Mathematica Slovaca

Z. Filakova; Peter MihoOk; Gabriel SemaniSin
A note on maximal k-degenerate graphs

Mathematica Slovaca, Vol. 47 (1997), No. 5, 489--498

Persistent URL: http://dml.cz/dmlcz/133112

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1997

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/133112
http://project.dml.cz

Mathematica
Slovaca

©1997
Mathematical Institute

Math. Slovaca, 47 (1997), No. 5, 489-498 Slovak Academy of Sciences

A NOTE ON MAXIMAL k-DEGENERATE GRAPHS

Z. FILAKOVA — P. MIHOK — G. SEMANISIN

(Communicated by Martin Skoviera )

ABSTRACT. A graph G is said to be k-degenerate whenever every subgraph of
G has minimum degree at most k. A k-degenerate graph G is called maxi-
mal k-degenerate if there is no k-degenerate graph H of the same order,
which properly contains G. In this paper, we investigate the structure of maxi-
mal k-degenerate graphs emphasing to various graph theoretical characteristics
and degree constraints. The correspondence between the structure of maximal
k-degenerate graphs and the structure of generalized a-critical graphs is charac-
terized.

1. Introduction

All graphs considered in this paper are undirected, finite, loopless and without
multiple edges. For undefined concepts, we refer the reader to [4].

Let us denote by Z the set of all mutually non-isomorphic graphs. If P is a
non-empty subset of Z, then P will also denote the property that a graph is a
member of the set P.

A property P is called hereditary if it follows from G € P, and H is a
subgraph of G that H € P. The sets of graphs

O ={GeI|QG isedgeless graph},
S, = {G € T | the maximum degree A(G) < k}

are examples of hereditary properties.

The set S of vertices of G is said to be P-independent in G if the induced
subgraph (S), belongs to P. We shall use the notation a;(G) for the maximum
size of a P-independent set in G (for the vertex independence number a(G)
we prefer the notation a(G)).

A graph G is called k-degenerate (we write G € D, ) for k, a non-negative in-
teger, if for each subgraph H of G, the minimum degree of H does not exceed k.

AMS Subject Classification (1991): Primary 05C15.
Key words: maximal k-degenerate graph, hereditary properties.

489



Z. FILAKOVA — P. MIHOK — G. SEMANISIN

The following value plays a fundamental role in the theory of k-degenerate
graphs:

s(GQ) = max ven‘l/l(l}_!) degy(v).
This number is called the Szekeres-Wilf number, and it is easy to see that
G is k-degenerate if and only if s(G) < k (see [5], [7], [8], [9]). A survey of
k-degenerate graphs was given in [10].

It is easy to check that the properties O, S, and D, are hereditary. A
hereditary property P can be uniquely characterized by the set of P-maximal
graphs. A graph G € P is P-mazimal if for every edge e of the complement of
G, the graph G + e does not belong to P.

It can be seen immediately that a graph G of order at most k& + 1 is
D, -maximal (we shall prefer the term maximal k-degenerate) if and only if G is
complete. Therefore, we restrict our attention mainly to maximal k-degenerate
graphs with at least k + 2 vertices.

The basic properties of maximal k-degenerate graphs have been studied in
(2], [3], [6]. Let us recall those of them which we shall use in what follows.

PROPOSITION 1. ([5]) A graph G of order k+m is k-degenerate if and only
if the vertex set V(G) can be labelled vy,v,,...,v;,,, in such a way that in the
subgraph ({v;,; 1,1 Vgym}) of G, deg(v;) <k for each i =1,2,...,m — 1.

1
COROLLARY 1. A graph G is k-degenerate if and only if the vertex set
V(G) can be labelled vy,v,,...,v,,, i such a way that in the subgraph
({vis Vig1r 2 Vepm}) of G, deg(v,) >m —i for eachi=1,2,...,m—1.
PROPOSITION 2. ([5]) Let G be a mazximal k-degenerate graph of order p,
p>k+1. Then

(1) the number of edges of G is equal to kp — (k“zq) ;
(2) the minimum degree of G 1is equal to k;
(3) G is k-connected.

