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Abstract

If an observation vector in a nonlinear regression model is normally
distributed, then an algorithm for a determination of the exact (1 — «)-
confidence region for the parameter of the mean value of the observation
vector is well known. However its numerical realization is tedious and
therefore it is of some interest to find some condition which enables us to
construct this region in a simpler way.
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1 Introduction

In a linear statistical model with normally distributed observation vector the
construction of the confidence regions is a simple problem. If the statistical
model is nonlinear, i.e. the mean value of the observation vector is a nonlinear
vector function of the parameters, then the problem can be also solved, however
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102 Lubomir KUBACEK, Eva TESARIKOVA

it is much more complicated. Therefore it is reasonable to find another, much
more simpler procedure, which can be used at least under some conditions.
The aim of the paper is to find such conditions which enables us to use the
procedure from the theory of linear statistical models.
More on the problem of linearization of regression models cf. [3], [4], [5], [6],
[10], [11].

2 Notation and auxiliary statement

Let Y be an n-dimensional random vector (observation vector) which is nor-
mally distributed. Its mean value is equal to f(3), where 3 € R* (k-dimensional
real linear space) is an unknown vector parameter and f(-): R¥ — R™ is a vector
function. It is assumed that it can be expressed with sufficiently high accuracy
as

£(u) = fo + F(u— Bo) + ok(u—B,y), ue R,

2
where
_ _ Of(u)
fo=£(Bo), F= o' lu=g,
K’((SIB) = [Hl(é,@),...,lﬁn(é,@)]/, 6/6:/6_160
2 f.
k:(08) = 68 aajé(:) 08 i=1n

The covariance matrix of the vector Y is 02V, where 02 € (0,00) is either
known or unknown parameter and the n x n matrix V is given.
The notation
Y ~ N,[f(8),0*V], B e R, (1)

will be used in the following text.
The quadratized version of the model (1) is

1 X
Y —fy ~ Ny \F3B + 5k(68),0°V |, B € R, (2)

and the linearized version is

Y —fy ~ N, (F6B,0*V), BeR" (3)

Assumption The regularity of the model (3) is assumed in the following text,
i.e. the rank of the matrix F is r(F) = k < n and the matrix V is positive
definite.

Lemma 2.1 The (1 — a)-confidence region for the vector B in the model (3) is

& ={u: (u=B, - BFVFu-B,-08) o™i (01 - )}, (4)
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if the parameter o2 is known.
If it is estimated, then

€= {u: (u— By —B)F'VIF(u— By —0B) < 02 Fjn_1(0;1 — a)} G
Here
58 = (F'VIF) 'F'V (Y - ),
o2 = (Y —fo — FoB) V(Y — fy — F6B)/(n — k),

X2(0;1 — ) is (1 — a)-quantile of the central chi-squared distribution with k
degrees of freedom and Fy, ,,—;(0; 1 — ) is (1 —a)-quantile of the central Fisher—
Snedecor distribution with k and n — k degrees of freedom.

Proof Proof is well known (cf. e.g. [2]) and therefore it is omitted. O

Lemma 2.1 is not valid in the model (2). However if 63 = 3 — 3, is
sufficiently small, where 3" is the actual value of the vector parameter 3, it can
be expected that the region £ from (4) and (5), respectively, covers the actual
value B with a probability larger than 1 — o — ¢, where € > 0 is a sufficiently
small real number.

3 Linearization region

Consider the quadratized model (2) with the given covariance matrix ¥ = 0>V
(i.e. 02 is known).

Definition 3.1 The Bates and Watts [1] parametric curvature K P") and the
intrinsic curvature K (") of the model (1) at the point 3, are given as

VK (5B)V-IPY K (58)

K (par) —
asup SAF'V-1Fo3

;08 e R} = JKépar)

and

VE (6B)V-IMY k(68)

. k . (int)
VTS P € R =oK™,

K@) — 5sup

Here P}, = F(F'V!F)'F'V!and M}  =1-PY% "
Let an r-dimensional vector function d: R¥ — R"

d(B) =d(B,) + Di3, Bec R,

where (D, 1) = r < k, be under consideration.
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Theorem 3.1 Let « and € be sufficiently small positive real numbers and let
Omax be solution of the equation

P{X2(max) < X2(0;1 —a)l =1 —a —e.

