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Hausdorff and packing dimensions for ergodic invariant
measures of two-dimensional Lorenz transformations

FraNZ HOFBAUER

Abstract. We extend the notions of Hausdorff and packing dimension introducing weights
in their definition. These dimensions are computed for ergodic invariant probability
measures of two-dimensional Lorenz transformations, which are transformations of the
type occuring as first return maps to a certain cross section for the Lorenz differential
equation. We give a formula of the dimensions of such measures in terms of entropy and
Lyapunov exponents. This is done for two choices of the weights using the recurrence
time of a set and equilibrium states respectively.

Keywords: Hausdorff dimension, packing dimension, Lorenz transformation, ergodic
measure

Classification: 37D50, 28A78, 37C45, 37A35

Introduction

We extend the notions of Hausdorff and packing dimension, replacing the sum
>4 |Al" occuring in the definition of the dimension by > 4 w(A)|Alt, where |A|
denotes the diameter of the set A and w is called the weight function which assigns
to each Borel subset of R a number in [0, co]. The definitions of these extended
versions of Hausdorff and packing dimension and some of their properties are given
in Section 1. Hausdorff and packing dimensions of this type were first introduced
in [20] for the case where the weight function is a power of a measure. The basic
properties in the more general case we consider in this paper are the same as
in [20]. A theory of dimension structures can be found in [21].

In this paper we do not consider the dimension of a set but the dimension of
a probability measure, which is defined as the infimum of the dimensions of all
sets of measure one. The dimension of a measure allows a local approach. This

is considered in Section 2. Let u be a probability measure on R™. For x € R"
log p(Br(x)) log w(B(z))
logr logr
these limits exist. As usual, By(x) denotes the ball of radius r around z. We have
the following theorem. If there are numbers o > 0 and § € R such that £, (z) = «
and ¢y (z) = 0 hold for p-almost all x € R™, then both the extended Hausdorff
dimension and the extended packing dimension of the measure p, which have w

as weight function, are equal to a — .

define ¢, (x) = lim, g and {y(z) = lim,_q , provided
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The dynamical systems we investigate in this paper are injective skew product
transformations F : [0,1]?> — [0,1]? defined by F(z1,x2) = (T(x1),9(z1,x2)),
where T is a piecewise monotone interval transformation and zg — g(x1,x2) is
a contraction for each x1. Transformations of this kind can serve as geometric
models for first return maps to certain cross sections of the Lorenz differential
equation and are therefore called Lorenz transformations. Under certain regular-
ity conditions, for an ergodic F-invariant probability measure p, whose entropy
hyu(F) is positive, it is shown in [25], that £,,(z) equals hH(F)(yul—dH + 7v1—d,u) for
p-almost all x, where u(z1,z2) = log|T"(x1)| and v(z1,22) = —log |02g(z1, 22)]|.
Therefore it remains to compute ¢y, (x). In Section 3 we use the method of [25]
to show that ¢,,(z) can be computed as a limit which uses cylinder sets around x
instead of balls By(z). This is then used in the subsequent sections for the compu-
tation of £, (x). In Section 3 we give also the definition of a Lorenz transformation
and its regularity properties used in this paper.

In Section 4 we investigate the recurrence dimension, which was first consid-
ered in [1]. It is the extended dimension with weight function w(A) = e=57(4),
where s € R and 7(A) is the recurrence time of the set A, which is defined by
T7(A) = inf{n > 1: F*"(A) N A # 0}. Under regularity conditions on the Lorenz
transformation F' we show for an ergodic F-invariant probability measure y with
positive entropy that £, (z) = S(Tul—du + 7v1—du) for p-almost all 2 and hence the
extended dimension of y equals (hy(F) — s)(ﬁ + ﬁ)

A formula of this type has been proved in [2] for ergodic measures on a twosided
shift space with a weak specification property and a certain choice of the metric,
and in [24] for ergodic measures of certain diffeomorphisms on two-dimensional
manifolds. Related formulas for dynamical systems on the interval can be found
in [23] and in [11].

Finally, in Section 5 we consider the extended dimension with weight function
w defined by w(A) = o(A)*, where g is a probability measure and s € R. This is
the dimension introduced in [20]. In this paper we assume that g is an equilibrium
state of a piecewise Holder continuous function ¢ : [0,1]> — R, which satisfies
sup ¢ —inf ¢ < htop(F') and has pressure zero. Under regularity conditions on the
Lorenz transformation F' we show for an ergodic F-invariant probability measure
p with positive entropy that £y, (z) = s [ pdu (% + ﬁ) for p-almost all
and hence the extended dimension of ;1 equals (h,(F) —s [ ¢ du)(Tul—du + 71}1—d,u)
A related formula for dynamical systems on the interval can be found in [15].

1. Extended Hausdorff and packing dimension

We introduce extended versions of Hausdorff and packing dimension for subsets
E of R™. These are numbers dim,,(E) and Dim,(FE) depending on a weight
function w, which is a function from the Borel subsets of R" to [0, o].
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Let 7 be a function defined on all subsets of R™ with values in [0, co]. We call
~ monotone, if G C H implies v(G) < (H) for all subsets G and H of R"™. We
call v subadditive, if v(Uj2, Gj) < 2272 7(G;) holds for all subsets G of R™. If
~ is monotone and subadditive, it is called an outer measure.

For G C R" and § > 0 we call A a centered §-cover of G, if it is a finite or
countable set of balls By(z) with x € G and r < § which cover G. Denote by
Cs(@) the collection of all centered d-covers of G. For t € R and G C R define

Q) = i inf A)| AL
(G) Jim Aeﬁ(@)%w( A

The limit always exists, but can be infinite. In general, 7y is not an outer measure
on R™. It is subadditive, but not monotone. Therefore define for £ C R"

v (E) :glé% 7 (G).

By standard arguments one shows that 14 is monotone and subadditive, and hence
an outer measure on R”.

Suppose t < s. We show that 14(E) < oo implies vs(E) = 0. For any A € C5(G)
we have Y- 4 4 w(A)|A]® < (20)578 > 44 w(A)|Al'. Taking the infimum over all
A € Cs(G) and then the limit § — 0, we get that 7¢(G) < oo implies 75(G) = 0. If
we have now 14(E) < oo then 4(G) < oo for all G C E, which implies 75(G) = 0
for all G C E and hence vs(F) = 0 follows.

Therefore, there is a number ¢y € [—o0, 0] such that v(E) = oo for t < tg and
vi(E) = 0 for t > tg. We denote tg by dim,,(F) and call it the extended Hausdorff
dimension of the set E with weight function w.

Now we define the extended packing dimension. For a subset G of R™ and
40 > 0 we call R a centered d-packing of G, if R consists of pairwise disjoint balls
Br(z) with © € G and r < §. Denote by Ps(G) the collection of all centered
0-packings of G. For t € R and G C R" define

Rt(G)=lim  sup w(A)|A.
=0 ReP;s (@) gz

The limit always exists, but can be infinite. In general, K¢ is not an outer measure
on R™. It is monotone, but not subadditive. Therefore define for £ C R"

ke(E) = inf " 7(G)

GeQ(E) GeG

where Q(F) is the set of all finite or countable covers of E by arbitrary subsets
of R™. Again one easily shows that x; is an outer measure on R".
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Suppose that ¢ < s. We show that x;(F) < oo implies xs(E) = 0. For any
R € Ps(G) we have > 4 w(A)|A* < (20)71 Y qcpw(A)|Al". Taking the
supremum over all R € Ps(G) and then the limit § — 0, we get that 5:(G) < oo
implies #s(G) = 0. If we have now k(E) < oo then there is G € Q(F) with
> qeg Ft(G) < oco. This implies #¢(G) < oo and hence also %5(G) = 0 for all
G € G, and ks(E) < Y geg Rs(G) = 0 follows.

