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Abstract

The estimation procedures in the multiepoch (and specially twoepoch)
linear regression models with the nuisance parameters that were described
in [2], Chapter 9, frequently need finding the inverse of a 3 x 3 partitioned
matrix. We use different kinds of such inversion in dependence on sim-
plicity of the result, similarly as in well known Rohde formula for 2 x 2
partitioned matrix. We will show some of these formulas, also methods
how to get the other formulas, and then we applicate the formulas in es-
timation of the mean value parameters in the twoepoch linear regression
model with the nuisance parameters.

Key words: Inversion of partitioned matrices; Rohde formula; twoe-
poch regression model; useful and nuisance parameters; best linear
estimators of the mean value parameter.
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1 Notations

The following notation will be used throughout the paper:

R™ the space of all n-dimensional real vectors;
u, A the real column vector, the real matrix;
A’ r(A) the transpose, the rank of the matrix A;
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68 Karel HRON

M(A), Ker(A) the range, the null space of the matrix A;

A~ a generalized inverse of a matrix A (satisfying
AA-A=A)
AT the Moore-Penrose generalized inverse of a matrix

A (satisfying AATA = A, ATAAT = AT,
(AA*) = AA*, (ATA) — A+A):

Pa the orthogonal projector onto M(A) (in Euclidean
sense);

My =1-P, the orthogonal projector onto M- (A) = Ker(A’);

I the k£ x k identity matrix;

Omn the m x n null matrix;

1, =(1,...,1) € RF;

X2 random variable with chi squared distribution
with r degrees of freedom;

X2(1—a) (1 — a)-quantile of this distribution.

If M(A) C M(S), S positive semidefinite (p.s.d.), then the symbol P5
denotes the projector projecting vectors in M(S) onto M(A) along M(SA™).
A general representation of all such projectors P35 is given by

A(A'S"A)"A'S” +B(I-SS7),

where B is arbitrary, (see [4], (2.14)). M5 =1-P5 .

2 Inversion of partitioned matrices

AB
o (s ¢)

be (symmetric) positive definite (p.d.). Then

Lemma 1 (Rohde) Let

D' =

(A—-BC'B)"! ~(A-BC'B/)"'BC! )
~C'B/(A-BC'B/)"! C'+C'B/(A-BC 'B)"'BC!

(A4 AIB(C-B'A!B)"!'B'A~! —A-!B(C-B'A"!B)"! @
- —(C-B/A"1B)"!B/A~! (C—B'A~'B)! '

Proof see [1, Theorem 8.5.11, p. 99].
Theorem 1 (Version I) Let
A BD

Q=B CF
D' F' E
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be p.d. Then
Q11 Q12 Qi3
Q'=1Qa Q2 Qs |,
Q31 Q32 Q33
where

Q. = [A-DE'D'—- (B-DE 'F)(C-FE'F) (B - FE'D)| !,
Q2 = —Q:(B-DE'F)(C - FE'F/) !,
= —(QuD+ QF)E™ ',
—(C-FE'F) (B’ - FE 'D')Qu: = (Qu2)’,
Q2 = (C-FE'F)"' + (C-FE'F)" (B’ -FE'D')Qy;
x (B—-DE'F)(C - FE'F) !,
Q23 = —(QuD + QnF)E!,
Qs = —E7'(D'Qu1 + F'Qa1) = (Qu3),
Q32 = ~E7'(D'Q12 + F'Qa2) = (Qa3),
Qi3 = ET'+EY(D'QD +D'QoF + F'QuD + FQuF)E™ L.