If
, 2/ Omax F'V-'F
= : < B E— C = —
0B € L¢e {Jﬁ 03 CiB < Ko (3y) (° where P
then

EF = {u: (u—DsB) (DC D)L (u—DsB) < (\/XT (0;1 —a) + \/6m1x)2}

covers DB with probability at least (1 — a — ¢€).

Proof Let
2\/ max
0B 'Co .
PO = T (3y)
Then

¥{u € R"}u'D[E(B) — 68] < v/0maxVwDC- D',
what is equivalent, with respect to the Scheffé theorem [9], to
[E(38) — 68]'D'(DC™'D') ' D[E(3B) — 08] < dimas-
Let
{98: [E(B) - 58/D(DC'D') 'DIEGB) — 0] < Smax p (6)

Let (DC!'D’)~! = Y7 | \,fif! be the spectral decomposition.
The (1 — a)-confidence ellipsoid in the linearized model is

{u: (u-D3B)(DCTD) ! (u-DIB) < 2(0:1 - )}

and its semiaxes are a; = 1/x2(0; 1 — a)/v/Ai, i = 1,...,r. The semiaxes of the
ellipsoid (6) are m; = v/Omax/VAiyi = 1,...,7.

The semiaxes of the ellipsoid £* are a; + m;, ¢ = 1,...,r and it covers all
(1 — a)-ellipsoids in the linearized model with centers

DB + D[E(38) — 4], E(3B) — 0B € £".
The random variable

(DéB — DéB) (DC~'D') " (D3R — DIP)
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is chi-squared with r degrees of freedom and with the parameter of noncentrality
equal to

Y / —
6 = {DIE(B) - 9]} (DC™'D')'DIE(3B) — 98] < Sumax-
If 0mmax satisfies the equality
P{Xz((smax) S XE(O; 1- a)} =l-a- g,

then the ellipsoid £* covers the vector D§3 with probability larger or equal to
l-a—c. O

Corollary 3.1 Letd(B) = 8. If

o 2\ B
6,6 S £5 - {5,@ 6,@ 06,6 S W)(IBO)},

then

£ = {u: (= 58)Clu—38) < (VXZ0:T—a) + \/5max)2}

covers 63 with probability at least (1 — a — ¢€).

Let the function d(3) be of the quadratic form, i.e.
1
d() = d(By) + DiB + 56(68),
where §(683) = [61(68),-..,6-(68)], 6:(68) = 68’ Ai6B, A, = Al i=1,...,r.
Definition 3.2 The measure of nonlinearity for the confidence ellipsoid is

C(d(-),conf =

\/(5 —DCF'Y k) (DC-1D')~1(§ — DC-F'Y k)
= sup ;68 e R},

53'CépB
Theorem 3.2 Let dnax Satisfies the equality
P{Xz((smax) < XE(O; 1- a)} =l-a- g,
where « and € are positive sufficiently small real numbers. Let

2O }

d(+),conf

518 € ‘Cd('),conf = {5,8 5,8/05,6 <
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Then the ellipsoid

Ea(y = {u € R": (u—DsB)(DC'D')"'(u— DisB)

2 —
< (\/x%(O; l—a)+ \/6max) } +Dig
covers the vector )
DS + 56(5,@)
with probability larger or equal at least to (1 —a —¢).

Proof The random variable
[d(8) — d(8,) — D5B)(DC™'D) ' [d(8) — d(B,) — D]
is chi-squared distributed with the parameter of noncentrrality
5= i(& —~DC'F'Y ') (DC'D')"!(6§ - DC'F'E k).
From Definition 3.2 we have
48 < (Cy(.)cont)*(68'CIB)%.
If 68'C68 < 2v/0max/Ca() cont, then § < dmax and then the vector
EI5(80) + DB] ~ [d(8,) + DoB + 35(58)
is an element of the ellipsoid
{u: uec R, u(DC!'D)lu< (5max}

with probability at least 1 — a — €. Now it is obvious how to finish the proof.
O

Corollary 3.2 If the function d(-) is linear, i.e. d(B) = d(8,) + D33, then
2 vV Ymax
§3'CéB < C’L =P{dB)eé}>1—-a—c¢,
Dp

where

\/#'S7'FC-1D/(DC-1D)-IDC-1F'S 'k
CDﬁ — Sup . 5,8 S Rk 5

53 CoB
¢ = {u+d(8y): (u- DB (DC'D) " (u— DIB)

< (VEGT= ) + Vo) |
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and
P{X%((Smax) < X?Q"(O; 1-—- a)} =1l—a—=¢

(cf. Theorem 3.2).

