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ABSTRACT. The paper describes the general form of an ordinary differential
equation of the order n + 1 (n > 1) with m (m > 1) delays which allows
a nontrivial global transformations consisting of a change of the independent
variable and of a nonvanishing factor. A functional equation of the form

F (W8 W80y Wiy Tim))

n

=D W1V + Wi 1 F(@ 5 00) 5 Tmy) »
i=0
s,z € Ry W,W(y),..., W, are real valued n +1 by n + 1 matrices, 7,7(;) €
RS a0 = @i (Tyye s Ty 15U Uy,- -, % ;) for the given functions ay; is

solved on R, u # 0.

1. Introduction

The theory of global pointwise transformations of homogeneous linear dif-
ferential equations was developed in the monograph of F. Neuman [8] (see
historical remarks, definitions, results and applications). The most general form
of global pointwise transformations for homogeneous linear differential equations
of the nth order (n > 2) is

2(t) = L)y (v(1) ,

where ¢ is a bijection of an interval J onto an interval I (J C R, I CR) and
L(t) is a nonvanishing function on J, i.e. this global transformation cousists of
a change of the independent variable and of a nonvanishing factor L. The form
of the most general pointwise transformations of homogeneous linear differential
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VACLAV TRYHUK

equations with deviating arguments was derived in [4], [7], [9], [10], [11]. This
form coincides for an arbitrary order with the form comnsidered for linear dif-
ferential equations of the nth (n > 2) order without deviation. An interesting
problem is solved by J. A czé1 [2] by means of functional equations, eliminating

regularity conditions from [5]. In [2] the ordinary differential equation of second
order in the explicit form

y'(z) = f(z,y(x),y'(2)) (1)

is considered together with solutions y(z) and y(h(z)) of the equation (1),
where h satisfies a differential equation

h'(z) = g(z, h(z), K (z)) .

We can also formulate Aczél’s problem by using transformation z(t) =
L(t)y(p(t)) with the factor L = 1 under the conditions ¢(I) = I, ¢"(z) =
9(z, o(x), ¢'(z)), = € I, such that the transformation converts any equation (1)
into itself, i.e. by using a nontrivial stationary transformation.

Moreover, a general form

y"(z) = b(y(z))y' (z)? + p(z)y (z)

where ¢ satisfies a differential equation ¢"(z) = p(z)¢'(z) —p(¢(z))¢'(x)* and
b, p are arbitrary functions, was derived by J. Aczél [2], Modr-Pintér [5]
for the equation (1). This general form is generally nonlinear second order differ-
ential equation and allows a transformation z(t) = y(¢(t)) such that transforms
the equation into itself on the whole interval of definition. A czél’s result is
generalized in [13] for transformations z(t) = L(t)y((t)) of the second order
differential equations, in [15], [16] for ordinary differential equations of the order
n+1 (n > 1), in [14] for functional-differential equations of the first order with
m (m > 1) delays.

A general form

k m

y'(@) = a@)b;(y()) [] 6, (w(;(@)) + a(@)y(z)

=1 ':

where b,, d,; are continuous (at a point) solutions of Cauchy’s power functional

equation b(zy) = b(z)b(y), b: R—{0} — R; §; (p(2)) = w(§(2)), z € T = p(I),
¢ satisfies a differential equation

¢'(2) = (2, 0(2), L@), L6 (2)), -, L))
)by (L) T1 0,5 (L&)

j=1

@)@ |
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TRANSFORMATIONS z(t) = L(t)y(¢(t)) OF FUNCTIONAL-DIFFERENTIAL EQUATIONS

L satisfies a differential equation

L'(@) = h(z,9(@), L(@), L(& (@), .-, L (£ (2)) )
= (q(:L‘) - q(tp(z))c,o'(m)) L(z), zel

and a; # 0, q are arbitrary functions, was derived in [14]. This form allows

a transformation z(x) = L(z)y(¢(z)) such that transforms the equation into
itself on 1.