Therefore, there is a number ¢y € [—00, 00] such that k¢(E) = oo for t < tg and
kt(E) =0 for ¢t > tg. We denote tg by Dim,,(E) and call it the extended packing
dimension of the set E with weight function w.

Finally, one can show that the Hausdorfl dimension is less or equal to the
packing dimension.

Proposition 1. For any subset E of R" we have dimy,(E) < Dimy, (F).

PROOF: Set ¢ = (3n)". We show first that 24(G) < ¢&¢(G) holds for all bounded
subsets G of R". To this end set 7 5(G) = inf 4cc; (@) > aca w(A)|Al" and

Fit,5(G) = SUPReP; (@) 2oAcR w(A)|Al'. Fix § > 0 and set v = % For all

k= (k1,ka,... kp) € Z" define Wy = [[7_;[kjv, kjy +~). Since G is bounded,
the set M = {k € Z" : W}, NG # (0} is finite. For each k € M choose x € W, NG
and set By = Bs(x). Then H = {By : k € M} covers G and hence H € Cs(G).
This implies 7 5(G) < > gy w(A)|Al". Set @ = 3n. Then By N By = 0, if
Ik —llloc > a. Set D = {0,1,...,a—1}". For d € D let My be the set of all
k € M such that a divides all coordinates of k — d and set Hy = {By, : k € My}.
By the choice of a the sets in H; are pairwise disjoint and hence H; € Ps(G). This
implies 7y 5(G) = > aen, w(A)|Al* for all d € D. Because of H = (Jyecp Ha we
have Y 4 ey w(A) A" <> ucp 2 AcH, w(A)|AJ'. Since q is the cardinality of D,
this implies 74 5(G) < gfy 5(G). Taking the limit § — 0 we have 7(G) < ¢ft(G).

Next we show that v4(F) < gkt(E) holds for all bounded subsets FE of R™.
If k¢(E) = oo nothing is to show. Otherwise fix ¢ > kt(E). Then there is
G € Q(F) with Y 4.g Kt(G) < c. Let H C E be arbitrary. Since & is monotone,
we have ) qcgft(H NG) < Y geght(G) < ¢ As H is bounded and #; is
subadditive, we get 7(H) < > qegt(HNG) < ¢) qeg Ft(H NG) < ge. Since
H C FE is arbitrary, we have 14(E) < gc. Since ¢ > k¢(E) is arbitrary we have
v (E) < gre(E).

Finally, for arbitrary E C R™ we show that x+(F) = 0 implies »(E) = 0.
To this end suppose that x¢(E) = 0. There are bounded subsets E; of E with
E =2, Ej. Since k¢ is monotone, we have r¢(Ej) = 0 for j > 1, and since v
is subadditive, we get v¢(E) < >222; v¢(Ej). Since we have 14(E;) < gr¢(Ej) for
all j > 1, this implies 14 (E) = 0.

For any subset F of R™ we have shown that x;(EF) = 0 implies v4(F) = 0
proving dim,(E) < Dimy, (F). O
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2. Extended dimensions of probability measures

Denote the collection of all Borel subsets of R™ by 5 and let w : B — [0, c0] be
a weight function. For a Borel probability measure p on R™ define

dimy, (@) = EeB,i;ILl(fE):l dim(E) and Dimy,(p) = EeB}E{E):l Dim,,(E).

We call dimy, (1) the extended Hausdorff dimension and Dim,,(u) the extended

packing dimension of the measure p with weight function w. Since we have

dimy, (E) < Dimy,(F) for all subsets E of R™, we get also dimy, (1) < Dimy, ().
The dimension of a measure allows a local approach. For z € R" define

_ i log u(Br(z)) _ i, logw(Br(z))

provided these limits exists. Often ¢,,(x) is called the local or pointwise dimension
of the measure p. The following theorem gives a connection between these local
quantities and dimension. For the usual Hausdorff dimension theorems of this
type are well known. See for example [3], [28] and [5].

Theorem 1. Let p be a Borel probability measure on R" and let w be a function
on the Borel subsets of R™ with values in [0, c0]. Suppose there are numbers o > 0
and 3 € R such that ¢, (x) = o and £,y (x) = (3 hold for pi-almost all z € R™. Then
we have dimy, (1) = Dimy,(u) = a— 5.

PrOOF: By assumption, there exists a Borel subset M of R™ of y-measure one,
such that lim,_,g % = «a and lim,_,g % = [ hold for all z € M.
In order to prove Dimy, (1) < a — 8 choose an arbitrary ¢t > a — 3 and set

5:%(t—a—|—6). For k € N we define

t—e

My, = {w € M : u(By(x)) ' o :

>t and u(By(z)) @ > w(By(x)) for r € (0, P}

For all x € M there exists r(z) € (0,1) with
<t

t-clogp(Br@) _, . B¢ logu(Br(x)) _ logu(B,(x)
«Q log r - « log r - logr

for all » € (0,7(x)). Hence there is k € N with # € M. This shows M =
Urss M
Fix k € N and ¢ € (0, %), and let R be a centered d-packing of My. By the
definition of € and M}, we get
t—e

Do w Al <28 YT uA) T p(A)w =20 YT p(A) <2

AeR AeR AeR

B
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This implies r¢(My) < Ri(My) < oo. It follows that xs(My) = 0 holds for all
s > t. Since kg is an outer measure, we get ks(M) = 0 for all s > ¢, which implies
Dim,, (M) < t. Since t > o — [ was arbitrary, we have Dim,,(M) < o — 3. The
definition of the dimension of a measure gives now Dimy,(u) < « — 3, since M
has pi-measure one.

Next we prove a— < dimy, (). By the definition of the dimension of a measure
it suffices to show p(L) = 0 for every Borel subset L of R™ with dim,, (L) < a— .

Let L be a Borel subset of R™ satisfying dim, (L) < a — . Choose ¢t with
dimy, (L) <t < oo —  and set € = %(a—ﬁ—t). For k € N we define

t+e

Ly ={vel:n(B:()% e :

<7t and u(By(z)) @ < w(By(x)) for r € (0, P}

If x € LN M, then there exists r(z) € (0,1) with
>t and

t + ¢ log u(Br(z)) f+ e logp(Br(z)) _ logw(Br(z))
@ logr - @ logr - logr

for all r € (0,7(x)). Therefore there exists k € N with # € Lg. This shows that
we have LN M C 72 Lg.

Fix k € N and n > 0. Because of dimy,(L) < t we have 14(L) = 0 and hence
also v¢(Ly) = 0, since Ly, C L and v; is an outer measure. This implies 74(Lg) = 0
and there are § € (0, %) and a centered d-cover A of Ly, with

> w(A)Al" < 2.
AcA
By the definition of € and Lj, we get now
B+e

w(L) < S0 wA) = 3 pA) T uA) T <L ST wA)Alf <.
AeA AeA AeA

As n > 0 was arbitrary we get u(Ly) = 0. This implies (L N M) = 0. Since M
has p-measure one, (L) = 0 is shown.

We have shown that Dimy, () < o — 8 and o — 8 < dimy,(p) hold. Since
dim,(p) < Dimyy(p) holds for all probability measures p, we get the desired
result dimy,(p) = Dimy, (@) = o — 3. O

3. Lorenz transformations

We investigate the same class of transformations on [0,1]? as in [25], which
are called Lorenz transformations, since transformations of this kind can serve as
geometric models for first return maps to a certain cross section of the Lorenz
differential equation. A Lorenz transformation F : [0,1)> — [0,1)? is defined by
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F(z1,22) = (T(x1),g9(x1,x2)), where T and g satisfy the following properties:
(a) T:[0,1] — [0,1] is piecewise monotone, which means that there are points
0=c <c1 <cg<...<ecy =1, such that T|(cj_1,c¢;) is continuous and
strictly monotone for 1 < j < N, and piecewise differentiable, which means that
T|(cj—1,¢j) is Clfor1<j<N.

