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Abstract
The paper deals with the impulsive boundary value problem

%M(y’(t))] = f(ty(®),y' (1), y(0)=y(T), ¥ (0)=y(T),

y(ti+) = Li(y(ts), v (ti+) =My ), i=1,...m.

The method of lower and upper solutions is directly applied to obtain the
results for this problems whose right-hand sides either fulfil conditions of
the sign type or satisfy one-sided growth conditions.

Key words: ¢-Laplacian, impulses, lower and upper functions, pe-
riodic boundary value problem.
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0 Introduction

In this paper we study the existence of solutions to the following problem

%[(ﬁ(y/(t))] = f(t,y(t),y' (1)), (0.1)
y(0) =y(T), y'(0)=y (1), (0.2)
y(tit) = Ji(y(ts), o' (tit+) = Mi(y'(t:)), i=1,...m, (0.3)
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132 Vladimir POLASEK

where f € Car([0,T] x R?), ¢ is an increasing homeomorfismus, ¢(R) = R.
Ji € C(R), M; € O(R and
y'(ti) =y(ti-) = lim y'(t), 4'(0)=y'(0+) = lim y'(2).

—t;—

Let
o1(t;) < x < oa(t;) = Ji(o1(t)) < Ji(z) < Ji(o2(ts)), i=1,...,m (0.4
hold. We will assume one of the following properties of M;, either
M; is increasing on R, M;(R)=R i=1,...,m, (0.5)

or only
y < o1(ti) = M;(y) < Mi(o1(t:)),

(0.6)
y > oh(ts) = Mily) > Mi(oh(t), i=1,...,m,

In the mathematical literature we can find a lot of papers studying the
equation (0.1) with various types of linear or nonlinear boundary conditions.
Particularly, the existence results for such problems have been proved e.g. in
[1-4].

On the other hand there are papers giving the existence theorems for impul-
sive problems to the second order differential equations z”/ = f(¢,z,2’). Some
of them are based on the method of lower and upper functions ([5-14]). The
aim of this paper is to join problems with ¢-Laplacian and problems with im-
pulses and to extend the method of lower and upper functions for the problem
(0.1)—(0.3). Here, the method of lower and upper solutions is directly applied
to obtain the results for problems (0.1)-(0.3) whose right-hand sides either fulfil
conditions of the sign type or satisfy one-sided growth conditions.

The sections are organized as follows. In Section 1, we begin by definitions of
solution and lower and upper functions of the problem (0.1)—(0.3). We state two
existence theorems for the problem (0.1)—(0.3) with right-hand sides satisfying
conditions of the sign type and one-sided growth conditions and show some
applications of these theorems on the concrete problems. In Section 2, we state
and prove the existence result for problems with bounded right-hand sides. This
problem is reduced to a fixed point problem and using the Schauder fixed point
theorem, we show its solvability. In Section 3, we use the previous result to
prove the existence theorems which are stated in Section 1.

1 Formulation of the solution and main results
For a real valued function u defined a.e. on [0, 7], we put

|lu|loo = supess |u(t)|.
t€(0,T

Letme Nand 0 =1ty <t1 <... <ty <tm+1 =T be a division of the interval
J =[0,T]. We denote A = {t1,t2,...,t,} and define CX(J), resp. Ca(J), as
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the set of functions v : J — R,

ul™(t), te (tn,T),

where ull € C[t;,t;11], resp. uld € C[t;,t;41], for i = 0,1,...,m. Moreover,
ACA(J) stands for the set of functions u € Ca(J) being absolutely continuous
on each subinterval (t;,¢;11), i =0,1,...,m. For u € CX(J) we write

lulley oy = llulloo + [0 llo-

Definition 1 A solution of the problem (0.1)—(0.3) is a function y € CA(J)
such that ¢(y’) € ACA(J), y fulfils equation (0.1) for a.e. t € J, further satisfies
the periodic conditions (0.2) and the impulsive conditions (0.3).

Definition 2 Functions o; € CX(J), o2 € CX(J) are respectively called lower
and upper functions of the problem (0.1)—(0.3), if ¢(o1), #(0) € ACA(J) and
(03(2))

(p(o1 (1) = f(t,01(t),01(),  (Plon(t)) < f(t,02(t),05(t)) for ae. t e J,
0'1(0

) =01(T), 02(0) = o2(T),
91(0) 2 01(T),  03(0) < o3(T),
or(tit) = Ji(o1(t:), oa2(ti+) = Ji(o2(t:)), i=1,....m,
oi(tit) = Mi(o1(t:), oy(ti+) < Mi(o3(t:)), i=1,....m
Remark 1.1 If M;(0) =0fori=1,...,m and r; € R is such that J;(r1) =

fori=1,...,m and
ft,r1,0) <0 forae. teJ,

then o1(t) = r1 on J is a lower function of the problem (0.1)—(0.3). Similarly,
if ro € R is such that J;(r9) =rg fori =1,...,m and

f(t,r2,0) >0 for a.e.t € J,
then o9(t) = 3 on J is an upper function of the problem (0.1)—(0.3).

