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AN OCCUPANCY PROBLEM WITH
GROUP DRAWINGS OF DIFFERENT SIZES

SALEH M. MITWALLI

(Communicated by Gejza Wimmer)

ABSTRACT. We consider the classical occupancy problem with group drawings
of different sizes. We derive the exact distribution of the number of balls occurring
in all sampled groups and its asymptotic behavior. Furthermore, the number of
drawings until at most k balls are observed in all samples is studied.

1. Introduction

Consider an urn containing s different balls. Groups of m, balls (m,; < s,
m, # m, # ---) are drawn successively with replacement; in each draw-
ing all (131)’ i = 1,2,..., possible samples of balls are equally likely. Let
Uj(.s.ml,mz, .. .,mn,n) be the number of balls occurring exactly j times in
the first n drawings. Problems concerning the distribution of {Uj(s, My, My, ...

Smpm): j=0,1,...,n, n€ N} or of functions of this sequence are called
occupancy problems. Their history can be traced back to DeMoivre, Laplace,
and Euler (sce Stadje (1990)). For the case my = m, = --- = m, =1
we refer to Holst (1986) for a survey and a unifying approach. For arbi-
trary m, = m, = --- = m, = [ > 1 in particular Uy(s,{,n), the number
of balls that have not shown up in n drawings, has been extensively stud-
ied. Harris et al. (1987) derive its finite and asymptotic distribution (in
their model each sampled ball has a probability ¢ € [0,1] of “disappcar-
ing” after being drawn). Asymptotic results on Uy(s,l,n) can be found e.g.
in Mikhailov (1980) and Park (1981). If s = 2, the exact probability
distributions of U,(s,l,n) and U, (s,l,n) are equal. In this note we consider
U(s,my,my,...,m,,n)=U,(s,m,m,,...,m,), the number of balls occurring
in all n sampled groups, which is a gencralization of Stadje et al. (1998).
We determine its exact distribution and its asymptotic behavior for fixed n, as
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m=m, =m,=---=m,, is fixed, U(s,m,n)
n

is asymptotically normal, while for fixed s [] %4 it tends to a Poisson distribu-
i=1
tion. The functional limit theorem for exchangeable random variables and the

method of moments are used in the proofs.

8,My, My, ...,m, —oo.If =,

2. The exact distribution

We derive formulas for the probability distribution of U(s, m,,m,,...,m ,n)
b—1

and its factorial moments. Let (a), = [](a — ) for a,b € Z_ and p, =
i=0

E((U(S, ml’m2’ .. )Tn’n’ n))k) *
THEOREM (1). We have
P(U(s’mlj m27 e )mn,7n') = k)

min{my,....,mn}—A

() ()

=0
k=0,1,...,min{m;,m,,...,m,},

(my)y

k H (S)k (@)

Proof. We use the inclusion-exclusion formula for the cvents B, “j is

in all n sampled groups”, j = 1,2,...,s. We obtain

P(exactly k of B,,...,B, occur)

(3)

_Z <k“) S P(B,n---NB,. ).

1< < <jr4i<s
Since the n drawmgs are independent,

iljl [( st )/(ms)] if le {0,...,min{ml,m2,...,m”}}

m;—1

P(Bj n---NB, ) =
1 nn
0 if { > min{m,,m,,...,m, }.
(4)
It follows from (3) and (4) that
P(U(s,m;,my,...,m,,n) —k)

_min{mlz:,mn(}__ :) . n (,f Ak ! )
i k +1 (°
)t ]

[

236



AN OCCUPANCY PROBLEM WITH GROUP DRAWINGS OF DIFFERENT SIZES

which, after a slight simplification, yields (1).