In this paper we derive a general form of functional-differential equations of
the order n+1 (n > 1) with m (m > 1) delays which allows transformations
z(t) = L(t)y(p(t)) that transform the equation into itself on the whole interval
of definition. Further on we assume that solutions vanishes at some points on I.
We prove that the most general functional-differential equation of the order
n+1 (n > 1) of the above property, defined for y € R, is a linear functional-
differential equation.

2. Notation

Let V., denote an (n + 1)-dimensional vector space, ¢ = [cg, ..., cn]T =

[e;]7_g € V.1 being a vector of the space written in the column form; 7 means
the transposition. Denote & = [0,...,0]7 the origin of V.. and €,...,€,
an orthonormal basis in V, ;. Let V., be equipped Wlth the scalar product

n
(#,q) = Y p;q; for any pair p, ¢ of its vectors.
i=0
Let pi,...,p,, be m vectors from Vn+1_- Notation P = [p},...,D,,] =
K3
[pi;]i= 2’ o, denotes a matrix and (P, Q) = >_p,;q;; the scalar product of two

J
matrices of the same type, PQ or Pp denotes the matrix multiplication. We

denote O =[d,...,0];_, _, the zero matrix, £ = [€y,---,€,] the unit matrix,
E;=[0.. .,6’, é‘l,é', ..,6’] With €, € V., in the jth column.

Consider real functions y € C**1(I), I C R being an interval, &,,§,,...,§,,
C"(I) &1 = 1,6 =id, & # & for j # k; j,k €{0,...,m}; m,n €
= {1,2,...}. We denote (y(gj(x)))") = dy(g;(a))/ dat, ¥ () =
(] )/dE z)', z € I and y,(z) = @ (z), y“(w) y(® (5 (z)). Then
) =

y(a Wo (@), 91 (2), -, y, (@ )]T = [ (z),y ( )5 y(")(x)] €V, ., foreach
r € I and we denote Y (z) = [#(§,(x)),. .., 7(€,(x))], z € 1.

m
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VACLAV TRYHUK
3. Definitions, preliminary results

Denote by (f) and (f*) the ordinary differential equations
y( ) (z) = f(w,y(z), oy ™ (@), ¥ (6, @),y ™ (64(2)), -
U (En(@), Y (6,()),  TEICR,
A0 (8) = £ (8, 2(0), .., 2 @), 2, (), -, 2 (1, 1)

2 ®)5 -, AV (0, (1)), tETCR,

of the order n+1 (n > 1) with m (m > 1) delays. Here y € C**1(I), I C R
being an interval, £,&,,...,€,, € C™(I), £ I —~1,¢ =id,, §; # &, for
j#k; j,k€{0,...,m}; mn €N, for (f). Similar assumptions we consider
for (f*).
To obtain the functional-differential equations we suppose that f(z,0,...,0,
ji=1l,...m
Qopy-- > Upy) 70 for Y afj #0.
1=0,...,n
DEFINITION. (See (8; p. 25-26].) We say that (f) is globally transformable
into (f*) with respect to the transformation z(t) = L(t)y(¢(t)) if there exist
two functions L, ¢ such that
— the function L is of the class C™*1(J) and is nonvanishing on J,

— the function ¢ is a C™*! diffeomorphism of the interval J onto the
interval I

and the function
2(t) = L®(e(®), ted, (2)
is a solution of the equation (f*) whenever y is a solution of the equation (f).
If (f) is globally transformable into (f*), then we say that (f), (f*) are
equivalent equations. We say that (2) is a stationary transformation if it globally
transforms the equation (f) into itself on I, i.e. if L € C**(I), L(z) # 0
on I, ¢ is a C™*1 diffeomorphism of I onto I = ¢(I) and the function z(z) =
L(z)y(p(z)) is a solution of (f) whenever y(z) is a solution of (f).