PROPOSITION 3. ([5]) Let G = (V, E) be a graph of order p, p>k+1, and
let v eV be a vertex of degree k. Then G is a mazimal k-degenerate graph if
and only if G — v is mazimal k-degenerate.

PROPOSITION 4. Let G = (V, E) be a mazimal k-degenerate graph of order
k+m, m>2, k>0, and A= {veV(G)| degg(v) =k}. Then

(1) (A)g is totally disconnected;
(2) 14l <m.

The following can be obtained by an easy observation.
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PROPOSITION 5. Let G be a graph of order p, p > k+ 1, and A =
{veV(G)| degs(v) <k}. Then a graph G of order p > k+1 is S, -mazimal
if and only if A(G) =k, and either (A)g is complete, or A=0.

THEOREM 1. ([3]) Let My Mg i1+ Ny, T > k, be non-negative integers and
T
Z n,=t.
i=k
1#2k

Then the numbers n,, i € |J {j} U {2k} determine the numbers of vertices of
j=k

,
degree d, d € |J {j} U {2k}, respectively of a mazimal k-degenerate graph if
i=k

J—
and only if the following conditions hold
() if 2k <7, then ny >r—t+1;
(11) nk+nk+1+"'+nk+j 2]""1 forj=0,1,...,’r‘—k,‘

(i) 3 ny(2k —i) = K2 + k.
i=k

2. The structure of maximal k-degenerate graphs

If we consider a maximal k-degenerate graph G of order k +m for m > 1,
but not too large, its complement G contains many isolated vertices. We show
that under some conditions, the structure of non-trivial components of the com-
plements of maximal k-degenerate graphs and maximal [-degenerate graphs of
order k +m and | + m respectively is the same.

LEMMA 1. Let G = (V, E) be a mazimal k-degenerate graph of order k +m,
m>2,k>0,and B={veV(G)| degg(v) >1}. Then |B| < ’"—zfz,m—_z

Proof. According to statement (1) of Proposition 2, the number of edges of
G is equal to m2; ™  Since G is k-degenerate, by an application of Corollary 1,
the vertices of G can be labelled v,,v,,...,V;,, such that in the induced sub-
graph ({v;,v,,1,-..,Veym}) of G, deg(v;) 2 m—i foreach i=1,2,...,m—1.
Thus we have

ol (m=2)(m-1) m?2-m-—2
|B|§m2-—m—2(m—z—1)=m2—m— 3 = 3
i=1
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LEMMA 2. If m > 1, then G = K,, UF; is a complement of some mazimal
k-degenerate graph of order k +m.

The proof follows by the definition of maximal k-degenerate graphs.

Let M(q,m) denote the set of the complements of all maximal g-degenerate
graphs of order g+m, and N(g,m) = {G | G has no isolated vertices and there
exists a p such that the graph G U —K—p belongs to M(g,m)}.

THEOREM 2. Let k, |, m be non-negative integers such that m2=m-2 < . <.
2 — —-—
Then N(k,m) = N(I,m).

Proof. We use induction on m.
(i) For m =1, we have N(k,1) = N(l,1) =0.

(ii) Let us suppose that N(k,q) = N(l,q) for ¢ < m and gz_—quz_ <k<l.
L §m+1!2—(m+12—2 .
et 3 <k <. Since

(m+1)?-(m+1)—2 m?+m-—2 >mz—m~2
2 2 2 !

we have N(k,m) = N(I,m). Let G* € N(k,m+1) is a graph of order p. Then,
2
by Lemma 1, p < L'"—JF—IL%M, and we put

