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SOME COUNTEREXAMPLES IN p-ADIC ANALYSIS

JAN MINAC

The class of differentiable functions on the p-adic integer numbers Z, to the
p-adic numbers Q, is “rich”. (One of the reasons is the total discontinuity of the
topological space Z,.) In this paper we shall show that this class is not contained in
some classes defined later.

Throughout the paper, a similar notation as in [1] (especially chapter 2, §2) will
be used. Evidently in some theorems of [1], chapt.2, §2 some additional
assumptions are missing (e.g. strict differentiability, see the end of the present
paper), because in the cited version the thecrems are false.

The theorems of [1], chapt. 2, §2 are based on the following lemma.

Let f be a differentiable function on the set of p-adic integers Z, with values in
the set of p-adic numbers Q, and let x,, y.€Z,, x.¥y. (n=1, 2, 3,..)),

lim (x, —y,)=0. Then there exists such an element x, from Z, and such

a monotone increasing sequence of natural numbers n,, that

i ()= (5)

k—o e

= f"(xo).

The mistake in the proof of this lemma lies in the fact that some denominator

(lim (1+u;)) in this computation may be equal to zero.

ko

First we give a counterexample to the lemma.
Example 1. Let f be a function defined as follows:

2j+1 2+

p¥+p if x=p'+p
(the first two non-zero coefflments are fixed and the others can be
f(x)=4 arbitrary),

2, 2]+2

if x=p'+p ve
0 otherwise,

where we assume that every x € Z, is written in the usuzal p-adic form x =a,+ ap
+...+ ap”+..., where 0=q,=p —1.
This function f is locally constant on Z, — {0}. Indeed, if we take the usual p-adic
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norm || <|p|=%>, then for every x,#0 the value f(x) in the neighborhood

1 . .. . .
{xllx _x°|<W}’ where the first non-zero coefficient of x, is a, is equal to

f(x0). This holds since then sufficiently many coefficients of such x and x, are equal.
Thus the derivative of f on Z, exists and is equal to zero. Indeed, it is clear, because
if x is sufficiently small, then the quotient

_ p' multiplied by a unit in Z,, if x=p'+p¥"'+... or
f(x) f(O)z{ x=p +pii+ ..,
0 otherwise (x#0)

X

(by a unit in Z, we understand an element of Z, which has an inverse element in
Z,) is arbitrarily small. (In the sense of p-adic topology.) Now we take the
following sequences

2n+2

X, =p"+p>™*, y.=p"+p™", then lirg(x,.—y’,,)=0, XnF Vs
but

x,)— : 2n __ _2n __2n+1 B
fed=10) 2" 2R =g g,

Thus we cannot find such a sequence n, of natural numbers as desired.
This example is also a counterexample to theorem 2.8 of [1], which asserts:
If f is a differentiable function on Z, with values in Q, and if f'(x)=0, then for
every € >0 there exists such a 6(f, £€)>0 that

) =fW=elx—y| if |x-y|<é(f,¢).

Really, the function of example 1 has the derivative equal to zero on whole Z,
and

n n+ n 2n+ n+ 1
lfp"+p™ - f(p"+p™)|=1Ip* 1|=p7n,
but
n n+ n n+ 1
lp"+p™* = (p" +p’ 2)|=pzm,

hence, e.g. for € =% it does not hold that

n+ n n+ 1 n n+ n n+
f(p" +p™ ) =" +p" ) =5 lp" +p™" = (p +p*?)],

although '
llm (pn +p2n+l _ (pn +p2n+2))=0‘

n—s®
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This example is also an counterexample to theorem 2.10 of [1] (more precisely,
to one half of this theorem) which asserts:
The derivative f'(x)=0 on Z, if and only if

lim 1%47=0, where &, =sup {Ifx)— )| -y =]
It is clear that for the function f of Example 1 we have
— on
lim —7>1.
lp"|

But it is clear that if a function f satisfies the above condition, then f has indeed the
derivative identically equal to zero on Z,.

Theorem 2.6 of [1] asserts that if f is differentiable on Z, with values in Q,, then
f' is bounded on Z,. A counterexample can be constructed by a little change of the
preceding example.

Example 2. Let

Pt apm Tt asp™ T+ L
Af x=ph+ap™+ ... tap™+
f(x)= (this form respects only nonzero coefficients of x, i.e. a,, as, ... ¥#0)
n<3in<n,<n;<..<n.<...
(it is possible also x =p™),
0 otherwise.

Since the function f on the set

Z,—{x=pM+a,p™+
+...4+ap™+..n<3m<n,<n;<..,0=a,=p-1,i=2} U{0}

is locally constant, the derivative f' is equal to zero on this set. Now compute the
derivative in zero. Suppose n,>3n,. Since

f@™+ap™+..) _p(1+ap™i+t..)
phitap™+... 1+a,p™ " +...

=p™(a unitin Z,)

is arbitrarily small if n, is sufficiently large, we have that f'(0) = 0. Now compute
the following quotient for n,>3n, and a fixed natural number k,=2, x#y. (The
denotation we use here means that the first k, coefficients of the following terms x,

y are equal.)

f) =) _ f(p" +ap™+ ...+ ap ™+ axp o +...) B
x-y (M +...+ap™+.)—(pM+...+ap O+ bip ot +..)
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nko+1

_ fp" +ap™+ .. +ap™+biap™ "+ )
(p"+...app o+ .. )—(p"+ ...t awp °+biap O +..)