If (f), (f*) are equivalent equations then (see [4], [7], [9], [11])
£ () = ¢(n;(1))

is satisfied on J for deviations fj, n,J=1...,m.
For stationary transformations we get

& (p(t) = o(&(1)

on I, j=1,...,m. Such commutable functions were investigated in [17], [18].
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TRANSFORMATIONS 2(t) = L(t)y(¢(t)) OF FUNCTIONAL-DIFFERENTIAL EQUATIONS

PROPOSITION 1. ([12; Lemma 1]) Let n € N and let the relation

2(t) = L(t)y («(t))
be satisfied where real functions y: I = R, z: J = R belong to classes C* (1),
Cn*1(J) respectively, and L: J - R, L € C"(J), L(t) #0 on J, and ¢ is a
C" diffeomorphism of J onto I, for some integer 7 > n+ 1. Then

2D (1) = Zaij(t)y(j) ((t)
7=0

= a,(t)y (‘P(t)) + ai1(t)y'(90(t)) t-tay (t)y(i) (‘P(t)) )
i€{0,1,...,n+1},
where
ago(t) = L(1), ..., a;(t) = a;_10(2), i>1;
a;(t) = a;_y;(t) + a;_1;,1 )¢ (t) 1>75>1,
a;(t) = a;_y;_1 ()¢ (¢), i€{0,1,...,n+1},

are real functions, a;;(t) € CT=G=D=1(J) for j > 0, and ay(t) € C"*(J).
Moreover,

a,(t) = LO(t), 1203
i—1

0y (t) = (L))" = LOW)p(t) = 3 ()LD @)t (1), i>1;
=0

a;;(t) = () LED (@)’ (8 + (;2,) L)' (1) (1)
+ rij(L, R G IV ,cp(i_j))(t) , i>43>1;

4y o(t) = (YL ()" ()2 + (2) (L(t)e™ (¢) + 3L ()" (1) @' (1)
+3() L) (1) (1), 1> 2;

a; 4(t) = (i) L'(t)e () + (;)L(t)<ﬁl(t)i_290"(t)a 12> 2;
a;(t) = L(t)SOI(t)i, 1>0
and
a;(t) = a;o (L9) (1), 12> 0;
i>) >0,

) = a. =) o I DY (¢
(L’L](t) a'L](L""’L ,(Pa ’SO )()) 26{0’1’,n+1}
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Remark 1. Let the assumptions of Proposition 1 be satisfied. Then
Z(t) = AB)F(e (1))

is true on J for A(t) = [a”(t)] ’?n, where a;;(t) = 0 for j > i. Moreover,

from (f), (f*) and Proposmon 1 we get
2 (®) = £ (8,20, 20, 1), Z(0,0(®))
= 1* (£, A®F(e®), Al )T (0 (1 1)), A ) F (0 (n,0 (1)) )

and

Zn+1 (f) =
n+1

= Z an+1i(t)y(i) ((®))
i=0

= (5n+1 (1), '.’7(90("'))) t 0, 1041 (t)y(n+l) (90(t))
= (an+1(t)7 ﬂ’(go(t))) + an+1n+l(t)f((p(t)a g((p(t))"g'(gl (Sﬂ(t))), fee ,g(&m((ﬂ(t))))
= (@1 (8 T(00)) + G OF (00, T(00), T (1 (1)), -, 7 (0,0 (1))

is satisfied on J for transformations (2). Thus (f), (f*) are equivalent equations
if and only if functions L, ¢ satisfy the assumptions of Proposition 1 and

7 (6 AWF(e®), Al ) 7 (1 1)), - Al () F (e (1,,(9)))
= (an+1(t)’ '17((,0(7:))) +an+ln+1 (”f(‘ﬂ(t)aﬂ'((ﬁ(t)),g(w(nl (t))) ot >g((p(nm(t))))

holds on J for functions f, f*.