Proof Let us denote
A B D
v-(2) v-(¥)
The matrix U is p.d. so that we get with use of Lemma 1, formula (1)
Qi-(U V -
“\V' E

(1) (U—VE-1V/)~! —(U-VE V)" lVE~!
"\ -E" 'V (U-VE V) ! E!'+E'V/(U-VE V) VE!

o0
[

with p.d. matrix

_ —11y/ _ AN
(U—VE—lv’)—1:<A DE'D’ B-DE F)

B'-FE'!D’ C-FE'F

An application of Rohde formula (1) again and arrangement give us the desired
result. |

Corollary 1 Inverse of partitioned p.d. matriz

ABD
B'CoO
D' 0 E

s equal to
Q11 Q12 Q3
Q21 Q22 Qo3 | =
Q31 Q32 Q33
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Qi1 -QuBC! —QuDE!
= -C'B'Q;; C'+C'B'Q;;BC™! —Q2DE! ;
-E~'D'Qu -E~'D'Qq2 E'+E'D'Q;DE!

where
Q. = (A-BC'B'-DE'D')"L.

Theorem 2 (Version II) Let

A BD
Q=B CF
D' F E

Q11 Q12 Qi3
Q'=| Qu Qx Qs |,

be p.d. Then

Q31 Q32 Q33

where

Qi1 = (A-DE'D)" '+ (A-DE'D)"}(B-DE'F)Qu
x (B'—=FE'D')(A -DE'D’) !,
Q2 = (A -DE'D)"(B - DE"'F)Qy,
Qi3 = —(QuD + QF)E™!,
Qo1 = —Qxn(B'-FE'D')(A -DE'D’)"!,
Qx = [C-FE'F — (B'—~FE'D)(A -DE'D')"'(B-DE'F/)| !,
Q23 = —(Q1D + QnF)E !,
Qs1 = —E7'(D'Qu1 + F'Qq),
Qs = “E7'(D'Qu1z + F'Q12),
Qi3 = ET'+EY(D'QD +D'QoF + F'QuD + F'QuF)E L

Proof follows directly from the proof of Theorem 1, if we use Rohde formula
(2) instead of (1) in inverting p.d. matrix

(A—DE—lD’ B—DE—lF'>1 5

B’ - FE!D' C - FE'F
Remark 1 (Version III & Version IV) We use (1) and (2) in inverting p.d.

matrix
A B
v-(ne)
in .
Q*lz UV)
V' E
©) U-! 4—U_1V(E—V’U_1V)_1V’U_1 —U_lV(E—V’U_lV)_1
- —(E—V’U_lV)_1V’U_1 (E—V’U_lV)_1 ’

where V = (D', F')".
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Remark 2 (Version V & Version VI) Let us denote

W= (B,D), Z- (g g)

in
A BD
Q=B CF
D' F E
The matrix Z is p.d. and using (1) we get

_ A W\ '
' (w )

The only thing that remains is to invert Z by (1) and (2).

1) (A - WZ~1W")~! —(A - WZ W) 1Wz-!
—ZIW/(A - WZ W)l Z71 4 Z7I'W/(A - WZ W)Wz

71

).

Remark 3 (Version VII & Version VIII) Using Rohde formula (2) in p.d.

matrix inversion

_ A W\ '
QIZ(W/ Z)

we obtain

A+ ATIW(Z - WAIW)ITW/A-L —A-IW(Z - WA—IW)~!
—(Z - W'ATITW)" 1WA ! (Z - WA-ITW)~1

with p.d. matrix

C-BA'BF-BA D\
_ 1A —1 -1 _
(Z-WA™W) (F’—D’AlB E—D'A1D>
An application of (1) and (2) again give us the result. For

-1

A BD Q11 Q12 Qi3
B CF = | Q21 Q22 Qa3 |,
D' F' E Q31 Q32 Q33

it is interesting to compare Version VIII,
Qi1 = A7+ A7 (BQxB’ + BQy;D' + DQ;; B’ + DQyD) AT,
Q12 = —A7'(BQq: + DQs2),
Qi3 = —A7'(BQq; +DQsy),
Q21 = —(Q2B’ + Q3D)A ™,
Qx = (C-B'A™'B)"' +(C-B'A'B)"(F-B'A'D)Qs;3
x (FF—D'A7'B)(C-B'A™'B)!,
Q23 = —(C-B'A7'B)"'(F - B'A7'D)Qss,
Q31 = —(Q32B’ + Q33D)A ™,
Qs = —Qu3(F —~D'A™'B)(C-B'A'B) !,

)

Q3 = [E-D'A™'D - (FF-D'A'B)(C-B'A"'B)"}(F -B'A"'D)| !,
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with Version [—it’s in the certain sense “dual” form of Version VIII. Similar
comparisons can be done with other couples of formulas.