(b) g:[0,1]2— [0,1] is C* on the set [J}_; (cj—1,¢;) x [0, 1] with sup |91 g| < oo
and sup |[O2g| < 1, and dag(z) # 0 for all z € U;-Vzl(cj_l,cj) x [0,1].

(¢) The sets F((¢;—1,¢;) x [0,1]) for 1 < i < N are pairwise disjoint and their
closure is contained in [0, 1] x (0, 1).

Set Z = {(¢j—1,¢j) : 1 < j < N}. We call Z a finite partition of [0, 1] into
open intervals, although it covers [0, 1] only up to finitely many points, and say
that T is piecewise monotone with respect to Z. Notice that we can add finitely
many further partition points, and 7' is then also piecewise monotone with respect
to the partition we get in this way.

Now let Z be any finite partition of [0,1] into open intervals, with respect
to which T is piecewise monotone. For n > 0 set Z,, = \/?:0 T—JZ, which is
again a finite partition of [0,1] into open intervals. Define Pz = (Jzcz Z and
Rz = ﬂ‘;‘;o T—J(Pz). For every n > 0 and every t € Rz there is a unique element
in Z, which contains t. We denote it by Z,,(t). Set Y = {Zx[0,1]: Z € Z}, which
is a finite partition of [0, 1]? up to finitely many vertical lines. For £ > 0 and [ > 0
set Vi = V?:—l F=3Y. Define Qy = UyeyY and Xy =N52_ F~I(Qy). For
every k > 0 and [ > 0 and every x € Xy there is a unique element in JJM which
contains x. We denote it by Y}, ;(x).

We say that a measure has no atoms, if it assigns measure zero to all single
points. Furthermore, let 7 : [0,1]2 — [0, 1] be the projection to the first coordi-
nate. Suppose that u is an ergodic F-invariant probability measure on [0, 1]2 with
positive entropy. Then its image pr under 7 is an ergodic T-invariant probability
measure on [0, 1] which is not concentrated on a periodic orbit, because otherwise
1 would also be concentrated on a periodic orbit. This implies that pr has no
atoms. Since [0, 1]\ Pz is a finite set, we get ur(Pz) = 1, which gives u(Qy) =1
and pu(Xy) =1.

We define the functions u and v from Qy to R by u(z) = log|T"(n(z))| and
v(xz) = —log|dag(z)|. They play an important role throughout the paper.

In order to determine the quantities ¢, (x) and £y, (x) of Theorem 1, we proceed
as in [25]. We say that the Lorenz transformation F(x1,z92) = (T(21), g(z1,22))
is reqular, if T’ has onesided limits and satisfies 0 < inf |7”| < sup |T”| < oo, and if
xg +— log |02g(x1,x2)| is a uniformly equicontinuous family of maps for x1 € Pz.
These conditions are slightly different from those in [25]. They are chosen to have
a finite partition in Theorem 2 below. One can get all results of this paper also
under the assumptions of [25], but this needs generalizations of results in [6] for
countable partitions.
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We need some lemmas.

Lemma 1. Let F' be a Lorenz transformation and let ;n be an F-invariant pro-
bability measure such that i, has no atoms. Then we have hy, (T) = h,(F).

PRrOOF: We follow the definition of entropy (see [27]). Let Z be any finite parti-
tion of [0, 1] into open intervals, with respect to which T is piecewise monotone,
and set Y = {Z x [0,1] : Z € Z}. Then pur(Rz) = un(Xy) = 1. It is easy to see
that Hy, (Zn) = Hu(Yn,0) for n > 0. Because of hy, (T, Z) = limp o %HMW (Zn)
and h,(F,Y) = limy oo %Hu(ymo) we get hy (T,2) = hy(F,Y). If now Z
runs through a sequence of partitions, which become finer and finer with inter-
val lengths going to zero, then hy, (T, Z) tends to hy, (T) and hy(F,)) tends to
hyu(F). This gives hy, (T) = hu(F). O

In particular, we can apply Lemma 1 to any ergodic F-invariant probability
measure with positive entropy, since then p; has no atoms.

Lemma 2. Let T : [0,1] — [0,1] be piecewise monotone and piecewise differ-
entiable with sup|T’| < co. Fort € Rz let ry(t) be the distance of T"(t) €
T"(Zn(t)) to the nearer endpoint (to one endpoint, if both have equal distance)
of the interval T"(Zy,(t)). If n is an ergodic T-invariant probability measure with
positive entropy, then limsup,, ., % logrp(t) = 0 for n-almost allt € Rz.

ProoF: This is a special case of Proposition 2 in [14]. A different definition of
Z,, is used there, so we have Z,(t) instead of Z,41(t). O

For x € Xy and for integers k, [ > 0 we can write Y}, ;(z) as Y, o(z) N Yy ;(z),
which will be used below to compare the set Y}, ;(x) with a ball B,.(x). We have
Vj.0(z) = Z(m(z)) x [0,1], which is a rectangle, and Yg;(z) = F(Y] o(F~!(x))),
which is a set of the form {(t,s) : t € T'(Z;(w o F~}(z))), a(t) < s < B(t)}, where
TYZ(x o F~!(z))) is an interval, since T is monotone and continuous on the
intervals in Z;, and « and (8 are continuous functions satisfying o < (3, since g
is C1 and dog # 0 on Qy. We call the functions o and 3 the lower and upper
boundary of Y ;(z).

Lemma 3. Let I be a Lorenz transformation and let 1 be an ergodic F-invariant
probability measure satisfying [wdp > 0. Furthermore, suppose that we have
supy, ey [u(y) —u(z)| < [udp forallY € Y. Then for pi-almost all z € Xy there
is a constant C(z) < 0o with sup,>0SUPser(Yy . (x)) v, ()| < C(x), where v, is
either the upper or the lower boundary of Yj ().

PRrROOF: Let n > 0 and t € 7(Yp ,(x)) be arbitrary. By differentiation rules we
get

with T = (¢, (1)).
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For a detailed computation see Lemma 6 and the first part of the proof of Propo-
sition 2 in [25]. Because of d := sup |01g| < 0o and ¢ := sup |0ag| < 1 we get
@) <dY g texp(= ) u(F(@)).
i—1 j=1

Set ¢ = maxycy Supy ey lu(y) — u(2)| We have ¢ < [wudp by assumption.
Set 0(x) = sup;>1ic — >y u(F~7(z)). Since both x and T are in Yy, (z), for
0 < j <n we have that F~J(Z) and F~J(z) are in the same element of ), which
implies |u(F_3(_)) —u(F~I(x))| < c. From this we get |v,(t)| < C(x) if we set

Clz) =dY 2, ¢t @) = dee q). By the ergodic theorem, for p-almost all =
we have hmi_)OO % Z Lu(F~ I = [wdp, which implies 6(x) < oo because of

¢ < [wdp. This shows that C ( ) is finite for p-almost all x and the lemma is
proved. (Il

For k,1 > 0 and for any z € Xy let D,l€ () be the length of the interval
T(Yi0(2)) = Zg(n(z)) and dj(z) the distance of m(z) € Zi(m(z)) to the nearer
endpoint of the interval Zp(w(z)). We have D,lc(:t) > d,lg(x) by definition, and
d,lg(a:) > 0 since Z(n(z)) is open. If o and /3 are the lower and upper boundary of
Yp,i(x), set D?(:E) = B(w(x))—a(n(z)) and d%(w) = min{S3(n(z)) —p, p—a(n(z))},
where p is the second coordinate of z. We have Dl2(:1:) > d%(x) by definition.
The closure of the sets F(Z x [0,1]) for Z € Z is assumed to be contained in
[0,1] x (0, 1), which means that each point in F(Z x [0, 1]) has a positive distance
to the lines [0, 1] x {0} and [0, 1] x {1}. Since an z € Xy, is the image under F! of a
point in one of the sets F'(Z x [0,1]) and the lower and upper boundary of Yy ;(x)
are images of parts of these lines under F' l, we get that x has positive distance to
the lower and upper boundary of Yy ;(x). This gives d?(x) > 0. One can consider
D} (x) and d}(z) as a kind of horizontal diameter and horizontal radius of Y}, o()
and D?(z) and d?(z) as a kind of vertical diameter and vertical radius of Y ().