Corollary 3.3 If the function d(-) is scalar, i.e. d(B) = d(By)+d'68+36(58),

then
53'CoB < 2V0mx . prug)eg)>1-a—e,
Ca(p)

where

/(d’C—ld)—l
Cyp) = Sup{\/lzl 55 CoB @: 5B € R’“},

£ = {u+d(py): (- dFP/@Cd) < (/30,1 0) + Vomar) }

and

[a]=[6(58) — d'CT'F'S"k(50)].

2

Until now the parameter ¢~ is assumed to be known. Let

n—k (68 — 3B)F'V-IF(68 — 63)

T(68) =U U= = A
(98) k-’ (Y — £y —Fé38)V-1(Y — f, — FiB3)

Then T'(63") has the Fisher—Snedecor distribution Fj ,—x(-) in case of the lin-
earized version (3) of the regression model.

Lemma 3.1 In the the quadratized model (2) we have

(i) (68" —0B)E'VIF(68" = 3B) ~ o™X} (51),
where §; = k' (68)VPY " k(68)/(402) and

(i) (Y —fo—FoB)' VY — fo — F6B) ~ 02\ _4(52),
where 5, = K/ (§B)V MY k(38)/(40?).
Proof (i) The parameter of noncentrality d; is

51 = E(68* — 6B)F'V 'FE(68* — 68)/0>.
Since in the quadratized model (2)
E(B* —68B) = 68" — (F'V'F) 'F'V! |Fsp* + %fc(dﬁ*)

1
—§(F’V*1F)*1F'V*1m(5ﬂ*),

the statement (i) is valid.
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(if) Analogously

1

E(Y — £, — F68) = F6* + 5#(08°) ~F(E'V'F)'FV
1 1 -1
X [F(Sﬂ* + 5:@(6@)} = 51\/1; K(08%)
and therefore also the statement (ii) is valid. O

The probability density of the random variable X?c (0) is [7]

% 1 /5\T -
wol-+02 Y 5 (5) sty >0

0, y <0.

gr,6(y) =

Thus the density of the random variable U is

9(0i81,52) = [ g1, (w0)gas (0}
0
Let the set Cs; 55 be defined as follows.

/[(nk:)/k:]ka,_k (051— )

Csr .63 :{(5}‘755): g(u;dfﬁ%‘)du:l—a—s}.

0

Theorem 3.3 The linearization region for the confidence ellipsoid in the case
of the estimated o2 is

2./57
}{épar)

2./0%
Lsi = {56: SBFV'FéB <o & OBFV I'FiB < a—K\(/E) }
0
i.e.
6166‘651,62 iP{(SIBES} > 1—04—5’

where & is given by (5).

Proof With respect to Definition 3.3 it is valid that
L, —1pV! ?
T3k (08)V T Pr K(60) :

1 ro/x7—1 2 (par)
< _
= < S (0BFVIFB) (JKO )

Thus the inequality

2,/57

}{épar)

SBFVIFiB <o

implies

1 1
Em’(m)v—lpg K(08) =6, < &7
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Analogously
1, gVl 1 Iy —1 2 (int))?
— K (0B)V "My k(0B) < — (68 F'V'FiB)° (0K, .
402 404
Thus the inequality

2./0%
SBF'VIFiB < oY 2
K(znt)

0

implies
1 -1
EK’QB)V*IM% Kk(0B) = 02 < 45
O

In order not to prefer one of the parameter noncentrality for the other one,
the condition

07 /85 = (K§™)? /(K™
can be used. Thus
2,/67 2 03

K(()par) - K(()int)'

In some cases the Bates and Watts intrinsic curvature is zero and thus the
random variable T = [(n — k)/k]U has the the noncentral Fisher—Snedecor
distribution

Fn—(01) = [ (01)/K/ 3 (0)/ (n — B)],
since d2 = 0. Let 01 max be solution of the equation

P{Fk,nfk:(al,max) > Fk:,nfk(o; 1— a)} =a+e.