4. Results

LEMMA 1. Let n,t € N and v > n+ 1. Let ¢ satisfy the assumptions of
Proposition 1. Then (2) is a stationary transformation of the equation (f) if
and only if ¢(I) =1 and the real function f satisfies the functional equation

f(S’W’Z [W(j>‘7(j)]) = (W 41,7) +'wn+1n+1f($’ﬁ’ [U(ﬁ]) ’

(3)
f(@,0,V)#0  for V#O,
— =0,..., T
where W = [ Uili=0,on = [wU; 0. Wopt = [Woy10 Wngr1s > Wngal
T = [Ug, V-V T and W = ao(u) wy; = a”(xl,xz,...,mi_ﬁl,u,ul,...
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TRANSFORMATIONS z(t) = L()¥(¢(t)) OF FUNCTIONAL-DIFFERENTIAL EQUATIONS

u;_;) for 5 >0, are defined by

Wyo = U 1<i<n;
W10 = P(S, T, Ty, U Uy, .0 Uy) 5

wu_()u:c +() xi—l+"'+(i:1)ui_1$1; 1<i<n;
Wni11 =(n+1)u9(3’$’$1""’$mu’u1’ s U )+Z UjTp—j s

Wy = (;)“i—ﬂ’{ + (] 1)"”{ lmm—j+1

+Tij($1:""$'

1,—j1u1)"'2ui._]‘_1), 1<]<’l,,

Wii—2 = (;)“2“’3 2+ (5) (uzs + 3uy2,)7i 7% + 3(3)uai a3, 122

Wii—1 (;)ulzl ( )’U.’L‘i 2‘7:2 ’ 12> 2;

Wy = 12>0;
where s, T=T, T V=Yp, U, U=y, .-, Uy €ER, u#0; a,, r;; are real func-

tions, n € N. Here T, Tqys - Uy € Vigrs WW(I), W( y are matrices
defined similarly to W .

Proof. Let the assumptions of Lemma 1 be satisfied. The transforma-
tion (2) is a global stationary transformation of the equation (f) if and only if
@(I) = I and the real function f satisfies

£ (6 A®T(e®), A6 )T (E:®)); > Al )2 (1)) )
= (8,41 (1), 7( ()
+ 011 (O (20, 7(0(0), T (6 D)), - (0 (6a1))),  tel.

We denote s = t, & = ¢(t), z(; = e(&(®), Ty = D), uyyy =
L®) (5j(t))’ Wig = Uy Wig(j) = Ui(5)5 Wik = O (T1s - Ty 1y Uy Ugs -+ Uy )
Wik(j) = aik(xl(j),...,xi_kﬂ(j),u(j),ul(j),...,ui_k(j)) (j=1,...,m) for i >
k > 1. Using definitions of functions a,;, we obtain the assertion of Lemma 1.
O
LEMMA 2. Consider arbitrary matrices W = [w ](k)]] —0,m’ V =
— 0) 3 r .

[v(j)]j=1,..,,m = [h'l.]]; 1,. " [hj]j=0,...,n7 where w](k)’v(])7h € V’n-}-l’
hij =hy;(V), k=1,...,m; m,nEN.
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VACLAV TRYHUK

The general continuous solution, in the class of functions continuous at
a point, of the matriz functional equation

H(Wyy Ty > Wiy Tmy)
=Y H(Wy&,8,...,8)hy (V) +---+ D H(3,8,..., Wi &) him(V), (4)
1=0 =0
H()=0, H(E,)=E

1S given by
H(V)=

Proof. Let k€ {1,...,m} be fixed and ﬁ'(j) =g for j # k. Then

H(3,...,5,WTy,0...,3)

=Y H(W4)&,5,...,8)hy (5,...,8,4),0,...,5) +
=0
' n
+ > H(3,...,5 Wy 3)hiy (8, .., 8,74, 8, ...,5) +
1=0
+ Y H(3, .8, W) &) hign (6,8, 74,8, - ., 0)
1=0

where W,y = [ ], W4y Try € Vipyr - We have

hij(@,...,5,74,6,-..,6) =0 for j#k (5)

because the left hand side of the above equation is independent of Wiy, J #+k.
Hence

(W(k)”(k)) Z *(W(k)é'i)h;k(ﬁ(k))a (6)

H*(’D‘(k)) = H(ﬁ, ag(k)7—’7 ,6)
Using ¢, = €, +¢€ and H*(0) =
(7> 2) we get

H*(Z+9)=aH"(Z)+pH*(Y), o BeER, Z,7eV, ,, (M

where a = hg, (&) +€1), B =hj, (& + &), T=Wyey, =W, e.
For & = ¢ we have H*(j) = aH*(0) + fH*(y) and = 1. Similarly ¥ =0
gives & = 1 and (7) becomes