Lemma 4. Let F' be a regular Lorenz transformation and let € > 0 be such that
sup, .cy |u(y) — u(z)| < ¢ holds for all Y € Y. If p is an ergodic F-invariant
probability measure with positive entropy, then there is a subset K of Xy, with
w(K) =1, such that for all x € K we have

1 1
/udu —e< l}gminf—ElogD}f(:v) < limsup—Elonglf(x) < /ud,u—i—a,
—00

k—o0

1 1
/ud,u—a < l}fminf—glogd}ﬁ(z) < limsup—Elogdllﬁ(:zr) < /ud,u—|—a
— 00

k—o0

1 1
and lim —>log D (z) = lim —>logds(z) = /Udu.
I—oco 1 l—oo 1
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ProOOF: The intervals, whose lengths are D,lﬁ(x) and d}g (z), are mapped by T*
monotonically onto intervals, which have length at least ri(7(x)), where ry, is as
in Lemma 2. Using the mean value theorem, the ergodic theorem and Lemma 2
with n = pr, which has positive entropy by Lemma 1, one gets the first two
assertions. The third assertion is proved similarly, using the maps zo — g(z1,22)
which are contractions of vertical lines. Here one needs the assumption that the
maps xg — log|dag(x1,x2)| are uniformly equicontinuous. The detailed proof
can be found in [25] as the proof of Lemma 9. The proof of the third assertion
works also, if [ vdu = oo, since we still have lim; oo ;‘:_01 v(Fi(2)) = [vdp
for p-almost all z. This follows from the ergodic theorem, since v has positive
values. O

Lemma 5. Let F be a regular Lorenz transformation. Suppose that u is an
ergodic F-invariant probability measure with hy,(F) > 0 satisfying [uwdp > 0
and [wvdp > 0, and that sup,, ,ey |u(y) — u(2)| < [udy holds for all Y € Y.
Then there is an F-invariant subset L of Xy with u(L) = 1 such that ) restricted
to L is a generating partition for the transformation F|L and such that for every
x € L there are constants c1, cg and c3 and an integer q with the following
properties:

Br(z) 2 Yy 1(v) if k > 0 and | > 0 are such that chlz(a:) <r and clelﬁ(a:) <.
By (x) C Yy (x) if k>0 and [ > q are such that c3d?(z) > 7 and di.(z) > 7.

PRrROOF: By Lemma 3 there is a set G with u(G) = 1, such that for x € G the
constant C'(x) which bounds the slope of the lower and upper boundary of Y ,,(x)
for all n > 1 is finite. For « € G set ¢ = 2 and ¢ = 2+2C(x). By the definitions
of D,lﬁ(:zr) and DIQ(I) we get that the distance from = to any other point in Y}, ;(x)
is bounded by Dlz(x) + D,lg(:zr)(l + C(z)). If now chlz(:c) < r and CQDI::}(.I) <r
hold, then we have also D?(z) + D} (z)(1+ C(z)) < r and hence By(z) 2 Yy ().
Therefore the second assertion is shown for all x € G.

The assumptions of Lemma 4 are fulfilled for some e < [udp. Let K be the set
of y-measure one found there and let G be as above. Set H = ﬂ;’io F7I(GNK).
Then H is an F-invariant subset of Xy, which has p-measure one. For every
x € H we have now limy, ;_, |Y} ;1 (x)| = 0 by the second assertion proved above,
since limg_, oo Di(z) = 0 and lim;_,, D?(z) = 0 follow from Lemma 4 because
of [udpy—¢e >0 and [vdy > 0. Therefore ) restricted to H is a generating
partition for the transformation F|H. This shows the first assertion.

For 2 € Xy we write Y}, ;(x) as Y} o(x) N Yy (x). Since ) restricted to H is a
generating partition, we can apply Proposition 1 of [25]. It says that there is a set
M C H with p(M) = 1 such that for all € M there is an open interval I and
an integer § with m(Yy(z)) = I for all | > §. Set L = (52 F~J (M), which is an
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F-invariant subset of Xy of y-measure one. If a; and §; are the lower and upper
boundary of Yy () we have then Yy () = {(t,s) : t € I, oq(t) < s < §i(t)} for
I > . By Lemma 3 the slopes of a; and f3; are bounded by C(z) < oo on the whole
interval I for all € L. Furthermore, Y}, o(z) is the rectangle Z(w(x)) x [0,1].
Fix € L. Notice that lim; ., d12 (x) = 0, since the Lorenz transformation F’
contracts vertical lines. Therefore we find ¢ > ¢ such that the distance of 7(z) to
the nearer endpoint of the open interval I is greater than dl2 (z) for all I > q. We

set ¢3 = (1+C(z))~ /2. By the definition of dl2 (2) and some elementary geometry,
we get By (z) C You(x) if | > q and c3d?(z) > r. By the definition of d}.(z), we
have By(z) C Yy (), if d,lg(:zz) > r. Because of Y}, ;(7) = Y o(z) N Yy, (x), the
third assertion is proved for all z € L. ]

Lemma 6. Let F' be a regular Lorenz transformation and let ;1 be an ergodic
F-invariant probability measure satisfying hy,(F) > 0. Then we have [udp >0
and [vdp > 0. Furthermore, for every ¢ > 0 there is a finite partition Z of [0,1]
into open intervals, with respect to which T is piecewise monotone, such that
supy .ey |u(y) — u(z)| < e holds for all Y € Y, where Y = {Z x [0,1] : Z € Z}.

PRrROOF: By the definition of a regular Lorenz transformation the derivative T’
has onesided limits and the T-invariant measure ur is ergodic, since we assume
that p is ergodic. By Lemma 1 we have hy,, (T') = hy(F) > 0. The assumptions
of Theorem 2 in [9] are satisfied, which gives [log |[T”|dux > hy,, (T). This means
that [wdp > hy(F) holds and hence [wdp > 0 is shown. In the definition of a
Lorenz transformation we have sup |02g| < 1, which implies [ vdu > 0.

By the definition of a regular Lorenz transformation the function log|T”| is
bounded and has onesided limits. Hence there is a finite partition Z of [0, 1] into
open intervals, with respect to which T is piecewise monotone, such that we have
supg ez | 1og |T'(s)] — log |[T'(t)|| < e forall Z € Z. f Y ={Z x [0,1] : Z € Z},
we have then sup, .cy [u(y) —u(z)| < e forall Y € Y. O

Now we can show

Theorem 2. Suppose that the weight function w is monotone, which means that
A C B implies w(A) < w(B), and that F is a regular Lorenz transformation. Let
a be in R and let p be an ergodic F-invariant probability measure with positive
entropy hy(F'). Suppose that for every e > 0 there is a finite partition Z of [0,1]
into open intervals, with respect to which T is piecewise monotone, such that for
any partition ) = {U x [0,1] : U € U} with U a finite partition of [0,1] into open
intervals refining Z we have for p-almost all x

— log w(Yy,1(2))
i+l

liminf%_,’wza—s and limsup <a+e.

k,l—o0 k,l—o0

log w(B:(z))
logr

Then [wdp and [vdp are > 0 and lim,_,o
for p-almost all x.