(m+1)2—(m+1)——2+m+1_(m+1)2+(m+1)—2 _
2 2 B

Obviously, G, = G*UK, € M(k,m+1), and there exists a vertex v € V(G) such
that degg, (v) = m (because the complement G, of G, must have a vertex of
degree k and (k+(m+1)—1)—k =m).If G’ is the graph obtained from G, —v
by deleting its isolated vertices, then G’ € N(k,m). But N(k,m) = N(I,m),
and therefore G’ € N(I,m). For s =l+m+1—-p >0, G, = (G* —v) U
K, € M(l,m), and degg. z-(v) =m. Hence G*UK_ € M(l,m + 1), and this
implies that G* € N(I,m + 1). Similarly, we can prove the opposite inclusion
N(l,m+1)C N(k,m+1). O

r =k+m+l-p > 0.

In the next, our method will aim to establish some graph theoretical charac-
teristics of maximal k-degenerate graphs.

THEOREM 3. Let G be a mazimal k-degenerate graph of order p = k +m,
where 1 <m < 1—"'—‘@. Then A(G)=p—1.

Proof. Let us denote by B and C the following two sets:

B={veV(G)| degg(v)>1},
C={veV(G)| degg(v)=p—1}.
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Clearly, |C| =p— |B| = k + m — |B|. By Lemma 1, we have
m?+m—2 2k+m—m?+2
2 B 2 '

Since m < b@, we get w > 1, which implies that |C| # 0. O
EXAMPLE 1. This example shows that the result of Theorem 3 is the best poss-
ible.

Let m be an integer, m > 3, and let k = (';) —1—s, where s € {0,1,...
...,m — 2}. Evidently, (m,;l) <k<(7)-1.

Let us consider the numbers

IC|=k+m~—|B|>k+m~—

M =My = =Ny g =1,
nk+m—-3=s+1’

Nprmo =k—5+2.

It is not difficult to verify that the numbers ny,n, ,,...,n;,,,_ o satisfy
the conditions (i)—(iii) of Theorem 1, and therefore there exists a maximal
k-degenerate graph G of order k+m such that n, Mpyqs- - Npym_o determine

the numbers of vertices of degrees k,k+ 1,...,k + m — 2, respectively.

Since m < H'%‘/zﬂﬁ if and only if () < k, and the graph G described
above has order p = k+m, (™;!) <k < (7) — 1, and the maximum degree
A(G) =k+m —2 = p— 2, the previous result cannot be improved.

The following two theorems state some graph theoretical invariants of maxi-
mal k-degenerate graphs.

THEOREM 4. Let k > 1, m > 2 be integers, and let G = (V, E) be a mazimal
k-degenerate graph of order k +m. Then

(1) the chromatic number xo(G) is equal to k+1;
(2) the edge connectivity number A\(G) is equal to k;

(3) the vertez independence number satisfies the inequality [%’;—‘-] < a(G)
<m.
Proof.

(1) As G is k-degenerate, we have x,(G) < k+ 1. On the other hand, G
contains a copy of a complete graph K, ;. Hence x,(G) =k +1.

(2) It is known that for the minimum degree 6(G), the edge connectivity
number A(G) and the vertex connectivity number x(G) satisfy §(G) > A(G)
> k(G). Since §(G) = k(G) =k, we have A(G) = k.

(3) As is well known, a(G)x,(G) = |V(G)|. As |V(G)| = k+ m and
Xo(G) = k, we have [%—’l'l] < a(G).

On the other hand, by Lemma 2, G contains a (k + 1)-clique. Therefore,
a(G) V@) -k=k+m—k=m. a
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EXAMPLE 2. We show that the bounds of Theorem 4 cannot be improved. We

shall define two graphs Gl , G, of order k+m for which the vertex 1ndependence

numbers are m and [ﬁ?.l respectwely

Let us consider a graph G, = K, UK, . By Lemma 2, G, is maximal
k-degenerate graph, and it is obvious that a(—C:) =m.