To prove (2), note that the conditional distribution of U(s, m;,m,,...,m,n)
given U(s,m;,m,,...,m,_;,n — 1) is hypergeometric. Setting U(n) =
U(s,m;,m,,...,m,,n) we have

. s—j
P(U(m)=k|Um—1)=j) = (’) (?n’_;) . (5)
Ma

Thus,

B((UM), |Um=1)=j) = ()u(ma)i/ () (6)
(see Johnson and Kotz [4; p. 81]) and, by (6),

B((Um),) = [(m)/ ) JE(U®-D),)

n

[L(m/e)JE(OM),)

=2

= H[(mi)k/(s)k] (my)y, -

O
3. Asymptotic results
For obtaining asymptotic results on U(s,m;,m,,...,m,,n) the following
theorem is crucial.
THEOREM (2). Let s — oo and m; — oo for all i = 1,...,n such that
n n n
N, = lim 2t egists and \, € (0,1). Let 7, = [[ A2 ( £ (1-A71) 1)+ IT A
s i=1 i=1 i=1
Then
Y, = sli)ngos‘lVar(U(s,ml,mz, ce,my,,m)) (7)

and for every € > 0,

n
sl‘e(s—lU(s,ml,m2,...,mn,n)—H(mi/s))——)0 in L,, ass-— 0.
i=1

(8)
Proof. It follows from (2) that

E(U(s,m,my,...,m,,n)) :sH(mi/s) (9)
=1
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and
Var(U(s,m,,m,,... ,mn,n))
= fy + g~ 1]
n n n
[Mm(m,—-1) [Im, IIm*
_ =1 L=l sl (10)
- sn=l(s—1)n-1 gn—1 g2n—2
mrm\ 2 S l—mi! m mrm\ 2
= —) (s—1 — i —t — .
M0 e - 11 ()|
Since
] n 1 _ Tn/.-l n )
i TI((7r) -1 = -,
equation (10) yields
s 'Var(U(s,m,,my,...,m,,n)) — H)‘i2 Z(l A7 - H)\f + H)\I ,
i=1 i=1 i=1 1=1
proving (7). Assertion (8) now follows from E([s‘lU(s,ml,mQ, coymy,m) —
n 2
I1 (mz/s)] ) = Var(s~'U(s,m;,m,,...,m,n)) => s 'y, ,as s — 0.
i=1
O
THEOREM (3). Under the conditions in Theorem (2), if A\ =X, =--- =\, let
m, =m, =---=m, =m=m(s) as function of s and U(s,my,m,,...,m, n

= U(s,m,n). The asymptotic behavior of U(s,m,n) is

s~H? (U(s,m,n) — (m™/s""')) — N(0,a,) in distribution, as s — 00
(11
where a, = A**(n(1 - A7) = 1) + A" = lim s~'Var(U(s,m,n)).

8§—00

Proof. First consider the case n = 2. Let (Xl(s), ceey Xﬁ”) be an equidis-
tributed random permutation of the numbers 1,...,s. A short reflection shows
that the random variable

V,=#{ie{l,....m}: X}s) <m}

has the same distribution of U(s,m,2). Define the number a(®) (i) for » € N
and t =1,...,s by

() (i) { [(s— m)/m.s’]l/), i 1,.. ,m,
a'? (i) —
—|m/(s(s —m 1/2, ¢ m+1,. ..s
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and introduce the D[0, 1]-valued process V(*) = (V(s)(t)) by setting

tef0,1]

[s]
V() =3 a (X)), telo,1].
i=1
Since

Za(s)(i) =0, Z(a(s)(i))2 -1
i=1 i=1
and

max ]a(s)(i)| —0 as s — 00,
1<i<s

we can use a functional limit theorem for exchangeable random variables (see
Aldous (1985)) and conclude that V(*) converges in distribution to a Brown-

ian bridge W0 = (WO(t))tE[O ;- This yields

ve(m) B WO as s — oo (12)

But a short computation shows that

1/2
V(S)(,_?) — (s_m)l/2vs _ ( m ) (m-V,)

sm s(s—m)

= (V.-s(2)?)/(20-2)5) " (1)
L (U(s,m,n) - s(f)2)/(%(l - %)5)1/2.

As WO(X) is N (0, A(1 — X)) -distributed, m/s — X , and a, = A%(1 = \)2,
we obtain assertion (11) for n = 2 from (13) and (12).