The main results of this paper are contained in the following two theorems.
In Theorem 1.1 we suppose that the right-hand side f of equation (0.1) fulfils
conditions of the sign type.

Theorem 1.1 Let lower and upper functions of the problem (0.1)-(0.3) exist
and satisfy (0.4), (0.6) and o1 < o3 on J. Let there exist functions o1, @s €
Ca(J) such that ¢(p1), ¢(p2) € ACA(J) and

©1(0) = o1(T),  »2(0) < 92(T),
01(t) < ol(t) < palt), on J, i =1,2, (1.7)
p1(tj+) = Mi(p1(ts),  2(tj+) < Mj(pa(t;)), 7=1,...,m.
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Furthermore, let p1, o satisfy inequalities

ft,z,o1() < (B(e1(1)),  f(t, 2, 02(t) = (8(2(t))) (1.8)

for a.e. t € J and for all x € [01(t), 02(t)].
Then the problem (0.1)-(0.3) has a solution u € C)(J) such that

o1 <u<oy @1 <u <@y onl (1.9)

Remark 1.2 If s; < 0j(t) on J, j = 1,2, is such that M;(s1) = s; for i =
1,...,m and

flt,z,s1) <0 forae. t € J, forall z € [o1(t),o2(t)],

then ¢1(t) = s1 on J fulfils conditions of Theorem 1.1. If sy > o(t) on J,
j =1,2, is such that M;(s2) = so for i =1,...,m and

f(t,z,s2) >0 forae. teJ, forall x € [o1(t),02(t)],

then o (t) = s on J fulfils conditions of Theorem 1.1.

Example 1.1
Lo = 17+ a1+ (@) + L@V, 2(0)=a(T), #'(0) =a'(T),
1‘(157,4—) = az(‘fl(tz)y + (1 - aZ(A + B))l‘(tﬂ + ABal = Ji(l'(ti)),
@l (ti+) = bi(2(t:))* — bi(D + O) (@' (t:))* + (1 + b;CD)a’ (t:) = M;(2'(t:)),
t1=1,...,m,

(1.10)
k>0and ¢ >0areodd, p>0,r>0, A<0,B>0,C<0,D>0.1If
a; € [—ﬁ, ﬁ}, it =1,...,m, then J; satisfy condition (0.4) fori=1,...,m.
If b; € [0, ﬁ], i=1,...,m, then M, satisfy condition (0.6) fori =1,...,m.

If A7+ T? < 0 then o1(t) = A is a lower function of the problem (1.10).
Function o2(t) = B is an upper function of the problem (1.10). Further, if
Bi4+TP < —C*—C" and |A]? < D¥ + D", then functions ¢ (t) = C, p2(t) = D
satisfy the conditions of Theorem 1.1, so there exists a solutions of the problem
(1.10) fulfiling inequalities (1.9).

Example 1.2
((xl)?’)l = %(xlk —sgna’)+aP +t4, k>0, p>0areodd, ¢>0,
2(0) = 2(3). #'(0) = o'(3), )
z(1+) =z(1)+1, 2'(1+)=2'(1) -2,
r(2+) =x(2) =2, 2'(2+)=2(2) +2.
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If we select functions o7 and o3 in the following way

t+1—-4-35, tel0,1],
o =1{ —t+4-4-37, te(1,2],
t—2-4-35, te (23]

t—2+46-35, tel0,1],
oo =14 —t+1+46-35, te(l,2],
t—5+6-35, te(23]

then o1, oo are respectively lower and upper functions of the problem (1.11). If
we select functions ¢ and @y in this way

—6%F - 3%k, telo,1],

o1 =13 —6% .33 —2, te (1,2

—65F . 3k, te (2,3,

45 3% 12, telo,1],

02 ={ 4% . 3k, te (1,2,
+

45 35 +2, te (2,3

then these functions satisfy the conditions of Theorem 1.1, so there exists a
solutions of the problem (1.11) fulfiling inequalities (1.9).

In Theorem 1.2 we impose one-sided conditions of the growth type on f.
Theorem 1.2 Let 01, 02 be respectively lower and upper functions of the prob-

lem (0.1)-(0.8) and satisfy (0.4), (0.5) and o1 < 02 on J. Assume thatk € L(J)
is nonnegative a.e. on [0,T], w € C([0,00)) is positive on [0,00) and

o(-1) ds > ds
/_oo (e /¢<1)w<|¢1<s>|>‘0°

and

[tz y) < w(ly) (k) +[yl) for a.e. t € J and every (x,y) € [01(t), 02(t)

] x
(1. 12)
Then the problem (0.1)—(0.3) has a solution u such that o1 < u < o9 on J.
Example 1.3
(|x’|k_1x’)/ = %(m’k — 1)+ 2™+ 2% k> 0even, m >0 odd,

z(0) = =(3), 2'(0) =2'(3),
z(l+)=z(1)+1, 2/(1+)=42'(1) -2,
z(24) =xz(2) =2, 2'(2+) =2'(2) +2.