3 Twoepoch linear model

The theory of the linear regression models is one of the established statistical
disciplines and it may seem that nearly all has been investigated there. But
this is valid only for the simplest structures of the linear models. In the prac-
tice we need to solve more and more complicated problems and investigation
of corresponding structures of models is at the beginning. The formulas are
quite complicated there but easy programmable and it enables us to get the
estimations of unknown parameters in linear models.

The estimation procedures in multiepoch linear regression models with nui-
sance parameters and its application in geodesy were described in [2, Chapter 9].
But in the twoepoch case we can derive the estimations using convenient inverse
of 3 x 3 partitioned matrices much easily so it legitimates to deal with them
specially.

We derive optimum estimators of the useful mean value within a linear
twoepoch model with the stable and variable (nonstable) parameters, when the
data are affected by a systematic (deterministic) influence, i.e. by a noise which
can be described by a linear model and whose parameters called nuisance, are
estimable from results of the measurement. The subject of an interpretation are
changes of the useful parameters in the single epochs and their characteristics
of accuracy.

Sometimes the dimension of the useful mean value parameters is essentially
smaller than that one of the nuisance parameter. In connection with this fact
the problem occurs how to determine the optimum estimators of the useful
parameters and their accuracy without evaluating in each epoch the large vector
of the nuisance parameters.

One of the fundamental types of multiepoch and specially twoepoch model
(which may exist also in the form with the nuisance parameters) was described
in [2, p. 366].

Replicated measurements studying existence of deformation of some object
and its course (if it exists) are realized in separate networks especially con-
structed for this purpose. It consists of a group of supporting points, whose
position is assumed to be stable (this assumption—hypothesis—is verified dur-
ing the measurement), and a group of points, whose movements related to the
position of the stable points, are investigated (the coordinates of the group of
the stable points are a priori unknown). As far as the processing of the mea-
sured results is concerned this means, that in the framework of each epoch and
after finishing each epoch both the coordinates of the supporting points and
the coordinates of the investigated points, are to be determined. The former
serve to verify the above-mentioned hypothesis on the stableness of the group
of supporting points.
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Let us describe another example from the microeconomics practice. The
progress of daily receipts in retail trade in the same months of two following
years is observed. This progress usually consists of weekly period part and trend
part. The weekly period doesn’t change a lot because of conservative behaviour
of the shoppers (i.e. useful stable parameters in expression of the entire linear
model modelling the situation) in contrast to the trend. There is an influence of
the commercial offers, inflation etc. (i.e. variable parameters; we suppose that
the annual changes are not dramatical). The trend can be quite complicated and
we need often only a small fraction of information that it contains. Here, the
nonstable parameters in case of quadratic trend can be divided into the useful
linear term parameter, that gives some pieces of information about increase or
decrease of receipts, and two nuisance parameters (absolute term and quadratic
term). The data in the above mentioned problem are usually characterized by
a large dispersion and dependence among them.

The result of the measurement at the i-th time point in the first epoch could
be described as

Yi; = B1cos Mg + Basin M, + yit1s + ki1 + Koty +e, i=1,...,m1
(X is known from periodogram, see [5, p. 92]) and
Yo; = 1 cos Atg; + (o sin Ato; + Yota; + Ko1 + /4:22t§1' +e9;, 1=1,...,n9

in the second epoch. Here (31 cos Atj; 4+ (2sin Atj; describes the weekly period
(the measurements must begin with respect to this period in both epochs) and
Yitii + K1+ /ijgt?“ j = 1,2 the quadratical trend in the first and second epoch,
respectively.

