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Abstract. The aim of this paper is to give a convergence proof of a numerical method
for the Dirichlet problem on doubly connected plane regions using the method of reflection
across the exterior boundary curve (which is analytic) combined with integral equations
extended over the interior boundary curve (which may be irregular with infinitely many
angular points).
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1. INTEGRAL EQUATIONS

We shall identify the real plane R? with the complex plane C in the usual sense.
A mapping from a subset of R? into R? is then regarded as a complex function of
the complex variable.

For the reduction of two integral equations for the Dirichlet problem on doubly
connected regions to only one equation we use the so-called reflection function. Note
that J. M. Sloss in [20] proved the existence of reflection functions for a sufficiently
large family of smooth curves. In [21] he used this reflection function for treating the
Dirichlet problem on multiply connected regions bounded by curves with continu-
ously varying curvature. In [4], [5] a suitable integral representation for the solution
of the Dirichlet and the Neumann problems on regions with nonsmooth boundaries
was established. Let us only recall that if L is an analytic Jordan curve (in R?) then,
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under some additional conditions on L, there are

Ry—an open connected neighbourhood of L
and

g—a function holomorphic and one-to-one on R,

such that

~ — ~— ~—

(
(

g(z) ==z for z € L,
(

/N /N /N
— = =
N N R

7(9(2)) = = for z € R,

(see [20] or [4], [5]); here g is the complex conjugate of g, Int L and Ext L denote
the bounded and the unbounded complementary domain of L, respectively. The
function g is then called the reflection function of the curve L. In the sequel we
will always suppose that L is an analytic Jordan curve having a reflection function g
defined on a neighbourhood R, of L.

Let us recall the following elementary property of the reflection function (see [4],
remark 1.3). Let h be a function harmonic on RN Int L the first partial derivatives of
which are continuously extendible from RyN Int L to (RyN Int L)UL; its composition
with g, to be denoted by h*g, is defined on R, Ext L and is continuously extendible
to (Rg N ExtL) U L. If n. denotes the exterior normal of Int L on L and n; the
corresponding interior normal then (on L)

oh  O(hxg)  9(hx7)

(1.5) on,  om;  om,

Let K be a rectifiable Jordan curve such that
(1.6) KCcR;NIntL

and suppose that
Int LNExt K C R,.

We shall consider the Dirichlet problem on the domain
(1.7) ST =1Int L NExt K.
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Further let us denote
(1.8) S™ =g(sh), S=8TULUS™,
(1.9) K = g(K).
Then K is a Jordan curve (also rectifiable),
KULCIntK
and further

S™=ExtLNIntK, S=ExtKnNnIntk,
oSt =KUL, 0S =LUK, 0S=KUK.

Suppose that K has a parameterization ¢ defined on an interval (a,b) [that is,
K = 9({a,b)) and 9(t1) # ¢¥(t2) for any t1,t2 € (a,b) with 0 < [t; —t2] < b — a].
For z € R? let ¥, stand for a single-valued (continuous) branch of the argument
of [¢p — z] on the set (a,b) \ ¥v™1(z). For 0 < r < oo let 7, be the family of all
connected components of the set

{te(a,b>’0<|z/)(t)—z\<r}

('Yz = 'Yz,oo)~
The so-called cyclic variation of ¢ at z € R? is denoted by v¥(z); v¥(2) = v¥ (2).
Let us recall that

(1.10) v’ (2) = Z var[d,; ],

I€v. »

where we denote as usual by var[J; I] the total variation of ¢ on I. We will always
suppose that

(1.11) Vi = sup v¥(z) < oo.
z€EK

Under this assumption v¥ is bounded on R? and the double layer potential Wy, (-, f) =
Wik (-, f) for f € €(K) is defined on R? by

(1.12) Wk(z, f) = % > /If(w(t)) dd..(t)

I€ny.
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(2 € R?). One can similarly define Wy, (-, f) for f € (L) [an analogue of (1.11) for L
is guaranteed since L is analytic]. It is known (see [7], for example) that if (1.11) is
fulfilled then finite limits

Wi f)= lm Wg(zf), Wg((f)= lim Wk(zf)

z—C z—(
zeExt K z€Int K

exist for each ¢ € K. Recall how to evaluate these limits. Given ¢ € K let t1 € {(a,b),
ta € (a,b) be such that ¢ = (t;) = 9 (t2). Due to v¥(¢) < oo the limits