(1.13)
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Define functions o; : J — R, i =1,2
t—3 if te]0,1], t+1 if te]|0,1],
o1ty =¢ —t if te]l1,2], oo(t) =< —t+4 if te]l,2],
t—6 if te2,3], t—2 if te2,3].
Then we have
/ 1 12 3 /3
f(t701701)zﬁ(01 —1) o0} +oy

~(1-1)+({-3)"+1<0ift€][0,1]
S(L-1)+(—)"—1<0 ifte(1,2] = (4(c})),
(1-1)+(t—6)"+1<0ift € (2,3]

|
ks

1
f(t,o0,0h) = %(0'22 —1) 405+ 07

%(1—1)+(t+1)m+1>0 if t € [0,1]
- %(171)+(*t+4)m—1>Oift€(1,2] = (#(0%))"

ﬂ(1—1)+(t—2)m+1>0 if t € (2,3

Functions o1, 05 are respectively lower and upper functions of the problem
(1.13). The right-hand side of the equation does not fulfil conditions of the
sign type, because f(t,z,®1) is not bounded on [0, 1]. Nevertheless, one-sided
conditions of the growth type are valid.

¢~ Hz) = |z[Fsgnz,  w(s) =1+,

[ swtan = [t

flt,z,y) = \}i(y’“ —1) +a™ 4y < %(Iylk + 1)+ (a3 () + |y (ly* + 1)
< (1+ |y|k)(\2 + 05" (t) + [y]) = w(ly|) (k(t) + |yl).

By means of Theorem 1.2, there exists a solution of the problem (1.13).

2 Existence result for bounded right-hand sides
of equations

At the beginning of this section we introduce an auxiliary problem and find a
priori estimates for its solution. The main result of this section is contained
in Theorem 2.1. In the proof of this theorem we show that a solution of the

auxiliary problem (2.6)—(2.9) exists and is also a solution of the problem (0.1)—
(0.3).
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Assume that there is h € L(J) such that |f(t, z,y)| < h(¢) for a.e. t € J, for
—

h(t
all (z,y) € [01(t),02(t)] X R. Define function ¢ : J X R — R

Ug(t) if x> Ug(t)
pt,z)=( x if 01(t) < x < 0a(t), (2.1)
o1(t) if x < oq(t),
and further functions w; : J x [0,1] = R, i =1,2,
wi(t,e) = sup{|f(t,01,01) — f(t,01,)| : ly — 01| < e}, (2.2)
w2(t’5) = Sup{|f(t,027aé) - f(taUQay)l : |y - 0-,2‘ < E}'

We see that w; € Car(J x [0,1]) are nonnegative, nondecreasing in the second
variable and w;(t,0) =0 for a.e. t € J, i =1,2.
Now, define F : J x R? — R such that

[t 00,y) +wolt, 72577 ) + 252 for o > 0a(t),

Y x—oo+1
F(t,%y) = f(tvxvy) for Ul(t) SxSU?(t)7
f(t,ala y) — w1 (ta o‘fi;—wi-l) - a'fi;f-l for x < o1 (t)
(2.3)
This function is bounded by a Lebesgue integrable function H
|F(t,z,y)| < H(t) for ae. tc J,forall (z,y) € R (2.4)
Define a function §: R — R
_Jv if |yl < K
ﬁ(y)_{K~signy if |y > K
and
_ r r
K = max{ ¢ (~ max{[o(~ 5], [}~ [1H]l20n)]. (2.5)
_ r r
o7 (max{ o~ )1, |0} + 1)} + o loe + ol
where
= o0 [e B} 6 = —tj).
r=lole +llozloe, 5= _min (ta—t)
We consider the following modified problem
d
@ O)] = F(t,z(t), 2'(t), (2.6)
2(0) = ¢(0,2(0) + 2'(0) — 2'(T)), (2.7)

x(ti+) = x(t;) — p(ts, x(t:)) + Ji(e(ts, ©(t;))) = Ji(x(t;)), i=1,...m, (2.8)
o (ti+)) — (2’ (t:)) = ¢(Mi(B(2 (£:)))) — (B2 (t:))), i=1,...m. (2.9)
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For this problem the following three lemmas rule

Lemma 2.1 Let u be a solution of (2.6)—(2.9) and (0.4), (0.6) hold. Let 01,09
be respectively lower and upper functions of (0.1)—(0.3) and o1 < o5 on J. Then

u satisfies
o1(t) <u(t) < oq(t) forallte J (2.10)

Proof We show that v(t) = o1(t) —u(t) <0 for all ¢t € J. By (2.7), we have
v(0) =v(T) < 0.
1. Assume, on the contrary, that there is a € (0, 7)\A such that
max{(oy —u)(t) : t € J} = v(a) > 0.
Then (01 — u)'(a) = 0. This guarantees the existence of § > 0 such that

o1 — U

(o1 —u)(t) >0, /()< Eo——]

<1 Vte (a,a+d) C (0,T)\A. (2.11)

Using (2.3), (2.11) and the properties of o1, we get

Gt O ~ [/ (1))
, , o) —ult) \, out) = u(®)
2 flt01(8), 0L 0) = f (o (0w O) e (1, T )+
> ~|f(t,01(8), 04 (1)) = F (1,01 (6), ' () [+ (1[0 (6) = (D)) +lor (6) =/ (8)] > 0

for a.e. t € (o, + 9).