Let us consider the observation vector Y = (Y}, Y%)". The model described
above could be rewritten in the form

Y1 o X1 W1 0 Z1 0 '6 + €1 (3)
Y2 o X2 0 W2 0 Z2 Z €9 ’
where
cos At11  sin Ay cos Afg1  sin Atgg
Xi=| ] XK= ]
cOS At1p, SinMin, coS Atap, Sin Atap,

Wi = (ti1,- -, tin,) s Wy = (ta1,...,tan,),

113 1 2,
Zy=|: . Zy=|: )
1t3,, 113,,

/

B = (61,5), ¥ = (71,72), K = (K11, K12, K21, K22)
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The matrices X1, Xo, W1, Ws, Z1,Zs are known, the vector 3 is a vector of the
useful stable parameters, v is a vector of the useful variable parameters and
is a vector of the nuisance variable parameters.

With respect to above mentioned, let us consider the linear model (3), called
the twoepoch model with the stable and nonstable parameters and with the
nuisance parameters. We suppose that

e (Y1,Y,) is a (n1 + n2)-dimensional random observation vector after the
second epoch of measurement,

e 3 € RF is a vector of the useful stable parameters, the same in both
epochs,

o v = (v},75)" € Rhtiz is a vector of the useful nonstable parameters in
the first and the second epoch of measurement,

o k = (k|,Kk)) € R¥152 is a vector of the nuisance nonstable parameters
in first and second epoch,

e X, Xy are ny X k, ng X k design matrices belonging to the vector 3,
e W, is a ny x [; design matrix belonging to the vector ~,,
e Wj is a ny X [y design matrix belonging to the vector v,,
e 7Zi is a ny X s1 design matrix belonging to the vector k1,

e 75 is a my X so design matrix belonging to the vector k.
We suppose that

1. E(Y1) =Xi8+ Wiv, + Z1k1, E(Y2) = X8+ Way,y + Zako,
VB € R* Vv, € Rl Wy, € R2 Vk; € R%1, YKy € R¥2;

(3] (52)

3. the matrix ¥; is not a function of the vector (3',v/, k})’ for i = 1,2.

If the matrix (%1 202) is p.d. and

X;W; 0 Z; 0 _
r |:<X2 0 W, 0 ZQ):l =k+1+1la+ 51+ s2 <ni+no,
the model is said to be regular (see [2, p. 13]).
The described model arises by sequential realizations of the linear partial
regression models,

B
Y, = (Xl,Wl, Zl) Y1 + €1, VaI‘(Yl) =31 (4)
K1
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and

B
Y2 = (X27W2, ZQ) Yo + €9, V&I‘(YQ) = 227 (5)
Ko

representing the model of the measurement within the first and second epoch,
respectively.

Theorem 3 The BLUE, i.e. the best linear unbiased estimator, of the param-
eters B,7,, ki, it = 1,2 in the single first and second epoch modelled by (4) and
(5), respectively, are

uot 51
B PR Vs PR
B (}(72Z MZ: MWi ¢ X,) X;2, Mzz MWZ Yy,

. -1 -1 ~(2
7.0 = (wisTIMG W) wisTME (Y- XiB™Y),

70 = (Zz7'z) 2 Y - X - WA,

(Version I) and equivalently

~(i -1 1 .
BY = (xizrIME X)TIXEIIME (Y - WA,

: S Ve R
7. = (W;E;IM% My, Wier;E;lM?f My, 7Y,
O = (Z/£71Z) ' 28N (Y — Xi/@(l) B Wﬁﬁ“),
(Version II) fori=1,2.

Proof According to [2, Theorem 1.1.1, p. 13], the BLUE of the vector parameter
(8,7, K}, i = 1,2, in each epoch separately, is given by

() -1

B X; X;
7.0 =1 Wi | =71 (X, Wi, Z;) W, | =Y.
a(i) Z! v/

Using Theorem 1 and Theorem 2, the crucial point of the proof consists in the

fact that .

