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ABSTRACT. In this paper the compatibility and the equivalence problem of the 
tangency relations of sets of the classes M k and A* k having the Darboux prop
erty in generalized metric space (E , /) is considered. Some sufficient conditions 
for the compatibility and the equivalence of the tangency relations are given here. 

Introduction 

Let (E, I) be a generalized metric space. E denotes here an arbitrary non
empty set and / is a non-negative real function defined on the Cartesian square 
E0 x E0 of the family E0 of all non-empty subsets of the set E. 

Let k be any, but fixed positive real number and let a, b be arbitrary non-
negative real functions defined in a certain right-hand side neighbourhood of 0 
such that 

a(r) > 0 and b(r) > 0 . (1) 
r-»0+ r->0+ 

The tangency relation Tt(a, b, k,p) of sets of the family E0 in generalized metric 
space (E,l) is defined as follows (see [10]): 

Tt(a,b, k,p) - l(A,B) : A,BeE0, the pair (A,B) is (a, 6)-clustered 

at the point p of the space (E, I) and 

iifin^p.r^^n^fer)^) —->o}. 
\ / r—>.fj+ ' 

(2) 
If (A,B) G T{(a,b,k,p), then we say that the set A € E0 is (a,b)-tangent 

(or briefly: is tangent) of order k to the set B G E0 at the point p of the space 
(E,l). 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Pr imary 53A99. 
K e y w o r d s : compatibility and equivalence of tangency relation . 
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The pair (A, B) of sets of the family E0 is called (a, b) -clustered at the point 
p of the space (E, I) if 0 is the cluster point of the set of all numbers r > 0 
such that 

- 4 n 5 . ( p , r ) a ( r ) ^ 0 and i? n S > , r ) 6 ( r ) ^ 0. (3) 

The sets St(p,r)a^ and St(p,r)b^ denote here so-called a(r)-, b(r)-neighbour
hoods of the sphere St(p,r) with the centre at the point p G E and the radius 
r > 0 in the space (E, I). 

Two tangency relations of sets Tll(a1,bl,k,p), Tl2(a2,b2,k,p) are said to 
be compatible (see [4]), if (A,B) G Tli(a1,bl,k,p) if and only if (A,B) G 
Th(a2,b2,k,p) for (A,B)eE0. 

Let p be an arbitrary metric of the set E. We shall denote by dpA the 
diameter of the set A G E0, and by p(A, B) the distance of sets A,BeE0 in 
the metric space (E, p). 

Let / be any subadditive increasing real function defined in a certain right-
hand side neighbourhood of 0, such that / (0) = 0. By F* we denote the class 
of all functions / fulfilling the conditions: 

1° I: E0 x E0 -> (0,oo), 

2° f(p(A,B))<l(A,B)<f(dp(AuB)) for A, Be E0. 

It is easy to notice that every function I G Fj generates on the set E the metric 
/0 defined by the formula: 

l0(x,y) = l({x},{y}) = f(p(x,y)) for x,y G E. (4) 

In [9], the problem of the compatibility for the tangency relations of sets in 
the classes A*p k and M k having the Darboux property at the point p G E 
for the functions / belonging to the class F, C F*, where / is moreover a 
continuous function, was examined. 

We say (see [7]) that the set A £ E0 has the Darboux property at the point 
p of the space (E, I) and we shall write this as: A G D (E, I), if there exists a 
number r > 0 such that the set A C\ St(p, r) ^ 0 for r G (0, r ) . 

In this paper we shall consider the problem of the compatibility and the 
equivalence for the tangency relations of sets in the classes M k and A* k having 
the Darboux property at the point p of the generalized metric spaces (E, I) for 
/ G F *. Some theorems (sufficient conditions) concerning the compatibility and 
the equivalence of the tangency relations will be given here. 
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1. On the tangency of sets in the classes M k 

Let p be a metric of the set E and A any set of the family E0 of subsets of 
the set E. Let A! denote the set of all cluster points of the set A e E0 and 

p(x,A) =mf{p(x,y) : y e A} for xeE. (5) 

The classes of sets Mp k mentioned in Introduction are defined as follows 
(see [5]): 

Mpk = J-4 e E0 : p e A' and there exists /i > Osuch that 

for an arbitrary e > 0 there exists 5 > 0 such that 

for every pair of points (x, y) e [A, p; /i, k] 

if p{p,x) < 5 and $ $ < S, then ^ < e} , 

where 

[A,p-,p,k] = {(x,y): xeE, y e A and \xp(x, A) < pk(p,x) = pk(p,y)} . (7) 