Hence, ¢(o1(t)) — ¢(u'(t)) > ¢(o1(a)) — d(u/(a)) = 0 for all t € (o, + 9).
Since ¢ is increasing, we get u/(t) < of(¢) for all ¢t € (e, @+ ). This contradicts
that v has a maximum at . We have showed that v does not have a positive
maximum at any point of (0,T)\A.

2. If v(t) > 0 for some ¢t € J, there is a t; € A such that

max{v(t) : t € [0,T]} = v(t;) > 0. (2.12)
By (2.8) and the Definition 2 we get
u(tj+) = ou(tj+) —ult;+) = J;(01(t))) —ulty) + or(t;) — J;(o1(t;)) = v(t;).

Then
V' (t;+) <0. (2.13)

Futhermore, taking into account (2.12), we have v'(¢;) > 0, and by Definition 2,
the relations

o(or(t;+)) = ¢(M;(a(t5))) = ¢(M;(B(u'(t5))))
= ¢(u'(t;+)) — ¢(u'(t))) + ¢ (3 ) j
= ¢(oy (t;+)) — p(u'(tj+)) > 0

follow. It means, since a function ¢ is increasing,

o' (t+) > 0. (2.14)
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Now, by (2.13), (2.14) we get v'(t;+) = 0.

Thus, in view of the first part of the proof, there is § > 0 such that
g1 —Uu
— <1 tit; +9 THY\A

0'1—U+1< On(]7j+)c(07 )\

and we deduce that v'(t) > 0 for all ¢ € (¢;,t; + ¢), which contradicts (2.12).
So, we have proved o (t) < u(t) for all t € J.

If we put v(t) = u(t) —o2(t), we can prove u(t) < o2(t) on J by an analogous
argument. o

Lemma 2.2 Let u be a solution of (2.6)-(2.9) with a condition (0.6). Then u
satisfies the periodic boundary conditions (0.2).

Proof The first, we prove
71(0) < u(0) +u'(0) — u/(T) < 02(0). (2.15)

Suppose, on the contrary, that

u(0) 4+ u'(0) — u'(T) > a2(0). (2.16)

By the definition of the function ¢ it follows that ¢(0,u(0) + «'(0) — u/(T)) =

02(0). Then, by condition (2.7), we get 02(0) = u(0). The inequality (2.16)
implies that

u'(0) > u/(T). (2.17)

The equality 02(0) = u(0) = u(T) = 02(T) and (2.10)) yield 4(0) > «'(0) and
ob(T) < u/(T). This together with Definition 2, this head to

u'(0) < 05(0) < 05(T) < u/(T),

contrary to (2.17). We can similary derive the inequality o1(0) < u(0)+/(0) —
u'(T).
So, if (2.15) is valid, then

u(0) = ©(0,u(0) + u'(0) — v/ (T)) = u(0) + «'(0) — u/(T) = u'(0) = u'(T).

It means that a solution of (2.6)—(2.9) fulfils periodic boundary conditions. O

Lemma 2.3 Let u be a solution of (2.6)—(2.9) with a condition (0.6). Then u
satisfies the impulsive conditions (0.3).

Proof By means of Lemma 2.1 the equality o(t;, u(t;)) = u(¢;) holds. Then
the condition (2.8) implies u(t;+) = J;(u(t;)) for all ¢ € {1,...,m}. We will
prove the impulsive condition for w’.

We show that
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By the Mean Value Theorem there exists &; € (¢;,tj+1), 7 =0,...,m, such that

)| = el
Then the equality
W) = 6~ (B (€))) + / (6 (s)))'ds).
&

holds for all j € {1,...,m}. With respect to (2.4), (2.5) and (2.6) we have
W(t)| <K, j=1,...,m.
By (2.9), it means that v fulfils
o(u'(ti+)) — o(u'(t:) = ¢(Mi(u' (i) — ¢(u'(t:)) Vi€ {1,...,m},

therefore v/ (t;+) = M;(v'(t;)) for all ¢ € {1,...,m}, which concludes the proof.
O

Now, we will prove the main result of this section concerning the existence
of a solution for problem (0.1)—(0.3) with a bounded right-hand side.

Theorem 2.1 Let 01, g5 be respectively lower and upper functions of the prob-
lem (0.1)-(0.8) and o1 < o3 on J.