X!
Wi | 27X, Wi, Z) | =
/A
ngflxi ngflwi ngflzi - Q11 Q12 Q13
= | WE'X; WiE'W, WIE'Z = | Q21 Q22 Qa3 |,
757X, ZRT'W, Zi%T'Z, Q31 Q32 Qss

1 -1
where (M? =I- P? =1-Z(Z;%;'Z:)7'Z2;2;7)
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1 -1 -1
Qu = X(ZIMy X - XD M Wi (WIS TMG W)
-1
x WS IME X, = (X’E*1M2?1M2;1M§5 X;)"!
24 g i = i< Z; Wi g ’
1 -1
Qi = —QuX(S My Wi(WIiST My W)l
1 -1
Qs = —QuIX(Z'Z - X[Z "My, W(W/S My W,) "Wz 'Z]
x (Z;371Z) 71,
_ n-1 _ _ »t
Qu = —(W;X; 1MZ: W) WiE; 1MZZ XiQu1,

1 —1 -1
Qe = (WE7'M; W,) '+ (WS M, W) 'W/S "M} X,
1 -1
x QuX/EIM) W(WiS My, W,) Y,
1 -1
Qs = — (WS M W) [WiE'Z, - WIS M, X,QX/E;'Z
1 —1 -1
+WIETIM, XQuX(ST M, Wi(W/S My W)~
x WIS 1Z,)(Z,2;7 Z:) 71,
—1
Qu = —(Z/;'Z,) Z/='X - ZE W (WIS My W)
—1
x WISTIM, X;]Qu,
Qe = —(Z3'2:) [Z3]'W, - 23] XiQuX(T My Wi
+ 275 W(WiB My W) T WIS My
-1 -1
x X;QuX[Z; "My W (WIS My, W)L,
Qs = (Z!27'Z) ' + (2.2, '2) 722 ' X Qu X2 Z,
—1 -1
~ Z37IX,QuXIE My W(WIST ML W) T WIE 1z,
—ZESWIWIE MY W)WM XQu XSz,
+ZISIWI(WISTIMG W) WS
1 -1 -1
+ZETIW (WIS MY W) T WIETIMY) X QuX(E My W,
—1
x (WiS7 My W) 'Wis1Z,)(Z/ s Z;) !

and

-1 -1 -1

Qu = (X(ZIME X))+ (XIBTIMG X)) TIXIET MY WiQa
1 -1

x WIS IM, X(X(S7 1M X)),

1 —1
Qi = —(X[='M) X,)"'XZ; "M W,Q,
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_1 -1
Qi = —(X[Z'My X)) 'XIE1Z - X[Z M, W,QeWS; 7,
—1 -1 -1
FXIETIM, WiQe WIS M, X (XIE M, X))
x X[ Z) (28 2:)
_1 -1
Qo = —QuW,S M, X,(X/Z'M, X,

1
i

M
i Wi)717

(
PR s T Y 57
Q22 = (WX, M, My,
Qo = —Qu[W/S'Z - WE'M, X;(X/E7'M, X,) 'X|5;'Z,]
X (2271 Z;) 7,
Qs = —(Z=7'Z) VZE7'X; - ZS7'WiQee WIS My, X, +
-1 -1 -1
Z;S7'X,(XIE7 M X,) T IX(ST M, WQe WIS M X
_ »1 _
x (X}, 1Mzz X)),
Qs = —(Z=7'Z) VZIE7T'W, - 237 X (XM, X))
x X/E7 M, Wi|Que,
Qss = (Zi%;'Z:) "+ (Zi%; ' Zi) 22, ' Wi Qo Wi ' Z
_1 -1
—ZIS7WQe WIS My X (XM X)) TIXIE 12,
1 -1
—ZETIXG(XIETIM, X)) TIXIST M W,Qae WIS 1Z,
+ZEIX(XETIM, X)) TIXE 1,
-1 -1 -1
+ZITIX(XSTIMY X)) T IXIETIMy WQe WIS IMy X,
x (XIZ7IMy X)) XIS 22051 2,) 7,
respectively. Regarding that
BY = QuXIEIY, £ QuWISYY, + QuZis Y,
7.9 = QuXIZIIY, + QWIS LY, + QuZiE Y,
7" = QuXiZY + QWIS Y, + QuZiE Y,
1 = 1,2, the proof is complete. o

Notation 1 The model (3) can be rewritten as

Y:(W,Z)(i)+€, (6)

o Y1 o X1W1 0 _ Z1 0 _ ,6 _ €1
() vV w) e (52) o= (5) = (2)
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and
- (X0
E—Var(Y)—<0 Eg)’

so we get the (ordinary) linear model with nuisance parameters.