Let the vertices of G, be denoted by v,,v,,...,v;,,, . For each vertex of G,
we define its neighborhood as follows:

N(vj) ={U17"'7'Uj..1ﬁvj+1a---,vj+k} for j=1,2,...,k;
N(vk+j)={vj"'"vk+j—1’vk+j+17'"7v2k+j} for j=1,2,...,m—-k;
N(”k+j)={Uj,---,Uk+j_1,vk+j+1,...,vk+m} for j =m—k+1,m—k+2,...,m

By an application of Theorem 1, we can verify that G, is maximal k-degenerate.
Let S be a maximal independent set of vertices of G,. Since the fact that

v; € S, for some i = 1,2,...,m, implies that v; ;,v; ...,V & S, we
have |S| < {%_f‘ﬁ-] The oppos1te inequality follows from Theorem 4. Hence
a(G,) =[]

THEOREM 5. Let G be a marimal k-degenerate graph of order p. If p 2. (k42-2) ,
then A(G) > 2k.

Proof. Suppose, on the contrary, that A(G) < 2k — 1 for some G. Let us
denote the vertices of G by v,,v,,..., v, Since G is maximal k-degenerate, we

P
have ) deg(v;) = 2kp — k(k + 1). On the other hand,
i=1

Zdeg <[E+E+D)++@2k-2)] +(-k+1)(2k—1),

which implies p < ’“2+3”° < (k;z) , what is a contradiction. Therefore A(G) > 2k.
O

EXAMPLE 3. We now demonstrate that the bound of Theorem 5 is the best
possible. By an application of Theorem 1, there exists a maximal k-degenerate
graph, which realizes the sequence

kE+1
nk=nk+1=.--=n2k__2=1,'n,2k__1=< 9 )+1

2k—1
The order of this graph G is Z n, = (k+2) 1 and A(G) =2k —1.
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Remark. On the other hand, for arbitrary p > (kgz), there exists a maximal
k-degenerate graph of order p > k + m with A(G) = 2k. A graph G which
realizes the sequence

k+1
N =My = =Ny g =1, "2k-1=< 9 )+1, Ny, =p—m—k+1,

where m = (k'zH) + 1, shows this.
Our next theorem generalizes the result of Theorem 5.

THEOREM 6. Let k > 2, 0<s<k—2, be integers, and let G be a mazrimal

k-degenerate graph of order p. If p > % — 3, then A(G) > 2k —s.

The proof is as in Theorem 5.

We conclude this section with characterization of those maximal k-degenerate
graphs which contain a hamiltonian cycle. The proof of our result is based on
the following well-known result of Erdés and Chvétal (see, e.g., [1]).

LEMMA 3. Let G be k-connected graph such that G does not contain k + 1
independent vertices, k > 2. Then G has a hamiltonian cycle.

THEOREM 7. Let G be a mazrimal k-degenerate graph of order k+m, k > 2,
1<m < k. Then G has a hamiltonian cycle.

Proof. Since G is maximal k-degenerate, by statement (3) of Proposi-
tion 2, G is k-connected. Theorem 4 states that a(G) < m < k. Hence G does
not contain any set of £ + 1 independent vertices.

Then, by Lemma 3, G has a hamiltonian cycle. O

Remark. We cannot guarantee the existence of hamiltonian cycle in a maximal
k-degenerate graphs of order k+m, for m > k. By Lemma 2, G = K, U K, is
maximal k-degenerate, and it is easy to verify that G contains no hamiltonian
cycle.

3. a(n,D,)-critical graphs

In this part, we investigate the correspondence between the structure of maxi-
mal k-degenerate graphs and a(n, D, )-critical graphs.

The graph G = (V,E) is said to be a(n,P)-critical if G has no isolated
vertices, and a,(G —€) > ap(G) = n for every edge e € E(G). For the
elementary properties of a(n,P)-critical graphs, see [7]. In what follows, we
shall concentrate to the structure of a(n,D,)-critical graphs.