Assume that (0.4) and (0.6) hold. Further assume that there is h € L(J)
such that |f(t,z,y)| < h(t) for a.e. t € J, for all (z,y) € [01(t),02(t)] X R.
Then the problem (0.1)-(0.3) has a solution u fulfilling

o1 <u<oy onld (2.10)
Proof By means of the three previous lemmas it is sufficient to prove the
existence of a solution of the auxiliary problem (2.6)—(2.9). Denote

m

Vo (t) = D xe,n (0 [$(Mi(B(W (1)) = ¢(B(/(t)))] forteJ,  (2.18)

i=1

where X, 7)(t) means the characteristic function of the interval (t;,7]. For
fixed v € Cr(J) define g, : R — R such that

T T
Go(x) :/0 ¢71(x+/0 E,(s)der\Ifu(r))dr Vr € R,

where F,(s) = F(s,v(s),v(s)) for a.e. s € J. Since ¢~! is continuous and
increasing, g, is continuous and increasing, too. We know that there is H € L(J)
such that |F,(s)| < H(s) for a.e. s € J and for all v € CX(J) and then

¢
|/ Fy(s)| < |H| sy forallte Jand every v e Ca(J). (2.19)
0
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By (2.18), there exists ¢ > 0 such that
(W (t)| <o Vted ueCA). (2.20)
Since ¢ is increasing, for each x € R and for all v € C}(J)
To~Ha — | Hllzs) - 0) < 9u(a) < T6~ (@ + | Hl 1) + o).
holds. By this inequalities and by the fact that ¢~1(R) = R, we have g,(R) = R

for each v € CL(J). Therefore, for all v € CA(J) there exists a unique A,
satisfying

m

(Ay) :/0 ¢ (A, +/OTFU(S)CZS + Uy (r))dr = — Z(Ji(u(ti)) —u(t;)). (2.21)

i=1

We show that there exists N > 0 such that |4,| < N for every v € CX(J).
The Mean Value Theorem for integrals implies that there is 7 € (0,7") such that

/T ¢ (A, + / F,(s)ds + Ty (r))dr

0 0

= T¢! (Av + /0" Fu(s)ds + Uo(n) = — > (Ti(u(ts) — u(ti)> —C
i=1

Then A, = ¢(%) — [ Fu(s)ds — ¥y (n) and
C n
A, = Fy(s)ds — - Fy(s)lds + | ¥,
Al = [o(5) / s=wam| <[o(F)|+ [ IR+ 9,00
C
<Jo(5) / H(s)ds + 0 = |o(7)| + 1Hll20o) + e
It means that
14,] < ‘qﬁ(%)‘ +Hlp+e=N forallveCA(J).  (2.22)
Now define the following operator 7 : CA(J) — CX(J) by the formula
(Tu)(t) = ZX (o) () (Ti(u(ti) = (i) + (0, u(0) +u'(0) — /(T))
/ ot / Fu(s)ds + W (r))dr. (2.23)

0

Then for all t € J and all u € CA(J)

(Tu)(t) = ¢~ (Au + /0 Fu(s)ds + W, (1)) (2.24)
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holds. If u € CA(J) is a fixed point of 7, then from equation (2.24), we obtain

¢
o(u'(t)) = A, —|—/ F.(s)ds + WU, (t) for all t € J and for every u € CA(J).
0

(2.25)
F € Car(J x R?) means that F,, € L(J), so we have ¢(u’) € ACa(J). Dif-
ferentiating in equation (2.25), we obtain that u satisfies equation (2.6). Using
(2.21) we see that u satisfies conditions (2.7). From equation (2.25) we get for
all j € {1,...,m} equalities

t; Jj—1
O(u'(t;)) = Au+ /0 Fu(s)ds + Y xm)(8) [6(Mi (B (1)) — 6 (B (1)) ],
i=1

00 (64)) = At [ Fuls)ds + 3 0, mO[o(MB (1) — 9(300 (1)

From the difference of the left-hand and right-hand sides of these equalities we
see that for all t; € A condition (2.9) follows. Moreover, from equation (2.23)
we deduce _

u(t;+) = J;(u(t;)) forevery j € {1,...,m}.

Thus, if v is a fixed point of the operator 7 then w is a solution of (2.6)—(2.9).
Now, we will prove that the operator 7 has a fixed point u € CL(.J). We
start showing that the operator 7 is continuous in C}(J). For {u,} C CX(J),
we prove
Up, — uin CA(J) = Tu, — Tuin CA(J).
Let A,, correnspond to u, by equation (2.21), and similarly let A correnspond

to u. We prove that A, — A. By the construction of A, and A and by the
Mean Value Theorem there exists &, € (0,7) such that

lim {/OT¢—1(A,L+/OT Fy, (s)ds+V,, (r))dr—/OTqb_l(A—l—/OTFu(s)ds—l—\I!u(r))dr}

&n &n
=T lim {¢—1(A,L+ /0 Fu,(s)ds+V., (&) —¢ ' (A+ /0 Fu(s)ds+wu(gn))} =0.