1 1
= a(fud,u + fvd,u) holds
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Proor: We have [wdp >0 and [vdp > 0 by Lemma 6. Choose ¢ € (0, [udpu)
and let Z be a finite partition of [0,1] having the properties assumed in the
theorem. By Lemma 6 there is a finite partition U of [0,1] into open intervals,
which can be assumed to refine Z, such that sup,, ,cy [u(y) —u(2)| < ¢ holds for
allY € Y, where Y = {U x [0,1] : U € U}. We can apply Lemma 4 and Lemma 5
to the Lorenz transformation with this partition ). Let K and L be the sets
of p-measure one found in these lemmas. By assumption, there is then a subset
Mg of K N L with u(Mc) = 1, such that liminfy, ; %ﬁw >a—c¢ and

lim supy, ;o0 %W < a+ ¢ hold for all z € M;.

Fix ¢ € M, and let the constants ci, co and c3 and the integer ¢ be as
in Lemma 5. The sequences (D,lg(x))kzo and (D%(z))lzo converge to zero by
Lemma 4, since we have [udu —e > 0 and [vdu > 0. Hence for every small
r > 0 there are k and [ satisfying

CQD%:((E) <r< CgDi_l((E) and ch?(:v) <r< chlz_l(:C).

If r tends to zero, then k£ and [ tend to infinity. Hence by the choice of M. we get
using Lemma 5 and Lemma 4, that there is rg(z) such that

logw(By(x)) _ log wVei(x) k1 )
logr - k+1 logr logr
logw(Yyu(x)) k 3 ! )
- k+1 IOg(CgDi_l(I)) log(ch?_l(x))
< (a+2¢e)( 1 ! +e)

fudu—5+fvdu

holds for r < ro(z). By Lemma 4 also the sequences (dj(z))x>0 and (d?(z));>0
converge to zero. Hence for every small > 0 there are k and [ satisfying

d11g+1($) <r< di(:z:) and ngl2+1(£6) <r< C3dl2(;1:),

If r tends to zero, then k and [ tend to infinity. Hence by the choice of M. we get
using Lemma 5 and Lemma 4, that there is r1(z) such that

log w(Br(z)) S _logw(Yk,l(I)) (- ko
log r - k+1 logr logr
_10gw(Yk,l($)) (- k _ ! )
2T U@, () loalea® 1 ()
> (a— 2¢)(— Ly

fud,u—|—6+fvdu_
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holds for r < ri(z).
We choose ¢, > 0 with limy,, oo en, = 0 and set M = ﬂ;’ozl M, . Then we

log“féf;(x)) = a(fuldu + fvldu) holds for all x € M.
(]

have (M) =1 and lim,_,q

We get the result which is proved in [25] as a corollary.

Corollary. Suppose that F' is a regular Lorenz transformation and let u be an

ergodic F-invariant probability measure with positive entropy hy(F). Then we
have lim,_.q % = hu(F)(yul—du + 7v1—du) for p-almost all .

ProOF: We have [ udy > 0 by Theorem 2. Let Z be the partition of [0, 1] found
for e = [udp in Lemma 6. Let U be a finite partition of [0, 1] into open intervals
refining Z and set Y = {U x [0,1] : U € U}. Then sup, ¢y [u(y) —u(z)| < e
holds for all Y € ). By Lemma 5 there is then an F-invariant subset L of
Xy with pu(L) = 1 such that Y restricted to L is a generating partition for

the transformation F|L. By the Shannon-McMillan-Breiman Theorem applied
—log p(Yii(x))

to F|L we get limy ;oo — 77— = hu(F) for p-almost all z € L. Hence
the assumptions of Theorem 2 are fulfilled with w = p and a = hy(F) and the
corollary follows. O

4. Recurrence dimension

We consider the recurrence dimension, which is the extended Hausdorff di-
mension dim,, or the extended packing dimension Dim,, with weight function w
defined by w(A) = e=57(4) where s € R and 7(A) is the recurrence time of the
set A defined by 7(A) =inf{n >1: F"(A)N A # (}. We show

Theorem 3. Let the weight function w be defined as above. Let F' be a regular
Lorenz transformation and let p be an ergodic F-invariant probability measure
with hy,(F) > 0. Then dimy (1) = Dimy (1) = (hu(F) = 8) (155 + Tom)-

It suffices to show limy ;o T(};ki_f_gx)) = 1 for p-almost all x € Xy, where
Y ={U x1[0,1] : U € U} and U is a finite partition of [0,1] into open intervals,
which refines the partition found in Lemma 6 for e = [udu. By Theorem 2 we

_ log e—7(Br (@)
get then lim, o =85 — = uldu + fvldu and hence £y, (x) = S(juldu + fvldu)

for p-almost all z. The desired formula follows from the corollary and Theorem 1.

In order to show limy, ;_, T(};’ci_f_gx)) = 1 for p-almost all x € Xy, by Lemma 5

we can assume that there is an F-invariant subset L of Xy with p(L) = 1 such that

Y restricted to L is a generating partition for F|L. It follows from Theorem 4.2

in [2] that liminfy, ;. T(i’“i_f_gx)) > 1 holds for p-almost all z € Xy. Hence it

suffices to show that limsupy, ;. T(};’ci_f_gx)) < 1 holds for p-almost all z € Xy,.

To this end we introduce shift spaces.
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Let Z = {(¢j—1,¢;) : 1 <i < N} be afinite partition of [0,1] into open intervals,
with respect to which T is piecewise monotone. Define the map ¥+ from Rz to
the full shift space {1,2,..., N} equipped with the usual topology and the shift
transformation S by ¥F(t) = igitia... such that T7(t) € (¢ij—1,ci;) holds for
j > 0. Then we have SodT = 9T oT and 97 (Rz) is S-invariant, but not closed.
Set Y = {Z x[0,1] : Z € Z} and define the map ¥ from Xy to the full shift space
{1,2,..., N}% equipped with the usual topology and the shift transformation S
by 9(x) = ...i_gi_1igitiz... such that FJ(z) € (¢ij—1,¢i;) x [0,1] holds for
Jj € Z. Then So1 =9 o F and ¥(Xy) is S-invariant, but not closed.

Set C' = {limyp, 97 (t) : 1 < i < N} U {limy),, , 97 (t) : 1 <i < N}. Let
EE,’I be the closure of 97 (Rz) in {1,2,...,N}N and X be the closure of ¥(Xy)
in {1,2,...,N}Z. If igiyiz... € ©5 \ 9T (Rz) then ijij41ij1a... € C for some
JeN.If .. i_qigitiz... € ¥p \ ¥(Xy) then ijij11%42 ... € C for some j € Z.
Hence both, EE,’Z \ 9T(Rz) and Xp \ ¥(Xy), are countable and contain at most
finitely many periodic points.

Let [igi1 ...4;]T be the set of all elements of E;, which begin with the word
igi1 . . .1i; and similarly, let [igi1 . ..%;] be the set of all elements of ¥, which have
the word igi1 .. .4; in the places from 0 to j. For & = ...i_1igi1i2... € X define
Yk,l(j) = Sl[i_li_l_;’_l o) e Xy, then ﬁ(Yk,l(x)) = Yk’l(ﬁ(:c)) N 19(Xy)
This follows easily from the definitions.

Now we can show the following result, which completes the proof of Theorem 3.

Proposition 2. Let F' be a Lorenz transformation and suppose that y is an er-
godic F-invariant probability measure with hy,(F') > 0. Let Z be a finite partition
of [0,1] into open intervals, with respect to which T is piecewise monotone, and
set Y = {Z x [0,1] : Z € Z}. Suppose that there is an F-invariant subset L of
Xy with u(L) = 1 such that Y restricted to L is a generating partition for F|L.

Then limsupy, ;_, T(}z‘ij_gx)) < 1 holds for p-almost all x.

PROOF: We define the Markov diagram for the shift space £, which is a finite
or countable oriented graph. Let W be the set of all words which occur in an
element of E}'. Set D = {S™([igi1...in]T) : n > 0,igi1 ...in, € W}. Together
with the arrows S™([igi1 . ..in|1T) — S™ T ([igi1 .. . ininy1]T) we get an oriented
graph (D, —), the socalled Markov diagram of Z}' .