(1.13) 7 (Q) =75 () = Jim ﬁ%; :g|
(1.14) 7-(Q) =75(Q) = lim 58 = 2‘

exist. Let ¢ denote the value of the index of a point from Int K with respect to v
(that is, ¢ = 1 if ¢ is positively oriented, « = —1 if ¢ is oriented negatively). We say
that a vector 7 € R? points into E C R? at ¢ € R? provided there is a § > 0 such
that {(+r7|0<r < d} C E. To a point ( € K we assign two values a4 (¢), a—(C)
such that

(1.15) 7 (¢) = e+ (Q) T (¢) = et (0)

and at the same time
(8) 0+(Q) < a_(Q) < as(Q) + 28 i 74(C) £ 7(O),
b) a_(¢) = ar(¢) + (1 —)n if 7,.(¢) = 7_(¢) and the vector e(®+()+%) points
into Ext K at (,
(c) a_(¢) = ar(Q) + (1 + )m if 7.(¢) = 7_(¢) and the vector e'(®+(Q)+%) points
into Int K at (.

Put
(1.16) A =7 (a-(0) - a+(0):
It is known that, under the condition (1.11),
1
(1.17) Wi6.£) = Wie(6.£) = 1£0) (1 28(@))
(1.19) Wiel6.£) = Wie(e. 1) +150) (14 280 )

for ( € K, f € €(K), see [8], theorem 2.11, for example. Note that [8] deals with
non-tangential limits. For the general case of R, n > 2, see [12], [10]. It is easy to
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show that the set {¢ € K | |[A(¢)| > 0} formed by the angular points of K is at most
countable (cf. 1.7 in [9]).
If we define for ( € K, f € €(K)

(119) Wi (€)= Wi (6. f) + ZAF()

then we have

(1.20) Wic(C, f) = Wi f(¢) + ¢f(C),

(1.21) Wi (¢, ) = Wk F(¢) — f(€),

(1.22) Wi f(C) = Wi (¢, ) = 1f(C) = Wi (¢, ) + Q).
Now define

(1.23) Hi f(z) = Wk (z, f) = Wk (9(2), f)

for f € €(K), 2z € S*. Since g(¢) = ¢ for ¢ € L and Wk(-, f) is continuous
outside K, we have for ( € L

(1.24) lim Hg = Wk (¢, f) — Wk(¢, f)=0.

z—C
zeS8t

For ( € K we obtain

(1.25) Hi f(2) = hfé M f(2) = Wi (G f) = Wk (9(0). f)
zeSt

=Wk f(C) = 1f(C) — Wk (3(C), f).

Consider now the equation

(1.26) Hif(Q) =u(Q), (€K,

where u € €(K) is a given function, f € ¢ (K) unknown. If f is a solution of (1.26)
(for a given u) then it follows from (1.25), (1.24) that the function Hx (defined
on ST) is the solution of the Dirichlet problem on St with the boundary condition u
on K and the zero boundary condition on L.

Denoting

(1.27) HI(Q) =Wk f(C) = Wik (3(C), f)
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for f € €(K), ¢ € K, we can write (1.26) in the form
(1.28) (I-/H)f =—w

[see (1.25), (1.22)]. The problem of solvability of (1.28) was investigated in [4]. Tt
has been shown that if the condition

1
1.29 - 1 () <1
(1.29) 7 L, SUp vy (©)

is fulfilled then the space of solutions [in %(K)] of the homogeneous equation
(I — ¢H)f = 0 is equal to the space of all functions constant on K. In [4] a nec-
essary and sufficient condition on u € ¥ (K) guaranteeing solvability of (1.28) [and
equivalently of (1.26)] is given (the solution is then determined uniquely up to a
constant—see [4], theorem 2.16).

Given z € R? put h,(z) = +oo,

_1 1 2
(1.30) hZ(C)fnln Tl ¢Ce RN\ {z}.
Fix zp € Int K and put for z € R,
(1.31) v(2) = hyo(2) — hay (y(z))

As we have already noted one can define Wi, (-, f) for f € ¥ (L) analogously to the
definition of Wk (-, f) for f € €(K). Analogously we also define

(1.32) Hif(z) = Wi(z, ) = Wr(3(2), f)

for f € €(L), z € ST. We will always suppose that the curve L is positively oriented.
Then

(1.33) Hfé Hrf(z) =2£(C)
zz€S+

for f € €(L), ¢ € L (see [4], section 2.15).
As shown in [4] the solution of the Dirichlet problem on St with boundary con-
ditions ux € €(K) on K and ur, € €(L) on L can be found in the form

h(z) = Hi fr(2) + Hofo(2) + av(z),
where fx € ¢(K), fr € €(L), a € R.
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Since v(¢) = 0 for ¢ € L and since (1.24) is valid, it suffices to choose f; = fur,
due to (1.33). Then it suffices to choose fx as a solution of the equation

(1.34) (I*Lﬁ)f[{:*L<UK*%HLUL|K7Q-U|K).