(2.26)

Since ¢ is uniformly continuous in J, we have

&n 138
lim {An + / Fun (S)dS + \I'un, (gn) —A- / Fu(s)ds - \Ilu(gn)} =0.
By the continuity of ¢ and 8 in w it follows that ||¥, — U,|l. — 0. Since
u, — w in CA(J) and F € Car(J x R?), it holds that F,, — F, a.e on J. By
the Lebesgue theorem and from (2.19) we have

&n
lim [F.,(s) — Fu(s)]ds = 0.

n—oo 0
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We conclude that lim,,_.. A, = A. Furthermore

t

t
A, +/ F,, (s)ds+ 9, (t)— A+ / F.(s)ds+¥,(t) forallteJ.
0 0

Now, since

t

‘An + /Ot Fo (s8)ds + W, (t) — A — / Fou(s)ds — Wy (t)

0
S ‘An - Al + HFu,,L - Fu”L(J) + H\I/u” - \IIUHOO’

for all t € J, the convergence is uniform. By the uniform continuity ¢—! on
compact intervals, (7uy) — (7u)’ uniformly on J.
Since ¢ is continuous

(0, un (0) + 1, (0) = u, (T)) — (0, u(0) + '(0) — u'(T))

in R. Since jz are continuous for all ¢ € A

ZX(ti,T](')(ji(un( i) _un z ZX(t T (u(t ))—u(tl))

uniformly on J. Thus 7u,, — 7u uniformly on J.

Now, we are going to prove a compactness of the operator 7. Let M be
an arbitrary set in CA(J) and {z,} C 7 (M) be an arbitrary sequence. We
prove that we can choose a subsequence convergent in CA(.J) to the function
x € T(M). Choose sequence {x,} C 7(M). Then

where {x } C CYts,tiv1],i = 0,...,m. Consider {x[ﬂ} C CH0,t1]. We will
show that this sequence is bounded and {(J;L?])’ } is equicontinuous on [0, #1].

Let u, € M be such that x,, = Tu,. Then by (2.19), (2.20) and (2.22)

m

XM 0,01 < D i (u(ts) — ult)] + lonllse + llo2llos

¢ (Au, +/T Fy, (s)ds+%,, (r)) ‘dr—l— ’¢—1 (A, —I—/Ot F,, (s)ds+Y,, (t))‘

t
/
0

(T+1)maX{|¢ N = Hllzy = o)l o7 (N + [1H | pery) + o)}

It means that {xg?]} is bounded.
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On the basis of the absolute continuity of the Lebesgue integral the condition

Ver > 0361 >0 VTl,TQ S [O,tﬂ VY, € T(M) : |T1 77‘2| <1

N ‘Aun n / Fy (s)ds + W, (t) — (Aun +/ Fy (s)ds + U, (t1)>‘
0 0

T2

T2 T2
/ Fou () ds’ < ‘ / H(s) ds‘ <e (2.27)
T1 T1

holds. By the uniform continuity of ¢—! we have

Ve >0 dey >0V7, 70 € [O,tl] Va, € T(M) :
‘Aun +/ Fy,(s)ds+ Wy, (t1) — (Aun +/
0 0

T2

Fo (s)ds + U, (tl))‘ < ey
= [0 (Au, + /O " By (s)ds + 0., (1))

-t (Aun + /072 F, (s)ds+ T, (tl))‘ <e.

If we choose 62 corrensponding to €5 by (2.27), then
Ve > 0302 Y71, 72 € [0,11] Yy, € T(M) 1 |11 — 72| < 02

— (Y (r0) = @Y ()] = [0 (Au + [ Fu (o) ds + W (1)

T1
0

¢! (Aun + /072 F, (s)ds+,, (tl))‘ <e

It means that {(xl? ])’ } is equicontinuous. We can do similar considerations for
the other sequences {:z:%]} C Ctistiva],i = 1,...,m. Now, we select {:z:LO]} C
{xfﬂ]} convergent in C''[0,¢;], and corrensponding subsequences {x%l} C {m%]},
i =1,...,m. Having {azgj} we can select convergent subsequence. Without
loss of generality we denote it {a:gcl]} again, and choose corrensponding {mgjl},
i =0,2,...,m. Continuing inductively we choose convergent {xl[:l]} C {:c%“]}

and corrensponding sequences {gcl[i]}7 1=0,...,m— 1. If we take

we obtain the subsequence {z;, (t)} C {x,(¢t)} C T(M), such that {z; (¢)}
converges in CA (J). It means that the operator 7 is compact.
For all u € C(J) the following estimate holds

m
I Tulloy ) < D Milut) = ult)] + llonllee + llozllo
i=1

+ (T + Dmax{|¢™ (=N — [Hl|s) — )l 67 (N + | H|| ) + o)} = Q-
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Define Q = {u € CA(J) : [ullcy sy < @} Then © is a nonempty closed
bounded and convex set. The operator 7 sends the set  into €, 7 is compact.
By the Schauder fixed point theorem, operator 7 has a fixed point u. This fixed
point is a solution of the problem (0.1)—(0.3). O

3 Proofs of main results

In this section we prove the existence results which are contained in Theorem
1.1 and Theorem 1.2.