(x=p") (y—p™)

_s p" 1
x=y pm’

o n n . . 1
Thus the derivative in any x =p™ + a,p™+ ... (with r,>3n,) is equal to o

the norm

1. n C
F is equal to p", the deri.ative is unbounded.

Since

Example 2 is clzarly 2!so a counterexample to theorem 2.9 of [1], which asserts
that if f is differentiable on Z,, then feL,. (L, is the first Lipschitz class, i.e.

lfx)=f()|=Alx -yl

for every function fe L,, for each pair x, y € Z, and a suitable constant A.)

Indeed, e.g. for the seguences

xn=pn +p4n’ yn=pn +p4n +p5n
we have

n n n n n n 1
[f(x.) = fya)| = p™ +p> = (p™ +p™ + p*")| = |p* |=p4n
and
,xn_ynlz 15n .
p

Thus the sequence
{I_f(x,,)—f(yn)l .
IX,, - ynl P [l

tends to infinity and we canrot find such a constant A as desired.
Now we give the counterexamp'e to theorem 2.7, of [1], which asserts:
Let f be a differentiable fun~tion

Z,—Q,, f'(x)£0, A=supf'(x), a=inf f'(x).

x€eZ, x€Z,

Then there exists such a positive constant §(f) that

alx —y|=lf(x)-f(y)=Alx—y]|

if |x —y|<8().
Example 3. Frr the connterexarple we can take the function
) = {p" +p+pTtap* .. H x=p"+p" +ap”t'+ nz=l
x ctherwise
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It is clear that f'(x) = 1 for all x € Z,. Indeed, if x has the form p" + p** + a,p***' +
....,nZ=1,then f(x)—f(y)=x —y for every y such that |x — y| <#. Now compute
the derivative in zero. If x=p" +p* +a,p*"*'+ ..., n=1, then

&2=X+PZ"
X

e =1+p". (an element of the ring Z,).

Thus it is clear that f'(0) =1, because the other possibility for x is trivial. It is
clear that the derivative in nonzero x, which has not the form p” +p** +a,p***' +
.. is equal to 1, because on the neighborhood

1
{ylly—x|<—p—4;}
is f(x) equal x. But for x, =p"+p>" +p*, y.=p"+p** we have

1F(x) = )] =0, Ixn—yn|=[%,

hence it is clear that the left side inequality (1) does not hold for any §(f) >0. That
the function f does not satisfy the right side inequality of (1) we can see from the
following: For x, =p", y.=p" +p** we have

Ife) = fa)l=1p" —p" —p™ —p™|=

n . 1 1
=p"|l1+p”|==x, Ixn—yn|=;47,

p

If(xn)_f(yn)l =p2n

1% = ¥l

hence

is unbounded. This proves that f does not satisfy the right inequality cf (1) for any
x, y such that |x — y|<&(f), whichever 6(f) was taken.

Example 3 is also a counterexample to the theorem 2.7a of [1]: If f'(x,) # 0 and
[’ is a continucus function in a point x,, then there exists such a neighbourhood of
Xo, that there holds

)= f=1f' xo)llx = y].

(Indeed, we can take xo,=0 and then because in every neighborhood of 0 there lie
almost all the elements x, and y., n=1, 2, ..., we get a contradiction, since

lf(xn)_f(yn)| =p2" 'xn "}’nl,

but not

|fGea) = f )l = %0 = yul.)
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Example 3 is also a counterexample to theorem 2.11 of [1], which asserts: If f
has the continuous derivative f’' and if f'(x,)#0, then there exists such
a neighborhood of x,, that there exists the inverse (continuous) function f',
(x =f""(y)), to the function f restricted on this neighborhood, for which

dx 1
dy f'(x)’
This theorem is false, since for the function f of Example 3 we have
f"+p™)=f(p"+p™ +p")=p" +p* +p*
and because almost all of these elements lie in every neighborhood of zero, we have
that the function f restricted to an arbitrary small neighbourhood of zero is not
one-to-one.

Why is it so easy tc construct differentiable functions on Z, without the above
prescribed properties? The reason is based on the fact that for constructing of
differentiable functions on Z, it is sufficient to construct systems of differentiable
functions on open subsets of Z,, which form a disjoint cover of Z, and that these
functions are independent of each other. (We need not consider the situation on
the borders of the sets.) On the other hand we can take such a cover that the points
of some different open sets of this cover can lie arbitrarily near.

It is easy to see that the sufficient condition for the validity of the assertions of
these theorems is that f is strictly differentiable, i.e. the function f is such that the
function

_fx)=fy)
g(x, y)==""=2 v
from Z, X Z,—{(x,x)|x€Z,} to Q, has a continuous extension on the whole
Z, X Z, (see, e.g. [2]).

Remark. The cited theorems from [1] are not exactly in original version (for
reason of simplicity) in the sense that in [1] the function f is not assumed to be from
Z, to Q,, but a more general situation is considered: The function f is V—k,
where k is a complete non-archimedean fieid with respect to the absolute value ||
and V is the set {x||x=1}. In some theorems of [1] there is neither explicitly
writien that constants (6(f), 8 (f, €)) are positive, but the theorems have something
to tell us only in this case (theorems 2.7, 2.8).
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HEKOTOPBIE KOHTPITPUMEPBI B p-AIUYECKOM AHAJIU3E
Slu MuHay

Pe3ome

B 3T0#t paboTe AalOTCA HEKOTOPbIE KOHTENMPUMEPDI ISl YTBEPXKACHHI K HEKOTOPLIM TEOpeMaM U3
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