We have S™([igi1...in]T) C [in]T. For each D € D define &(D) = i,
if D C [Z]+ Define further ¥p = {...D_1DoD1Ds... : Dj € D,Dj — Dji1
for j € Z} and € : ¥p — {1,2,...,N} by &(...D_1DoDy...) =

. &(D_1)¢(Dg)&(Dq) . ... For a piecewise increasing 7' it is shown in [6] that
¢ is injective, that £(Xp) is a subset of ¥ and that X \ {(Xp) is a nullset for
each ergodic invariant probability measure with positive entropy. The extension
to the general case is done in [7].
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Since p is concentrated on the set L C Xy, on which 9 is injective, there is an
ergodic S-invariant probability measure i on ¥ with positive entropy satisfying
fi = po¥~ L. Since L\ &(Xp) has ji-measure zero, there is an ergodic S-invariant
probability measure i on £p with positive entropy satisfying i = 1o £~ 1.

For £ = ...D_1DgD1D>... let YM(:%) be the set of all sequences in Yp,
having the word D_;D_; ;... Dy in the places from —I to k. Since & is defined
coordinatewise, we have then £ (Yk,l(:i:)) C ?M(g (2)). Furthermore, for a subset
A of a shift space define 7(A4) = inf{n > 1: S"(A)N A contains a periodic point}.

We find E € D such that ﬂ(U) > 0, where U is the set of all sequences in Xp
which have the symbol E in place zero. By the ergodic theorem there is then a
set M C Yp with (M) = 1 such that limn_)oo% i 1U(Sj(:%)) = (U) and
limy, 00 £ 30 15(S79(2)) = (U) hold for all & € M.

Suppose & = ...D_9D_1DgD1Ds... isin M. Let ng =0 < n; <ng < ...
and mg = 0 < my < mg < ... be such that Dy; = E and D_p,; = E hold
for j > 1. Then we have limj o0 = = ji(U) and lim;_oc mL] = [(U), which

nﬂ;;l = 1 and lim;_ mygl = 1. For k,1 > 0 let ¢ and j be

such that n;_1 < k < nj and —m; < - < —m;_1. Set V= Ynj,ml(ﬁ:) Let
p be the periodic point with period D—_m;D—m,+1 ... Dn;—1, which exists, since
we have Dy,—1 — Dp; = E = D_p,. Then p € V N §™it7 (V) and hence
7(V) < m; +n;. Because of V C Y}, ;(#) we have also 7(Y}, (%)) < m; +n; and

. T(Ve(d : _
hence lim SUPE | — o0 T(,ﬁifrg“’)) < lim SUP;,j—o0 mi_1tn—1

Now set M = ¢(M) C Xp. Then a(M) = a(€~1(M)) > (M) = 1. Choose
T € M. There is # € M with {(#) = . Because of {(Y},;(2)) C Y}, ;(£(#)) and
since £ maps periodic points to periodic points and commutes with S, we get

(V1 (#)) < 7(Vig(#)). This implies lim supy, ;oo ~plE) < 1.

Finally set M = ¢~1(M). Then (M) = ji(M) = 1. Choose € M and set
i=19(x) € M. Set n = ?(Yk,l(j)). Then Yk’l(j) ﬂS”(Yk’l(j)) contains a periodic
point p. Since X \ ¥(Xy) contains at most finitely many periodic points and
since Z € ¥(Xy), this periodic point p cannot be in ¥ \ ¥(Xy), if [ and k are
large enough. In this case there is a periodic point p € Xy, with ¥(p) = p, which
is contained in Yy, ;(z) N F" (Y}, ;(x)). In particular, this intersection is nonempty.

implies limj_>oo

mi+n;

Therefore, we have shown (Y}, ;(7)) < F(}}M(i)) for all I and k which are large

enough. This implies limsupy, ;o T(};’ci_f_gx)) < 1. We have shown this for all

x € M, which means for p-almost all x. (I
5. Equilibrium states

Another possibility for the weight function w is to choose w(A) = o(A)* for all
Borel sets A, where g is a probability measure and s € R. In order to get a formula
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for the extended dimensions we have to show the condition in Theorem 2. This can
be done for equilibrium states of certain functions ¢ : [0,1]2 — R. An equilibrium
state of a function ¢ is an F-invariant probability measure ¢ maximizing h,(F)+
J ¢ do. This maximum is called the pressure p(F,¢) of . If we add a constant to
@ then the pressure changes also by this constant, but equilibrium states do not
change. Hence we can assume that p(F, ¢) = 0. We say that ¢ is piecewise Holder
continuous, if there are 0 = cp < c1 < ... < ¢y = 1 such that ¢|(cj_1,¢;) x [0,1]
is Holder continuous for 1 < 57 < N. Then we have

Theorem 4. Let F' be a regular Lorenz transformation and let ;1 be an ergodic
F-invariant probability measure with positive entropy h,(F). Suppose further
that T is topologically transitive. Then every piecewise Hélder continuous func-
tion ¢ : [0,1]2 — R with p(F,¢) = 0 and sup ¢ — inf ¢ < hiop(F) has an equilib-
rium state o such that dim,(p) = Dimy, (@) = (hyu(F) — s [ gad,u)(yul—du + 71}1—@)
where s € R and w(A) = p(A)*® for all Borel sets A.

Theorem 4 follows from Theorems 1 and 2, if we show, that for every ¢ > 0
there is a finite partition Z of [0, 1] into open intervals, with respect to which T
is piecewise monotone, such that for any partition Y = {U x [0,1] : U € U} with
U a finite partition of [0, 1] into open intervals refining Z, we have

.. —1 Y . —1 Y.
%?lng/wdu_g and hmsupwgfg,duﬁ
s k,l—o0

for p-almost all . In order to show this, we reduce everything to one dimension.
For a function f :[0,1] - R and n > 1 set Spf = Z?:_(} foTJ. The idea of
the following proof is similar to that of Lemma 1.6 in [4].

Lemma 7. Let F be a regular Lorenz transformation. Let ¢ : [0,1]> — R
be bounded and piecewise Hélder continuous. Then there are a function
¥ :]0,1] — R, which has bounded p-variation for some p > 1, and a bounded
measurable function x : [0,1]> — R, such that 1(n(z)) = ¢(x) — x(z) + x(F(z))
holds for all x in a set, which has measure one for every ergodic F-invariant pro-
bability measure with positive entropy. Moreover sup Spt — inf Sp1) < n(sup ¢ —
inf ) + 4sup | x| holds for all n > 1.

PROOF: Since ¢ : [0,1]2 — R is piecewise Holder continuous there are constants
a > 0and o € (0,1] and a partition {(c;_1,¢j) : 1 < j < N} of [0, 1], with respect
to which T is piecewise monotone, such that |p(z) — o(y)| < alz — y|* holds, if
7(x) and 7(y) are in (cj_1,c;) for some j. Since ¢ is bounded, we can assume
that sup || < a. If 7(x) = ¢; for some j, we redefine F'(x) by F(z) = (n(x),0).
We define 7 : [0,1]% — [0,1]? by #(z) = (n(x),0) and for z € [0,1]? we set
x(@) = 3772 ©(FI(x)) — p(FI (7(x))). Set ¢ = sup |d2g]. We have ¢ < 1 by the
definition of a Lorenz transformation and by the above redefinition of F'. For all
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J = 0 the two points Fj'(:zr) and FJ (7(x)) are mapped to the same point by 7.

