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(Communicated by Stanislav Jakubec )

ABSTRACT. We give a closed-form evaluation of the finite cotangent sums given
by
q—1 qg—1
3 cot [(§+P)W} S cot?n (?_71)
p=0 q p=1 q

where n and g are positive integers (¢ > 2) and £ is a non-integer real number.
The latter sum enables us to simplify the Apostol formula concerning the Riemann
zeta function at integer values of the argument. We demonstrate that, for even
integers, this formula involves polynomials with rational arguments.

1. Introduction

Consider the Riemann zeta function ((z) defined by [1; p. 19]

oo

=1 1 1
L 1
I;kz 1-2-* Z(2/c—1)z Rez>

k=1

¢(2)

1 & 1
'—ﬁZ(—l)k_l—— Rez>0, Z#l
1— 21— 2~ k,

For Rez <1, z# 1, ((2) is defined as the analytic continuation of the foregoing
series. The Riemann zeta function is analytic over the whole complex plane,
except at z = 1, where it has a simple pole.

Apostol [2] gave the following formula

icot" 3T
¢(n) = (E)n lim 2= ( ’ ) (1)

2/ g—oo qr
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DJURDJE CVIJOVIC — JACEK KLINOWSKI

valid for any integer n > 2. For the case when n is even, he found the asymptotic
expansion of the finite sum involved, which readily leads to the Euler relation
27T)2n
2n) = (=1)"1 (—B >1 2
between the even-indexed Bernoulli numbers B, and ((2n).
Here, we deduce summation formulae for

q—1
5.6 = Lo [EEDT] o< (3)
p=1
and
5300 = Leor” () (3b)

1

p:
and examine the Apostol formula (1) for even integers.

2. First results

Throughout the text [z] denotes the largest integer not exceeding z, while,
as usual, (") is the binomial coefficient given by

n n n!
= =" 1< < .
<0> 1 and (m) o Y (n,meN, 1<m<n)

Further, the principal values of arccotd are defined for any real § by 0 <
arccotxr < 7.

In this section we establish the existence of the polynomials for which all
zeros, regardless of the degree, can be given by a simple formula involving the
cotangent function. It appears that these polynomials are unknown, and their
detailed study is given elsewhere [3].

THEOREM. Let n be a positive integer, and C, (z;€) a polynomial of degree
precisely m, in a variable x with real parameter £, which we define as

n

Co(@:6) = ) (=), (2" (4a)

m=0

where ¢, . (£) 1s
Cpml8) = (Z) [cos(mm/2) + sin(mm /2) cot(mE)] (0<¢é<l). (4b)
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Then for any fized n, the zeros of C, (x;&) are all real, simple and given by
m)mw
I‘nvm(f):cot((g——:—LL) m=0,1,... n—1. (5)

Before proving the Theorem we give as an example the first few polynomials

G,y (5:€) = © - cot(rE)
C,(z;€) = 2% — 2z cot(mé) — 1,
Cy(z;€) = 2° — 327 cot(m€) — 3z + cot(n¢),
C,(z;€) = z* — 42® cot(n€) — 62° + 4z cot(m€) + 1,
Cy(x;€) = 2° — 52" cot(m€) — 10z + 102% cot(n€) + 5z — cot(mé)
Cy(z;6) = 28 — 62° &t (m€) — 153" + 202 cot(n€) + 152° — 6z cot(mg) — 1.

Proof. First of all, we shall prove that

(n/2]
Z (=™ (Zn ):c"“zm = csc” (arccot ) cos(n arccot x) (6a)
m=0 m
and
[(n—1)/2]
Z (=™ (2 + 1) g~ 2m=1 = cgc™(arccot ) sin(n arccot ) (6b)
m

m=0

where arccotz takes its principal value, z is real and n is a positive integer.
Starting from the well-known Euler-Bernoulli formulae [4; 4.4.4.15, 4.4.4.16]

[n/2]

cosnf = Z( 1) ( ) cos™ 2™ fsin®™
[(n—l)/Q] n
: 0 = —1)m n—2m-1 0 si 2m+1 9
sinn :L:‘O (-1) (2m N 1> cos sin
we obtain
[n/2] n
Z (=)™ (2 ) tan®™ 6 = sec™ 6 cosnf
m=0 m
((n—1)/2]

(-1)™ (2 n+ 1) tan®™*! 0 = sec™ 0 sinné
m

m=0

where 0 # (2k+1)7/2 (k € Z). In view of these identities, upon setting s = cot ¢
(0< 0 #m/2<m)in (6a), (6b), it follows at once that the proposed formulae
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hold when z # 0. Moreover, it can be shown by direct verification that they
remain valid for z = 0.