Here a € R has to be chosen in such a way that the equation (1.34) be solvable. It
is shown in [4] that such ¢ € R exists and that it is determined uniquely. For our
purposes we formulate the result in the following form.

Theorem 1.1. Suppose that (1.29) is fulfilled. Then for each boundary conditions
up € €(K), ur, € (L) there are a € R, fx € €(K) such that the function h of the

form
(1.35) h(z) = Hi fr(2) + sHrur(2) + a - v(z)

solves on ST the Dirichlet problem with the boundary conditions uy,ur. The con-
stant a is determined uniquely, the function fx is determined uniquely up to a
constant; fr is a solution of the equation (1.34).

2. ABSTRACT FORM OF A CONVERGENCE THEOREM

In this part we shall prove one assertion which can be viewed as a convergence
theorem. Using this assertion we shall prove the convergence of a numerical method
for solving the equation (1.34). The idea comes from W. L. Wendland [25] (in fact,
the assertion is only a variant of Theorem 3.5 from [25]; see also [24]).

Lemma 2.1. Given a normed linear space L let
B,: L — L, B: L—1L (n=1,2,3,...)

be linear operators. Suppose that B!, B~! exist, B, ' are bounded and there is
an M € R such that |B; || < M. Let Lo be a closed subspace of L, B(Lg) = Lo.
Suppose that
(2.1) B,z — Bx
for each x € Lgy. If x,, € L, x,, — x € Ly, then
(2.2) B 'z, — B 'z,
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In particular: Let L be a Banach space, A,, A: L — L bounded linear operators
and suppose that there is a A € R, A < 1, such that

(2:3) [Anll <A A< A

Let Ly be a closed subspace of L, (I — A)(Lg) = Lo. Suppose that
(2.4) Apx — Az

for each x € Ly. Then

(2.5) (I—Ap)) ta, - (I —-A)

whenever x,, € L, x,, — x € Lg.

Proof. We have
B,;'-B'=BY(B-B,)B "

Let © € Lo, ¢ > 0. Then B~ 'z € Ly [as B(Lg) = Lo by the assumption] and it
follows from (2.1) that there is ny such that

9

|(B = Bn)(B™'2)|| < i

for n > ng. Hence for n > ng we get
1By e = B~ = ||B, (B = Bp)(B~'a)|| < 1B, I||(B = Bu)(B™'a)|| < e

and thus

B 'z — B 'x.

If now z,, € L, x,, — x € Ly, then

1B, e — B~ || < ||By e, — Bzl +||B, e — B~z

<
< M|z — 2| + ||B;1x — B*1x|| —0

and the first part of Lemma is proved.

The second part follows immediately from the first. O
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Note that the above assertion is the Lemma 3.1 from [2] slightly modified for our
purposes. The following assertion is the Lemma 3.2 from [2].

Lemma 2.2. Let X be a Banach space, Xo C X, a closed subspace. Let (), B be
bounded linear operators,

Q: X — X, B: X — X,
let ||Q|| < 1, and suppose that Q: Xo — Xo. Then
(2.6) (I -Q— B)"'(0) Cc Xo.
Suppose in addition that B is compact. If for each f € X, the equation
(2.7) I-Q-B)g=f

(in unknown g) has a unique solution in X then (2.7) is uniquely solvable in X for
each f € X.

Lemma 2.3. Let X be a Banach space, Xo C X its closed subspace. Let Q, B:
X — X be bounded linear operators and suppose that B is compact, ||Q|| < 1 and

B: X — X, Q: Xo— Xp.
Let H, C X (n=1,2,3,...) be subspaces in X and let
P,: X — H,
be projections, || P,|| = 1, and suppose that for each f € X,
(2.8) HPnf—fH -0 for n — oo.

Further let B, be compact operators, B,: X — Xy, and suppose that B, are
collectively compact (which means that the set

(2.9) {B.f |neN, feX,|fl<1}
is relatively compact) and that for each f € X,

(2.10) B,f — Bf for n — oo.
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Consider the equations

(2.11) (I-Q—-B)u=f,
(2.12) (I —QP, — Bp)u, = f,
where f € X is given and u, u, € X are unknown. Suppose that for each f € X
the equation (2.11) has a unique solution in Xo. Then there is ny such that for each
n > ng and each f € X the equation (2.12) is uniquely solvable in X. At the same

time there are constants ci, co such that the corresponding solutions of (2.11), (2.12)
satisfy the estimates

(2.13) lunll < callull < eall£1,
(2.14) = tall < e2 (I QP — Quil + | By — Bul)).

