (8).
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THEOREM 3. Let X be a commutative group admitting division by (p + 1)!,
let Y be a real Banach space. Assume e +1 —=mC cC, C+C CC and (6). If

f: X =Y satisfies condition (8), then there exists a unique (up to an additive
constant) polynomial g: X =Y of pth order such that

1f(z) — g(z)|| < 47*'e, reX.

Proof. Fix arbitrary @,h,,...,h,,, € X. There exist b} € C, j =

L,...,p+1, i = 0,1, such that h; = h} — h}, j = 1,...,p+1. For arbitrary
€;,0; €{0,1}, j =1,...,p+1, let us define

Pl pé
[ SASRE L . E :6 J
O1y0pg1 T J j )
Jj=1

p+1 p+1
€1y--€p+1

o 1 €j €15-9€p41
SN Z(l — &) + Z 0jhy" + b, Do
According to Lemma 1 we obtain

Ahl,...,hpﬂf(x)

—ht f(il?)

=A
hQ—hl,...,hO 1

1 p4l

! p+1
— Z (_1)61+~,-+Ep+1Ah51 h p-tl f( (1 — Ej)h;>
61,...,6P+1:0 Pt

1 1
) ) +1 E1y.00h€
= _Z (_1)61+ tepta E (=1)0rtt p+1AZ ..... sp+1f( 611, 5::11),
€1,.-,6p+1=0 51,...,5p+1—0 LRI Spy1

Hence

+1 €1,008p
180y F @ S AFHNARE, ey (2550
which together with (8) implies that

1%,y S @) < 4PF e

hpt1

Now our assertion follows from Theorem A-B. 0

As a final remark note that we are able to repeat the argumentation used in
the proof of Theorem 3 to obtain the following theorem.
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THEOREM 4. Let X be a commutative group admitting division by (p + 1)!
and let Y be a commutative group. If C is a subset of X such that
1 _
WC’CC, c+cCcccC and c-C=X,
then every C -polynomial function of pth order is a strongly polynomial function
of pth order.

Remark. Recall that ([2; Theorem 3]) if, moreover, Y is a commutative group

such that for every y € Y

equation (p!)z = y has a unique solution z = fﬁ,
then every polynomial function f: X — Y of pth order is a polynomial of pth
order, too.
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