Our results are proved using the next two lemmas which follow straightfor-
wardly from the definition of an a(n,P)-critical graph.
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LEMMA 4. A graph G with no isolated vertices is a(n, P)-critical if and only if

(1) the complement G of G does not contain the complement of any P-maxzi-
mal graph of order n +1;

(2) for each edge e € E(G) the graph G + e contains the complement of
some P-mazimal graph of order n+ 1.

LEMMA 5. If G is a(n,P)-critical, then for every v € V(G) there exists the
set U C V(G) with |U| =n such that (U), is P-independent and v ¢ U .

Using Theorem 2, we obtain:

THEOREM 8. Let G be a a(k +m,D,)-critical graph of order p and "'2;2’""—2-
< k. Then for every l satisfying Eﬂ'z'"—d <l <p-—m-—1 the graph G is
a(l +m, D, )-critical.

Proof. As k,1 > -'12—";"—_2 implies that k,l > Mu_z'"—Hl_—z, by Theo-
rem 2, we have N(k,m+1) = N(l,m+1). Thus the assertion follows immediately
using Lemma 4. a

The structure of a(k 4+ m, D, )-critical graphs for m < _1_+!29+E can be
characterized in the following way.

THEOREM 9. Let k and m satisfy lzi'zi";z <k, m>1. Then a graph G of
order p > k+m is a(k +m, D,)-critical if and only if the complement G of G
is S,,_,-mazimal.

Proof. Let us suppose that the graph G is a(k + m,D,)-critical, and
U C V(G) is a maximal D,-independent set of vertices of G. Thus, |U| =m+k
and, according to Corollary 1, A(G) > A((U)g) 2 m—1.

Firstly, we prove that A(Z}’_) = m—1. In order to obtain a contradiction, let

us suppose that there exists a vertex w, of G with degg(w,) > m. By Lemma 5,
there exists a D-independent set W & V(G), w, ¢ W and |W| =k + m. Let

the vertices wy,w,,...,w; ., of W be labelled according to Corollary 1 in such a
way that in ({w;,w;,,... W, }), deg(w;) > m—iforeachi=1,2,...,m~-1.
Since

m—1 2 2 —9

E(m—i+1)=m;3m=m+2m +m+l<k+m+1,

1=0

there exists a set T' C V(G) satisfying the following conditions:

(i) wy,wyy...,w, 4 €T,
(i) |T|=k+m+1,
(iii) deg(w;) >m —1i in (T)g.

496



A NOTE ON MAXIMAL k-DEGENERATE GRAPHS

However, by Corollary 1, T is D,-independent in G, which is a contradiction.
Now, let

A={veV(G)| degg(v) <m—1} #0.

By Lemma 4, for each e € E(G) the graph G + e contains the complement of
some D,-maximal graph of order k +m + 1, implying A(—G‘_ + e) > m. Thus,
(A)z must be complete, and, by Proposition 5, G is S,,,_,
Conversely, let G be a graph such that G is S,,_,-maximal. Since |V (G)| >
k+m+1, G does not possess any isolated vertices.
By Proposition 5, A(@) = m — 1. Thus, according to Corollary 1, G does
not contain the complement of any D,-maximal graph of order m +k + 1. As

for

-maximal.

A={veV(G)| degg(v) <m-—1}
the induced subgraph (A4)z is complete, and [V(G)| > k+m + 1, G contains

at least

m?+m—-2 _ m(m+1)

k+m+1—-(m—-1)=k+22——2——+2 +1>m+1

vertices of degree m — 1.

Therefore, we can choose vertices wg, w,, ..., w,,_; so that deg(w;) > m —1
in (V(G) \ {wy,wy,...,w;,_,})g+ e is satisfied for ¢ =0,1,...,m — 1.

As described above, we construct the set T C V(G). By Corollary 1, T is
D,-independent, and therefore, by Lemma 4, G is a(k + m, D, )-critical. m]
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