EXAMPLE 1. Let E = R2 be the two-dimensional Euclidean space. Let A C E 
be a set of the form 

A= {(x,y) : x > 0, 0 < y < xk+l and k > l} . (8) 

We shall prove that A defined by the formula (8) is the set of the class Mp k, 
where p = (0,0) and k > 1. For this purpose let us denote 

Lx = {(t, 0) : t > 0} , L2 = {(t, tk+l) : t > 0} . (9) 

Let yx, y2 be the points of the set A such that for r > 0 

y,eLxn Sp(P, r), y2eL2n Sp(P, r). (10) 

If we denote y2 = (t, tk+l), then 

r- .p(p l î / 2 ) - -V /* 2+* 2 f c + 2 = tV /l + *2fc. (П) 
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Hence it follows that y1 = (Wl + t2k, 0). From (11) it results also that r -» 0+ 
if and only if t —> 0+. If we denote by d A the diameter of the set A in the 
metric space (E,p), then (see [8]) 

±dl(AnSp(p,r)) 

= ; 3 ^ 2 (2/1,2/2) 

(tУЇ+~^-ty + t2k+2 

t2k(l + t2ky 

(l + í2fe)fe 
{VT+pt-iУ ŕ

y 

t2k-2 t-*0+ 

tik t2k+2 

t™-*{y/l+W+l) (Vl + <2fe + l) t^°+ 

which means that 
l-dp(AnSp(p,r))—->0. 

(VT+W-iy 
t2k-2 

>o, 

0+ 
(12) 

Hence for an arbitrary e > 0 there exists 6X > 0 such that 

- U > ( ^ n S p ( p , r ) ) < ! for 0 < r < < J 1 . 

Now we shall prove that for an arbitrary e > 0 there exists 52 > 0 such that 
for every pair of points (x, 2/x) G [I>1?p; k£, fc] 

(13) 

p(x,Уi) £ 
pҶP,x) 2 ' 

(14) 
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when 

r = p(p,x)<62 and ^ d < S2. (15) 

Let y[ be the projection of the point x G (E \ A) at the arc Lx, i.e. the point 
of the arc Lx such that p(x, y[) = p(x, Lx). 

Since x = (t, ±y/r2 - t2 ) , for 0 < t < r we have 

p(yi,yi) = r - t = > / F ^ < ^ ^ (16) 
Let ji = 2, S2 = m i n ( | , | ) . Hence, from (15), (16) and from the triangle 
inequality we obtain 

p(x,yx) < p(x,y[) + p(y[,yl) < 2p(g.£ 1) £ 
pk(p,x) - Pk(p,x) ~ pk(p,x) 2 ' 

which gives inequality (14). 
Finally we prove that for an arbitrary e > 0 there exists S3 > 0 such that 

for every pair of points (x, y2) G [£2,P; £*, k] 

/9fc(p,x) 2 

when 

r = p(p,x)<<53 and ^ ^ | < 63. (18) 

If x' is the projection of the point x ^ A on the segment py^, then from (16) it 
follows that for 0 < t < r 

p(y2,x')<p(x,x'). (19) 

Let y'2 be the projection of the point x £ (E\A) at the arc L 2 , i.e. the point 
of the arc L2 such that p(x,y'2) = p(x,L2). 

Since 
p(x,x')<p(x,y'2), (20) 

from (19) and from the triangle inequality we obtain 

p(y2,y2) < p(y2, x) + p(x', x) + p(x, y2) < 3p(x, y'2) = 3p(x, L2). (21) 

Let us put fi = 4, S3 = m i n Q , | ) . From here and from (21) we have 

P(x,y2) < p(x,y'2)+p(y'2,y2) 4p(x,L2) e_ 

pk(p,x) ~ pk(p,x) pk(p,x) 2 ' 

which as a consequence gives (17). 
Let /i = 4, S = min(o:

1, S2, S3) and let (x,y) be any pair of points belonging to 
the class [A,p; fi,k]. In this example p(x,A) = p(x,Lx) or p(x,A) = p(x,L2), 
when x £ A. 
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Let us suppose that p(x, A) = p(x,Lx). Hence, from the triangle inequality 
and from (13), (14) it follows that for (x,y) G [A,p;/i, fc] if 

r = p(p,x)<8 and P ^ A \ <S, (22) 
pk(p,x) 

then 

p(x,y) p(x,Vl) [ p(yvy) p(x,yy) | 1 rf , ^ n g . ^ 

pk(p,x) pk(p,x) pk(p,x) pk(p,x) rk p^ p 

Similarly, if p(x,A) = p(x,L2), then using (13) and (17) for (x,y) G [A,p;p,,k] 
we get that 