Proof. First note that it follows from Lemma 2.2 that under the given as-
sumptions the equation (2.11) is uniquely solvable not only in X, but also in X (for
feX).

Let us show that for all sufficiently large n also the equation (2.12) is uniquely
solvable in X. Since B,, is compact and ||QP,|| <1 (as [|Q]| < 1, ||Pn]| = 1), by the
Riesz-Schauder theory it suffices to show that the homogeneous equation

(2.15) (I -QP,—Byu, =0
has (in X) only the trivial solution. Suppose that there are infinitely many n for
which (2.15) has a non-trivial solution. One can suppose for simplicity that for each
natural n the equation (2.15) possesses a non-trivial solution. Then there are

Up € X, lun| =1
such that (2.15) is valid, which can be written in the form
that is

(2.16) un = (I — QP,) ' Byu,

[as ||QP,| < 1 the inverse (I — QP,)! exists]. Since B,, are collectively compact
and ||u,|| = 1, there is a subsequence {u,,} such that the sequence {B,, un, } is
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convergent. For simplicity let us denote this subsequence by the same symbol {u,,}.
We can thus write

(2.17) Bou, =v, — v € Xy
(as by assumption B,,: X — X and X is closed). Using Lemma 2.1 we now obtain
(I—-QP) v, — (I-Q) 've X,

(Q: Xo — Xo by assumption), whence [see (2.16)]

(2.18) uy, — (I — Q) v =ue X,.
We have
(2.19) | Bpun, — Bul| < ||Brun — Bpul| + || Brhu — Bul.

Since u € X it follows from the assumption [see (2.10)] that
(2.20) || Bru — Bul|| — 0.
Since B, are collectively compact they are also uniformly bounded and thus
(2.21) | Br(un — w)|| — 0.
Now it follows from (2.21), (2.20) and (2.19) that
v, = Bpu, — Bu
and thus (as v, — v)
(2.22) Bu = v.
Since we have put u = (I — Q) v [see (2.18)] we thus obtain
w=(I-Q)'Bu,
so that
(2.23) (I-Q—-Bu=0.
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Since ||un|| = 1 (and w, — u), we have also ||u|| = 1, which contradicts the unique
solvability of the equation (2.11). The first part of the assertion is proved.

Now we shall prove (2.13). Existence of ¢ in the second inequality in (2.13) is
clear since under the given assumptions the operator (I — @ — B) has a bounded
inverse.

Suppose that the first inequality in (2.13) is not valid (that is there exists no ¢;
such that ...). Then there are f, € X, u, € X, g, € X (more precisely, there is a
subsequence of indices n) such that

(2'24) (I_Q_B)un = fn,
(2.25) (I - QPF, - Bn)gn = fn
and

wn]| =1, l|gnll — +o0.

The equalities (2.24), (2.25) yield
(2.26) (I = Q= Bup = (I = QP, — Bn)gn.
Denoting

In

hy =
gl

(2.26) can be written in the form

(I —QPy)h, = o (I — Q — B)uy + Bph,
or .
hy = (IQPn)l{ (IQB)un+Bnhn}.
llgnll
Since
[unll =1, l[gnl| — 400,

we have 1

—UI - Q- B)u, — 0.

lgnl !
The operators B,, are collectively compact by the assumption. As ||h,| =1 there is

a subsequence such that
B,h, =v, — v € Xp.

Now it follows from Lemma 2.1 that

By = (I — QP,)™* { (I -Q—-B)u, + Bnhn} - (T -Q) 'v="he X,

[lgnll
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In the same way as in the first part of the proof one can find that
Byh, — Bh
(which means that v = Bh) and obtain that
h=(1-Q) 'Bh

and thus
(I-Q—-B)h=0.

But ||k]| =1 (as ||hs]| = 1), h € Xo, which contradicts the assumption that (2.11) is
uniquely solvable in Xj.