This implies |F*(x) — F*(7(x))] < ¢" and |p(F'(z)) — o(F*(7(x)))| < ag*® for

1 > 0. Therefore x is a well defined measurable function, which is bounded.
Fort € [0,1] set ¢(t) = (¢, 0)+ 32572, ©(FI(t,0)) —o(FI~Y(T(t),0)). Because

of p(x) — x(2) + x(F(2)) = ¢(@(2)) + 2521 o(F (7 ())) — (FI~ (7o F(x))) we
have 1 (m(z)) = p(z) — x(x) + x(F(x)) for all 2 € [0,1]2. For n > 1 we get then
Spp(m(x)) < msup p+2sup|x| and Spi(w(x)) > ninf p —2sup ||, which implies
sup Sp1—inf Spyp < n(sup p—inf p)+4sup|x|. If we return to the original F' then

Y(r(z)) = @(x) — x(x) + x(F(z)) holds for all z € [0,1]2\ 7~ Hco,c1,... ,en},
which is a set of measure one for every ergodic F-invariant probability measure
with positive entropy. It remains to show that ¢ is of bounded p-variation for
some p > 1.

Choose L > N such that |F(z) — F(y)| < L|x — y| holds, if w(z) and 7(y) are
in (cj_1,c;) for some j. This is possible, since the partial derivatives of F' are

bounded Let v € (0,1) be the unique solution of ¢ = L % and fix (3 satisfying

v>p8>L W Set Ko = {co,c1,...,cn}and Kj =T~ J(Kp) for j > 1. Because
of 1 > [ and card K < NI+l 41 for j > 0, we have Z OﬁjcardK < o0.
For uw and v in [0,1] set k(u,v) = 2]20 9 card(K; N I(u,v)), where I(u,v) is
the closed interval with endpoints v and v. We define a modified distance on the
interval [0, 1] by d(u,v) = |u — v| + k(u, v).

Fix v and v in [0,1]. Let 7 € Z be such that r < max(0, _pylogd ) 1

log L
Then either » = —1 or we have r < 1Oglgg(7’3’v) and hence 8" > d(u,v) > ( v).

This implies K; N I(u,v) = § for 0 < j < r. Therefore Ko N T (I(u,v)) = () for

0 < j < r, which gives |o(F7(u,0)) — o(F7(v,0))| < a(LI|u —v|)® for 0 < j < r

and |o(FI~Y(T(u),0)) — o(FI~YT(v),0))| < a(L?|u — v|)® for 1 < j < r. Since

we have |u — v| < d(u,v) and L" < d(u,v)™7, if r > 0, and since the empty

sum is zero, we get >7_q [o(F7 (u,0)) — o(FJ(v,0))] < $457d(u, v)3= and
e (T (W), 0)) - (P (T (0).0)] < £ d(w, ),

If z € [0,1]? then |p(z)]| < ¢ and lp(FI7(2)) — o(FI~(7(2)))| < agl—De
for j > 1. With z = F(u,0) we get POy} lo(FI(u,0)) — o(FI~1(T(u),0))| <

1_an q"®, where in the case of r = —1 the summand for j = 0 is only |p(u,0)].
_1

The same holds for v instead of u. Because of ¢ = L' 7 and r +12> —”y%

we get ¢ = 1L(T+1)(1__) lL(l_ﬁ’) R d(u,v)t77,

Puttlng these mequahtles together, we get |1/)( ) —(v)| < bd(u, v)(1 e with

b—La 1—|— al q . This holds for any « and v in [0, 1]. Setp_m,which
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is > 1. If we choose now arbitrary points ¢ty < t; < ... < tp in [0, 1] we have

n

Do ltio1) = D(E)P <Py d(tio1,ti)

i=1 i=1

n n
=0 fticy — i + P k(tio1,t)
i=1 i=1

<BP(1+2) A card K))
j=1

which shows that the p-variation of ¢ is bounded by bP(1 + 2 Z]Oil (7 card K )
O

Now we can use one-dimensional techniques for equilibrium states. For a
piecewise monotone transformation 7" : [0,1] — [0,1] and a measurable function
¥ :[0,1] — R we introduce the transfer operator Py. It is defined on the vector
space of all measurable functions f : [0,1] — R by Py f(t) =3 ,cp-1( ¥ f ().
For a measure m let Pjm be the measure defined by PIZm(A) = [Pylydm.
Now we consider equilibrium states for the transformation 7' and a function
¥ :]0,1] — R. The corresponding pressure is denoted by p(T, ).

Proposition 3. Suppose that ¢ : [0,1] — R is of bounded p-variation for some
p > 1 and satisfies sup Syt — inf Sy < nhiop(T') for some n > 1. Then there
are A > 0 and a probability measure m on [0, 1], which has no atoms and satis-
fies P;Zm = Am. Furthermore we have p(T,1) = log A\ and there is a bounded

m-almost everywhere continuous function h : [0,1] — R for which Pyh = Ah

holds m-almost everywhere. The measure o™ = hm has positive entropy and is
an ergodic equilibrium state for the function .

PrOOF: Using a method of [26] it is shown in [13] that a probability measure
m on [0,1] and A > 0 exist satisfying P{Zm = Am. In this paper bounded
variation is assumed for v, but the proof uses only that v has onesided lim-
its, which holds also for functions of bounded p-variation. It is also shown there
that A="||e%"¥ || < 1 for some n > 1. This is done on an extended interval [0, 1],
one gets by doubling countably many points. For all points = in this extended in-
terval we have Py le,y = ew(x)l{Tm} and hence also m({z}) = A" 1e?@m({Tx}),
which implies m({z}) = A*eSk¥@)m{Tkz}) < X=FeSk¥(@) for all k > 1. Since
we have A7"||e5n%||o < 1 for some n > 1, we get limy,_, oo A FeSk¥(@) = 0 and
m({z}) = 0 follows. In particular, the countably many doubled points have mea-
sure zero and m can be considered as a measure on the original interval [0, 1],
which has no atoms.
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The existence of a function h : [0,1] — RT satisfying Pyh = Ah almost every-
where, such that o™ = hm is an ergodic measure, is then shown in [17] using re-
sults from [12]. This function h is contained in a certain Banach space, whose defi-
nition implies that it is bounded and m-almost everywhere continuous. It is shown
n [12], that o7 is an equilibrium state of 1/ using Theorem 1 of [18], from which
applied to %ed’% we also get h,+(T) = log A — [¢doT =logA — [ %Sm/) do™
and hence h,+ (T') > 0. This also shows p(T’, 1)) = log A. O

Let o% be an ergodic T-invariant probability measure on [0, 1] with positive
entropy. We find an F-invariant measure g on [0, 1]2, such that its image o under
7 equals o™, as follows. Let Z be a partition of [0, 1], with respect to which T is
piecewise monotone. Then o7 (Rz) = 1 and Z is a generating partition since, by
the assumption that T is topologically transitive, there cannot be a nondegenerate
interval I such that 7™|I is monotone for alln > 1. Set Y = {Z x [0,1] : Z € V}.
For k, 1 > 0 and z € Xy we have F_l(Yk,l(:v)) =17 YZppi(m 0 F7Y(x))). We set
o(Yi(x)) = o (Zy41(moF~Y(z))). This defines a probability measure g on [0,1]2,
which is F-invariant, since o7 is T-invariant, and satisfies o = 0. By Lemma 1
we have hy(F') = h,t (T). For the shift spaces introduced in the last section this
construction just means to extend an invariant measure from the onesided shift
space E}' to its natural extension ¥ .

Let ¢ : [0,1]2 — R be as in Theorem 4. Let ¢ : [0,1] — R be the function
found in Lemma 7. Since we assume sup ¢ — inf ¢ < htop(F'), there is n > 1 with
sup Spy — inf SpyY < nhiop(F) = nhiop(T) by Lemma 7. Let o1 be the equi-
librium state of ¢ found in Proposition 3 and let ¢ be the measure constructed
above. We have sup ¢ < htop(F) + inf ¢ and hence there is an F-invariant pro-
bability measure v satisfying sup ¢ < h,(F) + inf ¢ < hy(F) + [ ¢ dv. Therefore
an F-invariant probability measure with zero entropy cannot be an equilibrium
state of . For every ergodic F-invariant probability measure v of positive en-
tropy we have [¢ dvyr = [¢Yomdy = [¢dy by Lemma 7 and h(F) = h+,(T)
by Lemma 1. Since o is an equilibrium state of ¢, this implies that o is an
equilibrium state of ¢ and that we have p(F, ) = p(T, ). The following lemma
completes then the proof of Theorem 4. Notice that we assume p(F,¢) = 0 in
Theorem 4, and hence A in Proposition 3 equals one.