P(s»y) ^ Pfol fr) , ! w t j n c /„ ^ \ / , /o.x 
^(^^^(^ + ^ ^ n 5 > ( 2 4 ) 

If x G E is a point of the set A C £?, then from (13) it follows immediately 
that for an arbitrary e > 0 there exists S > 0 such that for every pair of points 
(x> 2/) £ [-4,p; M, &] (for an arbitrary fixed number /i > 0) 

when 

r = p(p,x)<6 and ffi'^ <<E. (26) 
pk(p,x) 

Hence, from (23) and (24) it follows that the set A belongs to the class M k 

defined by (6). 
From the definition of the set A it follows evidently that A G Dp(E, p). 

Let / be an arbitrary function of the class F*. From (4) and from the prop
erties of the function / it follows 

f(dpA) = f(sup{p(x,y): x,y e A}) = sup{f(p(x,y)) : x,y e A} 

= sup{l0(x,y): x,y e A} =dtA, 

therefore 
f(dpA) = dtA for AeE0. (27) 

Let a{, bi (i = 1,2) be any non-negative real functions defined in a certain 
right-hand side neighbourhood of 0 and fulfilling the condition 

ai(r) > 0 and 6-(r) > 0 . (28) 
r-*0+ r-»0+ 

Let us denote 
a = max(a 1 , a 2 ) , 6 - -max(6 1 ,6 2 ) . (29) 
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T H E O R E M I . If I eFf and 

°M—>ai,
 bM>Pi, po) 

7 ^ + ! r - + 0 + r r->0+ 

where a,(3- < oo for i = 1,2, then the tangency relations T^a^b^k^p) and 
Tt(a2, b2, k,p) are compatible in the classes of sets Mpk n Dp(E, I). 

P r o o f. Let us assume that (A,B) e Tt (a^b^k.p) for _4, B e 

Mpk n Dp(E, I). Then we have 

^ / ( - 4 n 5 f ( p , r ) ^ (31) 

Prom the inequality 

d p ( A U B ) < d p A + d p B + p(A,£0 for A,B€E0, (32) 

from (29), from the properties of the function / and from the fact that I 

we obtain 

-L/(„n5,(p,r)02(r),Bn5J(p,r)6a(r)) 

_- f . (^n5,(p,r) 0 l ( r ) ,Bn5 J(p,r) 6 l ( r )) | 

<^ / ( d p ( ( i 4n5 / (p,r) a 2 ( r ) )u(Bn5 / (p,r) M r ) ) ) ) 

_^/(p(yin51(p,r)B l ( r ) ,Bn5 l(p,r)6 l ( r ))) 

<^/(rfp(( i4n5,(p,r) s (r ))u(Bn5 I(p,r)B(r)))) 

_ ^/(p(^n5,(p,r) f i ( r ) , Bn5,(p,r)5(r))) 

< \f(d(A n S&r)^)) + <*,(£ n S&rfur)) 

+ p(A n 5,(p,r)a(r), 5 n 5,(p,r)8(r))) 

_ I / ( / , (4n5 i (p ,r) a ( r ) ,Bn5, (p ,r) W ) ) 

< ±kf(dp{A n 5,(P,r)8(P))) + ^f(dp(
B n ^ W ) • 

From (29), (30) and from [5; Lemma 1.1] it follows 

i ^ ^ ^ r y ^ O . (34) 

(33) 
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Hence (27) implies 

i / ( d p ( ^ n 5 / ( p , r ) a ( r ) ) ) — ^ > 0 . (35) 

Analogously 

i / ( ^ ( B n % r ) j w ) ) - ^ 0 . (36) 

From (31), (35), (36) and from the inequality (33) we have 

-^i(ylns /(p,r) a 2 ( r ) , JBn5 J(p,r)M r )) — , 0 . (37) 

From the fact that the sets A,B G Dp(E,l) it follows that the pair of sets 
(A, B) is (a, b) -clustered at the point p of the space (E, I). Hence from (37) we 
obtain (A,B) eTl(a2,b2,k,p). 

If (A, B) G T, (a2,62, k, p), then identically we prove that (A, B) G Tx (av bv k, p). 
Therefore the tangency relations Tl(a1;b1,k,p) and Tl(a2,b2,k,p) are compat
ible in the classes of sets Mpk n Dp(E, I). • 

Using this theorem we shall prove: 

T H E O R E M 2. If I eFf, 

4 ^ >a and M • / ? , (38) 
rk+l

 r->0+ rk+l
 r_>0+ 

where a, /3 < oo; £/ien £fte tangency relation Tt(a, b, k,p) is an equivalence in the 
classes of sets Mpk n Dp(E, I). 