H*(Z+y)=H"(Z)+ H*(¥), TYEV, . (8)
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Breaking up (8) into columns E; (4 =1,...,m) we obtain the analogue of

Cauchy’s functional equation
RYE+ ) =hi(@) +B(7),  FTEV,,, 9)
for every j € {1,...,m}. The general solution of (9) in the class of functions
h*: R*! — R*+1 continuous at a point is given by
h;(Z) = C;F, TEV, 1, (10)
where C; is a constant n+1 by n+1 matrix, j € {1,...,m} (see Aczél [1]).
For a fixed column k, the condition H(E, ) = E, (i,k € {0,...,n}) is
equivalent to the conditions

Uigys G5 0) = [3,...,8,04,0,...,0]  (11)

for every fixed k € {1,...,m} using (10).
Putting ¥,y =€, (j =1 ,...,m) into (4) we get
H (1), -, Wy(m))
:%1H(wo(1)7 v 0) et g H (B, Wy )

+Za“H wz(l),o,..., +Za H l(m))

=1
where ;) = W;y€; and o = by (€, ..., €). Here o =
the left hand side of the equation is independent of “71'( i) 1> 0.
Thus, using (11),
H(ﬂ)’o(l), . ,u')'o(m)) = amH('LD'O(l),é', L 0) et ay, H(3, ,o,ﬂ)'o(m))

=a01[w0(1),o,...,0 +-~-+a0m[o,...,o,w0(m)]

=0 for i > 0 because

= [a01w0(1)7 e ’QOmwO(m)]
and we have
H(U(1)7 e ,’l_}'(m)) = [a01'l7(1), ey aomﬁ(m)] 5
The conditions H(Eii) = E;; are fulfilled if and only if ap; = 1, ¢ €

{0,...,n}, j€{1,...,m
Hence

V) € Vot

HV)=V (<= h;(V) =)
is the general solution of the matrix functional equation (4) in the class of func-

tions continuous at a point. O
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THEOREM 1. The general real valued solutions of (3) continuous at a point
are given by

f(z,8,V) = (p(z),7) +q(z),  q(z) #0, (12)
and

f(z,5,V) = (plz),7) + (Q=), V), (13)

— =

where p;, q, q;; are arbitrary functions, Q = [qij] = [cj']], PG € Vo,
1€{0,...,n}, 5€{1,...,m}, mn €N.

Proof. Consider the functional equation (3)
f(s, W, [W(j)qj(j)]) = (W1, 7) +wn+1n+1f($"7’ [17(9')]) ’
fz,V)=f(z,5,V)#0 for V#O.

Using (3) and ¥ = ¢ we have

(s, W55)]) = Wi (2 [7,)]) (14)

Define the functions p;(z) = f(z, €;,0). Then (3) together with V' = [7;)] = O
and ¥ =¢€;, 1 € {0,...,n}, gives

Wiy = (5, Wé,0) —w, 1, .p;(z), 1€{0,...,n}. (15)
Substituting (14), (15) into (3) we obtain
: ) £, W8, [Wy5)]) - 2 f(s,We, O,
h(7,[V,.]) = =
» L7(5) .
75 W) )

f(l"ﬁa [7:)‘(3)]) B (p(l‘),’v) )
f(S,[ﬁ(j)])

(16)

The function f is given by
f@, 9, V) = (p(e),7) + f(z, V)(T, V), h(GV)=1 for V#£O (17)

because f(z,V) = f(z,3,V) = f(z, V)W, V) and f(z,V) # 0 for arbitrary
n + 1 by m matrix V # O. Moreover,

3

7 (s w3, (W) 9,]) = .=0f(8,Wé}aO)vi+f(Sa W) )2 (7 [8,)]) - (19)
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TRANSFORMATIONS z(t) = L(t)y((t)) OF FUNCTIONAL-DIFFERENTIAL EQUATIONS
We denote ¢(s) = f(s,0) and §(%) = h(#,0). If we combine (17) with (18) it

follows .
f (3’[W<j)‘7(j)])h(w‘7’ [W(j)"7<j>])