We can now proceed by complete induction. Suppose that the theoremn holds
for some n > 2. Then let Y, be arandom variable that has the same distribution

as U(s,m,n) and is independent of (Xl(s), ceey ng)) and thus also of the process
(V(s)(t)),e[0 1 Then as V® 2 WP, the induction hypothesis implies that

(V(‘”(f) + ( m )1/2 Y, - s(m/s)”]) = (WO(1) +2) (14)

s(s—m) t€[0,1] te(0,1]”
where Z is N (0, 25 «,,) -distributed and independent of WO, Let us take for
t in (14) the random time ¢ =Y /s. By Theorem (2), Y, /s — A" in L, so
that

v (L) + ( m )1/2[Ys —s(m/s)"] Ly WON) + Z. (15)

s s(s—m)
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The limiting distribution in (15) is
MO (0 2xe,) = 0.2

To evaluate the left-hand side of (15), let

V,=#{i: 1<i<Y,, X <Y,}.

Then
Y,
() - S (1)
=¥, (52) " - o0, - ) ()
so that

V(s)(%) " (?(:TT))I/z [Ys - s(%)n]

=V,((52)" + Gemm) ) - Gezm) o

5712 (Y, - s(2)")

Now note that by (5),
v D oy, ; (s) D
V,=#{i: 1<i<Y,, X; <Y, ,} ZU(s,m,n+1). 17)

Combining (15), (16) and (17) we obtain (11) for n+1 instead of n. The theorem
is proved. 0

n

THEOREM (4). Assume that s [] (%{) — a as s — oo, for some a >0
i=1

and some n € N.

Then U(s,m,,m,,...,m,,n) converges to the Poisson distribution w_ with
mean «.

Proof. By (2), the factorial moments p, of U(s,m;,m,,...,m,,n) con-
verge to the corresponding factorial moments a* of 7. Thus, the moments
of U(s,my,m,,...,m,,n) also converge to the corresponding moments of 7.
Since 7, is the only distribution on R with this moment sequence, U(s, m,m,,

..,m,,n) must converge to m, in distribution. O
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4. The waiting times

The number of balls occurring in all n sampled groups U(s,m;,m.,,...
...,m,,n), n=12,..., may be considered as a system observed at time points
n. The system will be said to be in state i if and only if U(s,m,,m,,...,m_,n)
=1, i=0,1,...,min{m,, m,,...,m_}. The transition probabilities are

p;;(n) =P(U(s,m1,m2,...,mn,n) =j|U(s,m;,m,,...,m n-1)= z)

y Iy 1y
6
(o)

and the initial distribution P(U(s,ml,mz, ceeym,,0) = ml) = 1, and
P(U(s,m;,m,,...,m,0)=1) =0,i=0,1,...,m,—1. This completely defines
a discrete nonhomogeneous Markov chain with states 0,1,...,min{m,m,,...
...,m,}. We denote by 7, (the waiting time) the random variable represent-
ing the number of drawings necessary, after which at most &k elements will be
observed in all drawings. The probability distribution of 7, is

B é; (;’) :11 ("il)_l r:oh(_l)i<s : h) .
(PG )

where the random variables 7, and U(s,m;,m,,...,m,,n) are related to each

other in an obvious way for the distribution function
P(r, > n) =P(U(s,m;,m,,...,m,,n) > k)
and, by (1), the result follows.

=0,1,...,4,

The absorbtion time into state zero.
Denote by 7 the first entrance time into state zero, i.e., 7 = min{n :
U(s,m,my,...,m, ,n)=0}. Then

‘n?’

rema- S5 [44-

j=1 r=1 \m, Ny

using the facts that
P(r =n)
=P(r<n)-P(r<n-1)
=P(U(s,my,m,,...,m,,n)=0)=P(U(s,m,m,,...,m,,n—1) =0)

s Ty
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and

P(U(s,my,m,,...,m,,n) =0) = i(_l)j(§> ﬁ(_,(j:;’),)

J:O J r=1 Mn

the result follows. Also, the pth factorial moments of 7 are

1

2

]

]

mr_]]) m 0o n+p—1 1;,—11) (m::,.j—j)
B, “”'H ()% IR |

’m-r j=1 n=0 i=p Mptn
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