P r o o f . From [5; Lemma 1.1] and from the assumptions of this theorem it 
follows that for A G Mpk n Dp(E, I) 

T ^ ( ^ % r ) f l ( r ) ) - 4 0 , (39) 
i r—>0+ 

and 
1 d i (Ans / (p , r ) 6 ( r ) )—->0. (40) 

I r—>0+ 

Since 
p f A n S ^ r ^ M n ^ r ^ ^ O for A G £ 0 , (41) 

then from here, from (27) and (32), from the properties of the function / , and 
from the fact that I G F, we have 

o < J ( A n s((p,r)a(r), A n s,(p,r)6(r)) 

< / (d p ( (Ans / ( P , r ) a ( r ) )u (^ns ( (p , r ) 6 ( r ) ) ) ) 

< f(dp(A n s,(p,r)a(r))) + /(dp(.4 n S,(p,r)6(r))) 

= d.(.4 n 5,(p,r)o(r)) + d.(.4 n 5,(p,r) t(r)). 
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Hence (39) and (40) imply 

i l f A n ^ f e r ^ M n ^ f e r U >0. (42) 
r \ ' r-»0+ 

Since A G D (E,l), the pair of sets {A, A) is (a, b) -clustered at the point p 
of the space (E,l). Hence from (42) it follows (A, A) G Tt(a,b,k,p), which 
means that the tangency relation Tt(a,b,k,p) is reflexive in the classes of sets 
A\knDp(E,l). 

Let us assume now that (A,B) G Tt(a,b,k,p) for A,B G M k C)Dp(E,l). 
From here and from Theorem 1 it follows that (A,B) G T^b,a,k,p). Hence 

^(vln5,(p,r)6 ( r ) ,Bn5,(p,r)a ( r )) 7 ^ ° - (43) 

From (27), from the inequality (32), and from the fact that / € F. we get 

o</(flns,0,r)0(r),4ns,o,r)t(r)) 

< f(dp((B n S,0,r)o(r)) U (.4 n 5,(p,r)fc(r)))) 

< f(dp(A n 5,(p,r)6(r))) +f(dp(B n 5,(p,r)a(r))) 

+ /(p(An5,(p,r)6(r),5n5,(p,r)a(r))) 

<d i(Ans /0,r)6(r))+d /(JBn5,(p,r)a(r)) 

+ I (A n 5,0, r)fc(r)) £ n 5((p, r)o(r)) . 

From here, from (43) and from [5; Lemma 1.1] one derives 

i /( i?n5,(p,r)a ( r ) )^n5,(p,r)6 ( r )) ->0. (44) 
1 \ / f—^0 • 

Since by our assumption A,Be Dp(E, I), the pair of sets (B, A) is (a, ^-cluster
ed at the point p of the space (E,l). Hence (44) gives (B,A) G Tt(a,b,k,p), 
which means that Tt(a,b,k,p) is a symmetric relation in the classes of sets 
MpJcHDp(E,l). 

Finally we assume that (A,B) G Tt(a,b,k,p) and (B,C) G Tt(a,b,k,p) for 
the sets A, B, C G Mpk n Dp(E, I). Hence 

T ' ( ^ S | ( p , r ) f l ( r ) ^ n % r ) J >0, (45) 
r \ ' r-»0+ 

аnd 
-L l (B П 5, (p, r ) a ( r ) , C П 5, (p, r) f c ( r ) ) -> 0. (46) 

r->0+ 
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Then Theorem 1 yields 

il(Bn.5 l(p,r)6(r)JCn5J(p,r)6(r)) 7 ^ ° - ( 4 ? ) 

From (27), (41) and (32), from the properties of the function / , and from the 
fact that I € Fj we obtain 

0 < / ( . 4 n 5 , ( p > r ) o ( r ) t C n 5 , ( p , r ) t ( r ) ) 

< / ( d p ( ( A n 5 / ( p , r ) a ( r ) ) u ( C n 5 / ( p , r ) 6 ( r ) ) ) ) 

< / (d , ( (G-n5 . (p , r ) o ( r ) ) U (i?n5 /(p,r)6 ( r ))) 

U ( (£n5, (p , r ) 6 ( r ) ) U (Cn5 / (p , r ) 6 ( r ) ) ) ) ) 

< / ( d p ( (An5 / (p , r ) a ( r ) ) U (Bn5,(p,r) 6 ( r ) ) ) 