= q(s) zn:J(WEi)vi + f(3> [W(j)ﬁ(j)])h(a’ [‘70')])

=0

(19)

and using [7;)] = O we get

1=0

a(s)8(WF) = q(s) (Zé(We v, +6('u)), §(3) =h(3,0)=1. (20)

because
a(s) = q(s)1(3, 0)
with respect to (17). ~
First we consider ¢(s) = f(s,0) # 0. Then §(¢) = h(d,0) =1,

SWT) = §(We)v, + §(¥) (21)

1=0

and 40(€;) = d(We,) — 6(WE;) =0 for i = 0,...,n. Choosing ¥ = .

=0

e, =

n
(2

1,...., )T = i‘EVn+1 we obtain

= §We)+K, K=5T)
=0

and
= §* (Z Wé;.) =) 8 (We) (22)
1=0 =0

for §*(@) = &(&) + £. The general solution of (22) continuous at a point is of
the form

(@)= cu;=(5i), ¢, €R, TeV, (23)
(see Aczél [1]). Moreover, 1 = §(3) = §*(3) — -17-‘:- = ——%. Hence
I(uw)=(cu)+1 (24)

by means of(22) (23). We have 0 = 0(€;) = (¢,€;)+1=¢,+1 for i € {0,...,n}.
Thus &= —1 and

§(@)=1-(1,4), @eV,,. (25)
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We get Z §(We,) = (1,(E-W)7) and (21) is satisfied for all 7 € V. nt1- Using
(11) and (25) we obtain

f(s, [W(j)ﬁ(j)]) (h(Wﬁ‘, [W(j)i)’(j)]) — h(7, V)) = q(s)(1,(E-W)¥). (26)
We have
fs, V)(MW&,V) = h(#,V)) = q(s)(T,(E-W)F), V=[5,] (27

for Wi,y = E (4 = 1,...,m). Then (27) together with V = E, G(s) =
f(s,E), h(?) = h(¥, E) gives

q(s) (W(W7) = h(#)) = q(s) (T, (E = W)7), (28)
i.e.
h(W#) — h(T) _ q(s) _
T (E-wW)7)  a(s) reR-{0)
for W # E, 7 # 6. It follows
a(s) = Lq(s) (20)

and we get ~ B
hW#) = W(@) +1- (I,(E - W)7).

For 7 = &, we have h(w@,) = h(&,) + r(1,&,) — r(I,,), ie
k@) =a-r(1,7), a€R, reR-{0}. (30)
The comparison of (27) and (28) gives
F(s, V) (MW, V) = h(#V)) = @(s) (R(WT) — h(@)) = q(s)(I,(E = W)7F)

and

_ h(WT,V) ~h(@V) _ _qs)
AV)= (1,(E - w)7) f(s,V) #0
for W # E, ¥ # & by means of (29), (30). Thus
q(s)
fls,v) = 2V) (31)
and
W3, V) = (@ V) + 2(V)(1,(E - W)7).

For o' = €], we have

-

(i, V) = ey, V) +2(V)(1,&) - 2(V)(L, @)
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TRANSFORMATIONS z(t) = L(t)¥(#(t)) OF FUNCTIONAL-DIFFERENTIAL EQUATIONS
and h(7,V) is given by
h@, V) =5(V) - 2(V)(1,7). (32)
Using (26) we obtain
(W) _7([’7(1‘)]) = (z([W(j)”—'(j)]) _z([ﬁ(j)])) (T,7) (33)

and with o=, ¥j;) =&, (j=1,...,m) we have

vy ;))) = 7 €R,

le.
’)’(V):’)’ER (34)
Similarly, from (33) and (34) we get
2(V)=zeR-{0}. (35)
Hence .
Mo, V)=y-2(1,7), ~y€eR, ze R-{0} (36)