Proof of Theorem 1.1 Define function ¢(t,y):J x R — R

pa(t) if y > a(t),
Vty) =4y if p1(t) <y < pa(t), (3.1)
p1(t) ify < pi(t).
Further define function g : J x R?> — R by the formula

_ U — 711(157”)
g(tau71}) - f(t7uaw(tﬂv)) + |'U _ ’L/J(t7’l))| + 1
Then there exists hg € L(J)

lg(t,z,y)| < ho(t) for ae. t e J, for all (x,y) € [01(t),02(t)] X R.

Functions o7 and o5 are respectively lower and upper functions of the auxiliary
problem

Do/ )] = ot 2(0).2' (), (33

2(0) = #(T), 4(0,2'(0)) = #'(T), (3.4

o(tid) = Ji(x(t), i€ {l,...,m}, (3.5)

(59) =09 = 0000+ 3000/ 0) = TG0, €€ 1ol

function M; satisfies condition (0.6) for all i € A. Consider function ¢ defined
by (2.1), further formulas (2.2) - (2.5) defined for function g. By means of the
proof of Theorem 2.1 there exists a solution u of the following problem

with a property 01 <u < o9 on J.
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In additions, function w is also solution of the problem (3.3)—(3.6). We will
show that the following inequalities hold

o1 <u <y on (3.7)

Since ¢ is increasing, it is enough to prove the inequality ¢(¢1) < ¢(u') < d(p2)
on J.

1. Put z = ¢(u') — ¢(p2) on J. Assume, that there is a € (0,7)\A such
that z has a positive local maximum at «, i.e. z(«) > 0. Since u is a solution of
the problem (3.3) - (3.6), there is § > 0 such that z(¢) > 0 on (o, + ) and

2 (t) = [¢(u' ()] = [(p2(t)] = g(t, u(t), v/ (1)) — [B(w2(t))]
)

> fltul)palt) + 22

holds for a.e. t € (o, + &) with respect to (1.8). Thus, for a.e. ¢t € (o, + 0)
we have 2/(t) > 0. By integration of this inequality we get

0</%@@=/MW®W—WW®M®
— B (1)) — Ba(t)) — (6(u () — Blpa())) = () — =(a).

It means that z(t) > z(«) for all t € (a, @ + §). It contradicts the assumption
of the local maximum of z in a.

2. Assume that there is t; € A such that z(¢;) > 0. Then v'(t;) > @a(¢;).
Since

(U = p2)(tj+) = ' (t5) — pa(t;) + M;(pa(t;)) — Mj(p2(t;)) > 0,
the inequality z(¢;4) > 0 holds. Then there exists 6 > 0 such that
z(t) >0 on (tj,t; +9), 2'(t)>0 forae. te (tjt;+09). (3.8)
By the first part of the proof we have
2'(t) >0 on (tj,tj41) (3.9)
Now, by (3.8) and (3.9) we obtain

te(?:jat_};l] z(t) = z(tj+1) > 0.
Continuing inductively we get z(T) = ¢(u/(T)) — ¢(92(T)) > 0. It means that
w'(T) > p2(T) > ¢2(0). It is contradiction because from (1.7) and (3.4) we
get v/ (T) < p2(0) < ¢o(T). It means that the inequality v’ < ¢ holds on J.
By an analogous argument we can prove inequality @1 < u’ using function
z(t) = ¢(e1(t)) — ¢(u'(t)). So, u fulfils (3.7), consequently, u is a solution of
(0.1)—(0.3) satisfying (1.9). O

Before proving Theorem 1.2, we prove the following lemma where we derive
a priori estimates for derivatives of solutions.
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Lemma 3.1 Let oy, oo be respectively lower and upper functions of the problem
(0.1)-(0.3) and o1 < o9 on J. Assume that (0.5) holds. Further assume that
k € L(J) is nonnegative a.e. on [0,T], w € C([0,00)) is positive on [0,00) and

¢(=1) ds o ds
[ sy = /w) SoEy ~ > ¢10

Then there exists p. > 0 such that for each function u € CX(J) fulfiling (0.2),
the conditions for derivative in (0.3) and inequalities

o1 <u<oy onl, (3.11)
[p(u' ()" < w(l'(ONEE) + [ (D)) for a.e. t € J, (3.12)
the following estimate holds |u'(t)| < pa for allt € J.

Proof Put 7 = ||o1]|cc + ||o2lcc. By the Mean Value Theorem there is &; €
(i, ti+1) such that

2r

|u/(£1)| §?+1:7‘1, i:(),]-a"'?m, (313)
where
6= min (ti—i-l - tz)
4=0,1,...,m

The assumption (3.10) implies the existence of an increasing sequence {1, }3;’? ‘e
(r1,00) such that

T < My(p) < pyvr, —pmiars < Mty (—pmesrg) < =

for j =1,...,m and satisfying

/¢(lt1) ds o + ||kH
T 17N T L(J)>
oy w6 1(s))) o

[ s s
i o T L(J)>
s(umsn) @271 (s)]) )

o) ds
/qb(—umﬁ) w([¢=1(s)]) >+ [|klloo,
O(—tm+3) ds
/¢(um+4) w(|o=1(s)]) > 1+ |kl
d(pj41) ds
[b(Mj(uj)) w(lo=1(s)]) > 1+ |kl Lo,

¢(M;Li17j(_ﬂm+3+j)) ds
/ > v+ |kl
[}

(—pmaty) m
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for j =1,...,m. We estimate v’ from above. Assume that there is 31 € (£, t1]
such that
max{u'(t) : t € [&o,t1]} =/ (B1) =c1 > 11

Then we can find a1 € (&, 31) such that u'(aq) = m, v/(t) > r1 for all ¢t €
(a1, 81]. Integrating the inequality

[P’ ()]
w(|u'(#)])

which holds for a.e. t € (aq, 1), we obtain

B g () dt [P /
/al T () S/al (k(t) + ' (t))dt.