Proposition 1 In the reqular model (6) the BLUE of the parameter (&8, k')’ is
given as

(3 > B <(W'2‘1M§_1W)1W’2_1M§_1 ) v )

R @z zsimy M
Proof See [3, Theorem 1].

Theorem 4 In the reqular model (8) the BLUEs of the parameters 8,71, Y2, K1,
Ko are given as
-
B=(X\3'My Mz_lMZI X, + X, M MfV:MZQ X,) !
o1 _
x (X, STIM Mw_llMZl Y1+X’E21M 2 MfV:MZz Y),
¥ = (W'21 My Wl) 1W'1§3f1Mzi (Y1 - X18),
7= (W 1M D W) WEEIME: (Vs - Xaf),
ki1 = (2,37 Z1)" 1Z/121 (Y1 — X8 - WiTy),
(2,

Ry = 122) 17,351 (Y, — Xo8 — WaAs).

Proof According to Notation 1 we can use (7) to get the result. Here

1 wt
SIMy =3l oslg(zelz)'zs T = (21 Mz 0 )

BT
0 XMy
thus (we have used Corollary 1)
(WE M3 W)~ =

-1
X\ M X1+X’E21M "X, X, 2rIM W1 X535 M2 W,

= Wg llMZ; X, W,z llMZ; WA 0
-1 -1
W,LS5 M2 X, 0 W,S5 M2 W,
- Q11 Q12 Qi3
= | Qa1 Qa2 Q23 |,

Q31 Q32 Qss
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where

—1
Z_lM r o' M 2
71 X1+X'22 M2 MW2 72 X,)T,

Qu = (X{3; M My,
Q2 = —Q11X/121_1Mzi Wl(wllzl_lMZi W)~
Qis = —QuX; EEIME;WZ(W/ZEEIM??W?)A’
Qo = (Wi S'ME W) "W s M3 X,Qu,
Qe = (WM W1)_1 (WiE ‘1MZ;1W1)_1W’121_1M§1_1X1
x QuX(X; lM Wl(Wl Xy lM Wl) )
Qos = (WiE7 "My W1>‘1W’ =M X1
x Q11X) 2211\4 WQ(W'Ele W)L
Q31 = (lez 1M W2) 1Wl22 1M22 X2Qu1,
Qs = (szz IM WZ) 1W2251M 2 X2
x QuXiXy 1M Wl(Wl %y 1M Wl) )
Qus = (W3, M2 wg) + (WM W) WSS M X,
x Q1 X} 2211\4 WQ(W'zle Wg)
Utilizing that
XiE My Xp8y My
WM = | Wi 0 :
0 Wéz—l syt
we get (after some calculations) the BLUEs of the useful parameters 3,~4,7s.

To get the same for the nuisance parameters k1, ko it is sufficient to realize that

(Z's'z)lz's "t = <(Z’1211Z1)_1Z’1211 0 )

0 (2535 '2:) ' 2535

and )
sT1Mm7

M, Y=Y-WWz 'MZ W)Wz 'MZ'Y

~

(Y (w0 (2 _(vi-xB-wi .
Y X, 0 Wy ) | 2 Yy —XoB—Wavs |

Y2
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Remark 4 Regarding that 3; and 35 are supposed to be positive definite, we
can write (see [2, Lemma 10.1.35, p. 441])

-1
SUIM, = 37 - B0Z0(20 201 20) T 25T = (M, 3 M )

-1
EilM% = %5 = 551 Zy(Z425 1 2:) 23 = (Mg, 2eMg,) T,

respectively.
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