Lemma 8. Suppose that yu is an ergodic F-invariant probability measure with
positive entropy and that T is topologically transitive. Let p be an F'-invariant
probability measure with o = hm, where m is a probability measure, which
has no atoms and satisfies PJ}m = m for a function v : [0,1] — R of bounded

p-variation, and where h : [0,1] — R is a bounded m-almost everywhere con-
tinuous function, such that Pyh = h holds m-almost everywhere. Then for every
e > 0 there is a finite partition Z of [0,1] into open intervals, with respect to
which T is piecewise monotone, such that for any partition Y = {U x [0,1] :
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U € U} with U a finite partition of [0,1] into open intervals refining Z, we have

lim infj, o0 %}w > [ omdp— ¢ and limsupy o —log %%,l(x)) <

[ omdu+ e for p-almost all z.

PRrROOF: Fix ¢ > 0. Let Z be a finite partition of [0,1] into open intervals, with
respect to which 7' is piecewise monotone, such that sup, ¢ —infz ¢ < ¢ holds
for all Z € Z. This is possible, since ¢ : [0,1] — R is of bounded p-variation
and has therefore onesided limits. Let I be a finite partition of [0, 1] into open
intervals refining Z and set Y = {U x [0,1]: U € U}. For n > 1 and t € [0,1] let
Un(t) be the unique element of U, = V;‘L:O T—IU which contains t. Tt exists for

pir-almost all t. For k, 1 > 0 and z € [0,1)? let Y}, 1(z) be the unique element of
Vi = \/?:_l F~1Y which contains x. It exists for p-almost all z.

If M is a subset of Uy (t) then Pyl < ed’(t)"‘elT(M), since |p(v) —¢(t)| < €
for all v € Uy(t) by the choice of Z. This implies m(M) < e?®Fem(T(M)).
Iterating this estimate, we get m(Uy(t)) < eSn¥O+Tnem(T7U,, (1)) for all n > 1.
Similarly we get m(Up(t)) > eSn¥ e (T, (1)) for all n > 1.

By assumption there is a constant d with A < d. Therefore we get

0o(Yii(x)) = o(F ™' (Vi 1(2))) = 0(Vir1,0(F ! (2)))

o(n ™ U ya(m 0 F7H(2))) = 0x(Upya(m 0 F~'(2)))
< dm(Uy (7o F7(x))) < deSk+1¥(moF ! (2))+(k+1)e

since m(TFHU (7 o F~!(z))) < 1. Furthermore, we have

k+1-1
Sprp(mo F @) = D (T om0 Fl(2))
j=0
k+1-1
Z (mo F~Hi(x Z Yom(FI(x
§=0 j=-=l
For p-almost all z € [0,1]? we get limy,_, o % E 1/; om(Fi(z)) = [t omdu and
lim;_, o } E o m(Fi(z)) = [ 1/; omdy by the ergodlc theorem applied to F’
and F~1 and hence also hmk I—o0 k+l Z]__l Yor(FI(x)) = [+pomdu. Together
with the above estimate this gives limsupy ;. M < [Yomdu+e

for p-almost all x.
We get liminfy, ;o %ﬁ“’l(m)) > [4omdu—e in the same way, if we show

that limy, ;o k%i-l log m(T** U}, (7 o F~H(z))) = 0 holds for p-almost all x and
that there is a constant ¢ > 0 such that h(t) > ¢ holds for m-almost all ¢.
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By assumption, there is ¢ € [0, 1] such that & is continuous in ¢ and A(t) > 0.
Hence there is an open interval I C [0,1] with inf; A > 0. By Lemma 1 in [10]
there is k such that U?:O TI(I) covers [0,1] up to finitely many points. Observe
that Lemma 1 in [10] applies to an extended interval with countably many points
doubled. For the original interval [0, 1] this union covers [0, 1] only up to finitely
many points. Using that Pjh = h holds m-almost everywhere, for a subset J of
[0, 1] we get that essinf; h > 0 implies essinfp( ) h > 0, since Pyl > 17 inf ev.
Choosing ¢ = inf{essinij(I) h:0 < j < k} this implies that h > ¢ holds m-almost
everywhere.

For a subset J of [0,1] we get that m(J) = 0 implies m(7T(J)) = 0, because
we have Pyly > 1p(j)inf ¥ and hence also m(.J) > m(T(J))infe¥. Again by
this result from Lemma 1 in [10] quoted above we would get m([0,1]) = 0, if
m(I) would be 0 for some open interval I. This shows that m has support [0, 1].
Furthermore, if Z is an interval, on which 7" is monotone, P;Zm = m implies that

dmoT
dm

equals e =%, which means that m(T'(J)) = [ J e~% dm for all intervals .J, on which

on Z the Radon-Nikodym-derivative clﬁ,lz—TT equals e¥. This implies that

T is monotone. Hence m is a socalled e~¥-conformal measure. It follows from (4)
of Lemma 5 in [15] that limy,_, %log m(TFUL(t)) = 0 for pur-almost all t € [0, 1],
since with dy,, defined as in [15] we have dy, (T*(t), T*U,(t)) < m(T*U(t)) < 1.
This implies limy,_, o, %log m(T*U(7(x))) = 0 for p-almost all z € [0,1]2.

In order to show limy, ;. ki-i-l log m(T* Uy (w0 F~Y(x))) = 0 for p-almost
all z, we use the shift spaces EE,’I and X introduced in Section 4. The subset
of E}' corresponding to TFHU, (7 o F~4(x)) is S*H([i_yi_jpq1...ik)T) with

o i—180i1 ... = H(x). Let C be as in Section 4. For a = agay ... € C define N, C
Yp by Ny = ﬂ‘;’;l U?i] S~ %([agay - . .a;_1]), if a is not periodic, and N, = 0, if a
is periodic. Set Kq = {...i_1igi1... € Xp : ipint1... = a for some n € Z}. Let

it be defined as in the proof of Proposition 2. Since i is ergodic and has positive
entropy, we get fi(K,) = 0. It is shown in [6] that i(Ng) = 0. In [6] this is shown
only for piecewise increasing transformations, the extension to the general case
can be done by the method used in [7].

If ¢ € C is not periodic and ...i_1igiy ... ¢ Ng U Kq, by the definition of N
there is I, such that ¢_;i_;,1...i_1 is not an initial segment of a for all [ > [,.
By the definition of K, we find then an k, > 0 such that i_ji_;y;...i, is not
an initial segment of a for all I > 0. If a € C is periodic and ...i_1igéy ... ¢ K,
then again there is k; > 0 such that i_;i_; ;1 ...4, is not an initial segment of a
for all [ > 0.

Set L = Jyec(NaUKyg). Then ji(L) = 0 and for every ...i_1igi1... € Xp\ L
there is kg such that i_ji_; 1 ...1i, is not an initial segment of any a € C for all
1 > 0. Tt follows then from (2.2) and (1.8) in [6] that ST ([i_ji_jyq...ix]T) =
S ([igiy .. .i)7) for all I > 0 and all k > ko (in [6] it is shown only for piecewise
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increasing transformations, but can be extended to the general case by the method
used in [7]). Set M = 9~1(L). Then u(M) = 0 and for x ¢ M there is ko with
TEH U (7 0 F~x)) = TFU(x(x)) for all I > 0 and all & > kg. Since we

have

already shown that limy_, ., % log m(T*Uy(n(x))) = 0 holds for p-almost

all z € [0,1]2, this implies limy, ;0 kL—i-l log m(T*+ Uy, (7 o F~Y(x))) = 0 for

p-almost all x € [0,1]2. O
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