Next, since the polynomials C, (x;§) may be expressed in the form

(n/2] n [(n—1)/2] n
Culwi) = Y (1" (o Jor 2 —cottae) 3 (1), " e

m=0 m=0
(7)
as an immediate consequence of (6) we have
C,,(x; &) = csc™(arccot ) [cos(n arccot z) — cot(w€) sin(n arccotz)] . (8)

To complete the proof we only need to verify that C, (T, . (£);¢) = 0 for
any n and m =0,1,...,n — 1, regardless of £.
Observe that, in general, if k is an integer and @ is real, then
arccot(cot§) = 0 — kn kr <0 < (k+1)m

Thus
arccot [Fn’m(f)] = M
since "
<M< , m=20,1,...,n—1,

n
provided that 0 < € < 1.

Finally, it follows readily from (8), that

Cp (T ()5 6) = (=1)™ csc™ [W] [cos(m€) — cot(n€) sin(né)] = 0.

Since C,(z;§) is of degree n, it vanishes at the n points I, (£) for m =
0,1,...,n — 1. In view of the properties of the cotangent functions, these zeros
are all real and simple. This completes our proof. O

A similar result is obtained as follows. Let C(z) denote the polynomial given
by the expressions in (6b). Several examples are

Ci(z) =1,
Cy(z) =2z,
Ci(z) =3z -1,

C;(z) = 42® — 4z,
Ci(z) = 5z* — 10z* + 1,
Ci(z) = 6z° — 202> + 6z,

Cy(z) = 72® — 352" + 212% — 1,
Cyi(z) = 8z" — 562° + 562> — 8z .

The determination of the zeros of C(z) is clearly equivalent to solving
sin(n arccot ) = 0, which gives rise to the following Proposition.
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PROPOSITION 1. Assume that n is a positive integer. Let C)(x) be the poly-
nomial in a real variable x of degree n — 1, defined by (6b). Then for any fized
n > 2, the zeros of C(x) are all real, simple and given by

m
F;,m:COt<7§£)’ m=12,...,.n—1.

3. Finite cotangent sums

As a straightforward consequence of the Theorem, we derive a closed-form
determinant formula for finite cotangent sum S,(g;§). We note that the sums
S,, S, and S, are well known in a slightly different form [4; Section 4.4.7] and
[5; Sections 29.1 and 30.1].

We begin by stating some elementary results from the theory of polynomials
needed [6; p. 179]. Let z, (1 < k < n) be the roots of an algebraic equation of
the form

" +a 2"+ +a, T+ +a,

=z" -0z '+ -+ (-1)" o, _z+(-1)%, =0 (10)
with coefficients a,,a,,...,a, (n > 1). The elementary symmetric functions
0,,04,...,0, of z, are then given by the Viete formulae

T 4T, + T, =0,
TiTy + 21Tz + -+ T, 1T, =0y,

T1TyTg + T TpTy + -+ T, 5T, 1T, =03,

.%o+ -+, =0,
while s, (k=1,2,...), the kth power sum of zeros, defined as
=k ak ot ok
is related to o, by the Newton identities as follows
01 = 815
8,0, — 20, =5,,

8901 — 8,05 — 305 = 84,

83,00 — 8105+ -+ (—1)k+1kak =3, .
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The Newton identities can clearly be considered as a system of linear equations
for s,,8,,...,8,, which enables us to rewrite them into a more convenient form.
Thus by making use of the Cramer rule [6; p. 198] it is easy to see from the first
k of the equations, that power sum s, is given by the following determinant

o 1 0 0 ... O
20, o 1 0 ... O
30, o, o, 1 ... 0
8, =
(k—=1)op_q Op_g oveenen.. 1
ko, o o,

of the order k.

Now, in view of the Theorem, it is obvious that the finite sum in (3a) is in
fact the power sum of the zeros of the polynomial in (4). Thus, we can state the
following result.