in accordance with (32), (34), (35). We compare (36) with (25),

W&, V)= -2(1,%) = h(#,0) = §(@) =1 - (1,7)
and we obtain

@, V)=1-(1,7), ~4(V)=1, =2(V)=1, (37)
V =1i;); 9,7 € V,;,. Combined (17) with (31) and (37) it follows

f(&,9,V) = (f(z),7) + q(e)(1 - (1,7)),

Le.
f(z,3,V) = (F+(2),7) + q(z),  a(z) #0, (38)
where pg,py,... ,p}, are arbitrary functions and the form (12) of Theorem 1 is
derived.
In the case q(s) = f(s,0) = 0, using (19), we have
W(Wa, (W) 5]) = 2(7 [5)]) - (39)
Choosing o =4, = &, (j =1,...,m) we obtain h(w, [@y,)]) = h € R. Hence
hMv,V)=1 (40)
because h(G,V) =1 by (17). From (17) and (40) we have
f@,5,V) = (#),7) + f(=,V), (41)
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where f(z,0) = g(x) = 0. Consider (14)
F (5 W65y75)]) = vnsania F (2 5]
Define the functions ¢,; = f(z,Eij), i€40,...,n}, j €{1,. ..,m}. Then
fGs, Wi) = wn+ln+1f(3’Eij) = Wny1n4195(2) (42)

where
= [0""’0’W(j)ei’0""’6] )

W, ; € = Wy being the ith column of W;). Using (14), (42) we have
f(z, V) _ £ (3, Wiy @)
g;;(z) Fs, W)
V=[Gl hij(V)#0,i€{0,...,n}, j €{1,...,m}. Thus
F(@,V) = m(n+1)g;()h,;(V)

and the sum for all 7, j gives

In accordance with g(z) = f(z,0) = (Q(z), H(O)) = 0 and qij(w) = f(x’Ez‘j)
= (Q(z), H(E;)) we get
H(0)=0 and H(E;)=E;, i€{0,...,n}, je{1,...,m}. (45)

Similarly, using (43),
J
f ( W(k)”(m]) Z F(s, Wighy; ([5y)) - (46)

Substituting (44) into (46) we obtain

(Q(s)’H([VV(k)ﬁ(k)])) = JZ(Q(S)’H(VVij))hij(V)

J
= (Q(s), ZH(Wij)hij(V)>
and we need to solve the matrix equation

H (W) U0y s Wiam) Uim))

n n
:ZH(W(I)E;"&""?a)hiI(V) t+o +ZH(6"6’""W(m)é:i)him(V)’
=0

=0

m(n + Dhy (V) := , (43)

H()=0, H(E;) =E,;, V= [a(k)] ,
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in accordance with the definition of W,; and (45). The general continuous solu-
tion of (47), in the class of functions continuous at a point, is given by

HV)=V

due to Lemma 2. Combined (41), (44) and (47) we obtain (13) and the assertion
of Theorem 1 is proved. O

THEOREM 2. If (2) is the stationary transformation of the equation (f) then
(f) is a linear functional-differential equation

y"(@) = Y4 (2) = £(2,5(2), Y (2)) = (7). 7)) + (Q@), Y (), (47)
where p,(z), g;;(z) (1=0,...,n; j =1,...,m) are arbitrary functions, y(z) =
(@), ¥'(2),..., s (@), Y(2) = [7(&@), -, 7(E@)], z €.

Proof. The assertion of Theorem 2 follows from Lemma 1 and Theorem 1.
The transformation (2) is a stationary transformation of (f) if and only if
@(I) = I and the real function (f) satisfies the functional equation (3). The
solution of (3) corresponding to the functional-differential equation (f) is given
by (13)

f(z,7,V) = (plz),7) + (Q(z), V)
and (f) becomes (48). ]

Remark 2. The criterion of global equivalence of the second order linear dif-
ferential equations was published by O. Boruvka (3], of the third and higher
order equations by F. Neuman [8]. Some criterion of global equivalence of the
second and higher orders linear functional-differential equations with m (m > 1)
delays is derived in [12].
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