If
e ) ell,D&3
C( W,DsB) — OCO( ),

where

C(()ell,Déﬂ) _

\/#'V-1FC,'D/(DC, 'D)-1DC, PV -k
53 Coop3

;68 RFY

= sup

where Cy = F/'V~1F, then the following implication is valid.

2 6 max
58'CoéB < oY1

O D5
0
= P{(38 - 58)D'(DC,D')"'D(3B - 58)

< kﬁFk,n,k(O;l — a)} >1l—a—c.
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It is to be remarked that in the case D =1, i.e. the confidence ellipsoid for
the parameter 63 must be determined, then the equality C' (e,68) — [ (par) can
be used.

In the case that o2 must be estimated, the decision whether linearization of
the model with respect to the confidence ellipsoid can be used, is made with
some uncertainty. Therefore a comparison of the given procedure with the exact
determination, which is in this case known (cf. [8]), is interesting.

Lemma 3.2 Let in the model Y ~ N,[f(B3),%], B € R*, the matriz ¥ be
known.
(i) Then the set

Cy = {ﬁ: £8) = YV (PF) =71PEIE8) — Y] < 3051 - a)}

is the exact (1 — «)-confidence region for the parameter 3.

(ii) If the matriz 3 is of the form ¥ = 02V, where V is a given n x n p.d.
matriz and o? is unknown parameter, then the exact (1 — a)-confidence set for
the parameter 3 is

Dy = {ﬁ: £8) - YI' (PYs)) VIR [68) ~ V)

k
<
“—n—k

Y —£(8)] (Mg(_ﬂl))/ VﬁlMg(_gl) Y — £(8)] Fi,n—r(0; 1 — Oé)}

Numerical determination of the exact confidence regions is tedious and time
consuming unlike procedure given by a linearization.

4 Numerical example
Consider the Michaelis—Menten model, i.e.
;3
i1, B2) = ——

zi + F2’
and ¥ =¢%I, 0 =0.1.
If 81 =4 and (2 = 1, then (cf. [12])

xX; 4331' .
F}. = —, — =1,2,3,4,5
{ }1’. <1+$¢’ (1-1-%‘)2)’ 1 9 &y Yy Ty Yy

07 - Ziv
( (Lrad)® ) . i=1,2,3,4,5,

2 =1,2,3,4,6

F;

T
T T

K(()int) _

s { VR (6B)M zr(5B)

;68 € RF } =0.3326
S8 FF3 pe } :

K(gpf”“) —

s { x' (0B)Prr(0P)

) kL =1.3212.
sgFFep P n } ’
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Let o(= 0.1) be known and let ¢ = 0.05, i.e. dpax = 0.6398. Then the

linearization region for the confidence ellipsoid is

PN }

Le=1<08: 6,8'F’F6,8 <g—————
‘ { K& (8y)

and the 0.95-confidence ellipsoid for 43 is

&= {u: (u—38)FF(u— B, —8) < 0.0599}

cf. Fig. 1.

region Leps

dbl nmaxinun = 0.591

dbZ2 maxirmun = 0.333608
dbl raster = 0.1182

db2 raster = 0.110722
criterium value = 0.140726

Fig. 1: 0.95-confidence ellipse for 43 and the region Lg
Let set of measured data y are simulated for o = 0.1, i.e.

y = (1.90,2.57,3.08,3.13, 3.58)".

If 61 /6, = (K@) JK(n))2 = 15.779 478 = ¢, then the set Cyy 55 consists of

a single point which is a solution of the equations

9.552 [ oo
/ [/ 92,61 (uv)g3 s (U)vdv] du=0.95—0.05, 07 =163,
0 0

where

<1 /5\" /-1
exp[—(y +9)/2] Z;(—) ST T ) y >0,

9r6(y) = —
0, y <0.

In this case the linearization region from Theorem 3.3 is given in Fig. 2.
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region Ldi.d2

dbl maxinun
db2 maxinun
dbl raster
db2 raster
criterium value = 0.494404

Fig. 2: The region Ls, 5, and 0.95-confidence ellipse (5)
The set Dg from Lemma 3.2 is given for 1 — o = 0.90 at Fig. 3.

B2

2

18

16

14

12

Fig. 3: The set Dg from Lemma 3.2
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