PROPOSITION 2. Assume that n is a positive integer, and let S, (q;§) be a
finite sum in (3a). Then for any fized n we have

Cyn 1 0 o 0
2¢, 5 Cy 1 0 8
3c c c 1
q’3 q72 Q71
5,(¢:€) = _ : . :
(M=1)C, 1 Copg woreeeree 1
ne, , L ot

where, for brevity, c
is of the order n.

In particular

stands for c, (§) defined in (4b), and the determinant

g,

Sy (q;€) = qeot(m§),
Sy(q; €) = ¢* (cot?(m€) + 1) — g,
Sa(q; &) = ¢ (cot®(m€) + cot(m€)) — geot(ré),
54(q;€) = q" (cot*(w&) + (4/3) cot?(w&) + 1/3) — ¢*((4/3) cot® (&) + 4/3) + ¢,
S5(q;€) = q° (cot®(mE) + (5/3) cot? (7€) + (2/3) cot(w¢€))
—¢*((5/3) cot® (&) + (5/3) cot®(n&)) + gcot(nf),
Se(q;€) = ¢°(cot®(m€) + 2 cot* (n€) + (17/15) cot?(n€) + 2/15)
— ¢ (2 cot* () + (8/3) cot®(m€) + 2/3)
+ ¢*((23/15) cot?(n) + 23/15) — q.
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We note that the expressions for S,(q;1/2), S,(q;1/4), S,,(¢;1/3) and
S,,(q;1/6) are the polynomials in g with rational coefficients. Moreover,
Son_1(q;1/2) =0.

However, it is easier to find the sums for higher n by using the differential
recurrence relation

Son(@:6) = 5, (g;6) - —L 9

(n+ 1) de¢
which is readily proved by differentiating the definition (3a) with respect to €.

Sn+1(Q§§) (n>1)

4. The Apostol formula
In this section we shall derive the closed-form formula for S (g) which allows

us to investigate the Apostol formula.
The properties of the cotangent function readily lead to

q—1
n pm *
ZCOtQ o <—q—> =53,11(0) =0
p=1
and
! pT 1
2n _ *
;cot (2_q) = 55211(2‘1)7
q
2n pm 1 *
— | == 2 1).

The first indication about S5 can be obtained from the expressions found in
Scction 3 and the relation

S5.(¢) = lim cot™ ((£_+p)_7r) = lim S, (¢; &) — cot™(w€/q)]

€20 q £—0
resulting in
S5(q) = §q2—q+§,
Si(g) = %q“— §q2+q— %g,
Ss(q) = %qe—%q‘“r%f—ﬁg%,

where our S5 and S} are the same as those listed in literature [4; Section 4.4.7].
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On the other hand, a straightforward consequence of Proposition 1 is that
the sum in (3b) is the power sum of the zeros of C}(z). In this way we shall

evaluate S for any n. Note, however,

that the polynomial C}(z) is not monic,

that it is of degree n—1 and that some of its coefficients are zero (compare with

Equation 10).

PROPOSITION 3. Let n be a positive integer and let S’ (q) be a finite sum
defined by (3b). Then for any fized n we have

0
20q?2
0
S,(9) = :
(n—1)c, 4
ne,
where ¢, ; stands for ¢, ;

It is not difficult to verify that S5, ,
is the polynomial of degree 2n in ¢ with rational coeffi-

: *
that, in general, S,
cients. Two more special cases are

1 0 0 0

0 1 0 0
G2 01 0
Cqn—g  rrrrreees 1
Cqnel  rrrreees 0

(&), and the determinant is of the order n.

, is always zero, and it follows directly

) = Lg_ 10 s 44 4 176, 7102
s\d 4725q 28357 T 759 T 3157 14175
S e 2o 2 s, 86 o TIS 4 563, 44834
1089) = 935559~ 98359 T 35057 T 85057 " 9457 ~ 93555

5. Concluding remarks

The Apostol formula implies the existence of a certain function A(g;n), such

that

A(g;n)

o (n>2).

= (3)" Jim

We have demonstrated that, for even integers, we have

*
where S5

1
Algs2n) = 585,20 +1)  (n21),

is fully determined: it is a polynomial in ¢ with rational coefficients

of degree 2n and its evaluation is straightforward.
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