< (k(t) + [ (D)),

Using substitution s = ¢(u'(t)) we get that

/ﬁl o' (1))t _ /W” ds
w WW®) Sy w(67(s)

Moreover,

B B
/ (k() + /(1)) dt = / k(t)dt 4+ u(Br) — ulan) < [Kllpey + lo2(Br) — o1 (an)]

1 [e3]

<&z + Ulo2llecn + llotllewy) =+ 11kl L

/ [ e
= T b
o(r) wW(@1(s)) H)

which implies that ¢(c1) < ¢(p1). Since function ¢ is increasing, it means that
¢y < p1. Thus o/ () < py for all ¢ € [£g, t1].
Next assume that there exists 32 € (t1,t2] such that

So we have

sup{u/(t) : t € (t1,t2]} = ' (B2) = ca > Mi(p1).

Then we can find such as € (¢1, 82) that u/(a2) = My (u1), w'(t) > My(u1) for
all t € (az, f2]. Integrating inequality

[p(u’ ()]
w(lu'()])

which holds for a.e. t € (ag, 82), we get

Blowoya _ 1 ds
/a2 w(u'(t)) _/ab(Ml(m))W(éf’l(S))S + &l ()

so0 it must be ¢y < pa. We have proved that u/(t) < ug for all t € [t1,t2]. Contin-
uing inductively over all intervals (t;,t;4+1), we obtain the estimate v’ (t) < fim41

< k() + [u'(1)],
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for all t € [ty,, T, from this v/(0) < fiym+1 follows. Using the previous procedure
we deduce that u/(t) < 4o for all ¢ € [0, &].

Similarly we estimate u’ from below. Assume that there exists 3,,+3 € [0,&o)
such that

min{u'(t) : t € [0,&]} = v/ (Bmts) = —cmys < —71.
Then we prove that —cp43 > —fmts, tj. @' (t) > —fmys on [0,&], v/ (T) >
—m+3. From the assumption
inf{u' (t) : t € (tm, 1)} = v (Bimta) = —Cmia < —Hm+s

we get —Cpqd > —fhmtd, 1.6 —fmia < U (t) for all ¢ € [t,,,T]. Assume that
there exists Bp+5 € [tm—1,tm) such that

inf{u'(t) : t € (tm—1,tm]} = v (Bimss) = —Cmis < My (—fima)-

Then we get —Cpmi5 > —fmt5, 1.6. —fimys < @/ (t) for all t € [t_1,tm]. We can
again prove inductively that —u/(t) > —piomy4 for every t € [&o,t1]. If we put
fs = [lom+a, then p, > p; for all j € {1,...,2m + 3} and therefore |u/(t)| < p.
for all t € J. O

Proof of Theorem 1.2 Define functions

1 if 0<s<r",
x(s,r*) = =5 if rr<s<2r,
0 if s>2r*

and

9(t,z,y) = x|z + [yl,r") - f(E, 2, 9),
fort € J, z,y € R, where r* = ||01]|oc + [|02]|c0 + max{pis, |01l ||o5|loo} for
s given by Lemma 3.1. For (z,y) € [01(t),02(t)] x R, the function g(t,z,y)
is bounded on J by a Lebesgue integrable function. In addition, o1, o9 are
respectively lower and upper functions of the problem

%[aﬁ(ﬂf'(t))] = g(t,z(t),2'(t), (0.2),(0.3). (3.14)

According to Theorem 2.1 there exists a solution u of the problem (3.14) fulfiling
o1 < u < o9 on J. Moreover,

g(t,z,y) =
= x(z|+[yl, ") - f(t,z,y) < x| + |yl 7") - w((y)) (& + [y]) < w(ly)(E+|y])

for a.e. t € J, for all © € [01, 03], every y € R. It means that function g satisfies
condition (1.12) which implies that

[’ @)]" = g(t, u(t), v’ (1)) < w(u' @) (k@) + [u'(1)]) for aet e J.

Then, according to Lemma 3.1, |v/(t)] < . holds for all ¢ € J. So ||ulle +
|t/]|oo < 7* and g(t,u,u’) = f(t,u,u’) for a.e. t € J. It means that a solution u
of the problem (3.14) is a solution of the problem (0.1)—(0.3), too. It concludes
the proof of Theorem 1.2. O
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