+ d p ( ( J5n5 / (p , r ) 6 ( r ) )u (Cn5 / (p , r ) 6 ( r ) ) ) ) 

< f(dp(A n 5,(p,r)o( r ))) +f(dp(B n 5 ((p,r)6( r ))) 

+ / (p ( .4n5 / (p , r ) a ( r ) , i ?n5 / (p , r ) 6 ( r ) ) ) 

+ / ( d p ( B n 5 / ( p , r ) 6 ( r ) ) ) + / ( d p ( C n 5 / ( p , r ) 6 ( r ) ) ) 

+ f(p(B n 5.(p.r).,(r), CnS,(p,r)b{r))) 

< d / ( ^ n 5 / ( p , r ) a ( r ) ) + 2 d / ( B n 5 / ( p , r ) 6 ( r ) ) + d / ( C n 5 / ( p , r ) 6 ( r ) ) 

+ Z( .4n5 l (p > r ) o ( r ) , .8n5, (p > r ) 6 ( r ) )+ / (Bn5 l (p > r ) 6 ( r ) ) Cn5, (p , r ) 6 ( r ) ) . 

From here, from [5; Lemma 1.1] and from (45), (47) it follows that 

l l ( i n 5 , ( p , r ) a ( r ) , C n 5 , ( p , r ) M r ) ) — ^ > 0 . (48) 

From the fact A,C £ Dp(E,l) we obtain that the pair of sets (-4,(7) is 
(a, b)-clustered at the point p of the space (E, I). Hence and from (48) it follows 
that (A, C) G TJ(a, b, k,p), in other words, the tangency relation Tt(a, b, /c,p) is 
transitive in the classes of sets M k D D (E, I). 

From the above considerations one sees that Tz(a, b, k,p) is an equivalence 
relation in the classes of sets Mpk fl Dp(E, I). This ends the proof. • 
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2. Some remarks on the tangency 
of sets in the classes A* h 

Similarly as in Section 1, let p be any metric of the set E. By A' we denote 
the set of all cluster points of the set A of the family E0 of all non-empty subsets 
of the set E. 

Let us assume by the definition that for an arbitrary but fixed number k > 0 
(see [4]): 

A* k = < A G E0 : p G A' and there exists a number A > 0 such that 

U m s u p /K-^-M-^) < o} , 
[A,p;k]B(x,y)^(p,p) P KP' > > 

(49) 

where 

[A,p\k] = {(x,y): X G £ , y G A and p(x, A) < pk(p,x) = pk(p,y)} . (50) 

Analogously as Theorem 1 we can prove: 

T H E O R E M 3. If I e Ff and for i = 1,2 

a w — . o , b4>—,o, (5i) 
rk

 r->o+ rk
 r->0+ 

then for arbitrary sets of the classes A* k fl D (E,l) the tangency relations 
Tl(a1,bl,k,p) and Tz(a2,b2, k,p) are compatible. 

The proof of this theorem is based on the inequality (33) and on the following 
lemma (see [4]): 

L E M M A 1. If 

^ . 0 , (52) 
rK r->0+ 

then for an arbitrary set A G A*pk fl Dp(E, I) 

^dl{AnSl{p,r)a(r))—-^0. (53) 

It turns out that if the functions a, b fulfil the condition 

a(r) . n Kr) . n /^x 
—r •> 0 , —r > 0 , (54) 

rK
 r->o+ rK

 r->o+ 
then for an a rb i t ra ry function / G F * Theo rem 2 will be t rue in t he classes of 

sets.A;ifcn.DJ,(.E)o. 
Analogously as in case of Theorem 2, using Theorem 3 and Lemma 1 we can 

prove the following theorem: 
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THEOREM 4. // the functions a, b fulfil the condition (54). then for an arbi
trary function I G -Fir the tangency relation Tt(a,b,k,p) is an equivalence in the 
classes of sets Apk D Dp(E, I). 

This theorem is also fulfilled under somewhat weakened assumptions con
cerning the functions a, b, which follows from the fact (see [5; Theorem 1.1]) 
that the classes of sets Ap k are contained in the classes Mp k for any k > 0 
and p G E. 

If we put / = id, where id denotes the identity function defined in a right-
hand side neighbourhood of 0, then the class F i d of the functions / is equal to 
the class F * considered in some papers of mine mentioned in References below. 
From here it results that all theorems about the problem of the compatibility 
and the equivalence for the tangency relations of sets for the functions of the 
class F * given in these papers follow from the theorems of the present paper. 
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