It suffices to prove (2.14). Consider n > ng [where ng is such that for each n > ng
the equation (2.12) is uniquely solvable for any f € X]. Given f € X let u be
the solution of (2.11) [as we have noted, (2.11) is uniquely solvable in X due to
Lemma 2.2] and let u,, be the solution of (2.12). Then

u— Qu — Bu =u, — QP,u, — Bpug,
which can be written in the form
(u—up) — QPp(u — uy) — Bp(u — uy) = Qu — QP,u + Bu — B,u,
that is (u — u,) is a solution of the equation (2.12) with the right hand side equal to
Qu — QP,u+ Bu — B,u.
Now (2.14) follows immediately from the second inequality in (2.13). O

Proposition 2.4. Let X be a Banach space, Xo C X its closed subspace,
q,5 € Xo,5#0. Let Q,C: X — X be two bounded linear operators, C: X — Xy,
C' compact, Q: X9 — Xo, ||Q| < 1. Let H, be subspaces in X, P,: X — H,
projections (n = 1,2,3,...) such that ||P,|| = 1, P,s = s (n € N) and suppose that
for each f € Xy

| Pnf — fll — 0 for n — oo.

Consider the equations

(2.27) I-Q—-Cu+aqg=f,
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where f € X is given while u,u, € X, a,a, € R are unknown. Suppose that for each
f € Xo the equation (2.27) has a solution (u,a) in Xo X R where a € R is determined
uniquely; further suppose that if (ug,a) is a solution of (2.27) (ug € Xo) then the
set of all solutions of (2.27) is equal to

(2.29) {(uo+ts,a) [t e R}.

Then there is ng such that for each n > ng and for each f € X the equation (2.28)
has a solution in X x R. The constant a,, is then determined uniquely and the set
of all solutions of (2.28) is of the form

(2.30) {(u) +ts,an) |t € R},

where (u®,a,) is a solution of (2.28).

Further let r: X — R be a bounded linear functional such that r(s) # 0, f € Xo,
(u, a) is a solution of (2.27) such that r(u) = 0 and let (u,, a,) be a solution of (2.28)
such that r(P,uy,) = 0. Then

(2.31) Up — U, an — a.

Proof. Lethbeanarbitrary bounded linear functional on X such that h(s) # 0.
For x € X put
Bz = Cx — h(x)q, Bnx = CP,x — h(z)q.

It is easy to see that B: X — X, B,: X — Xy, B is compact, B,, are collectively
compact and B, f — Bf for each f € Xj.
For f € X consider the equation

(2.32) (I-Q-Bu=f.

Then v € X is a solution of (2.32) if and only if (u, h(u)) solves (2.27). Since (2.27) is
solvable in Xy x R and the set of all solutions of (2.27) is of the form (2.29), we see
that (2.32) is in X uniquely solvable. Now it follows from Lemma 2.3 that for all
sufficiently large n the equation

(2.33) (I -—QP,—Bp)up, =f

is uniquely solvable in X (for each f € X). If w, is a solution of (2.33) then
(tun, h(uy)) is a solution of (2.28). The fact that the set of all solutions of (2.27) is of
the form (2.29) means that {¢s | t € R} is the null space of the operator (I —Q — C).
Since P,,s = s we see that s is contained also in the null space of (I — QP, — CP,).
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Suppose that there is an s; € X such that s, s; are linearly independent and s; is
contained in the null space of (I — QP, — CP,). Suppose that h was chosen such
that, in addition, h(s1) = 0. Let wu, be a solution of (2.33). Then also wu, + s1
solves (2.33) since

(I - QP, - Bn)(“n + 51) = (I -QF, — CPn)(“n + 51) + h(un + 81)(]
:(IfQPn*OPn)un+h(un)q:fa

this contradicts the fact that (2.33) has a unique solution. Now we see that the
operator (I —QP, — CP,) has the same null space as the operator (I — @ — P) which
implies that the set of all solutions of (2.28) is of the form (2.30), indeed.

Given f € Xj let w be a solution of (2.32), @, a solution of (2.33). From the
inequality (2.14) in Lemma 2.3 we obtain that for some c¢; € R

=l < (| QP — )| + || B — Bl]).
Since u € X (due to the assumption f € Xj) we have
P,u— u, B,u — Bu
and thus
Uy — U.
If (u,a) is a solution of (2.27) and (u,, a) is a solution of (2.28) then we have

an = h(uy,) — h(u) = a.

Let u,u, be, in addition, such that r(u) = 0, r(P,u,) = 0. By the above argument
u, U, are of the form

u=u+t-s, Uy = Up + Ty * S,

where ~ _

r(a) r(P,a)

t=——"l  ty=-—

r(s) r(s)

We have
[ Patin, — ull < ||Prtin — Poull + || Pru — ull < [|Po | [[dn — ull + (| Pru — uf,

whence P,u, — u (as |P,|| = 1, 4, — u, P,u — @). Now we see that ¢, — t and
we conclude that u,, — u. The assertion is proved. O
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3. THE DIRICHLET PROBLEM

Now consider again the Dirichlet problem on S as described in the first section.
We shall look for the solution in the form (1.35). As we have noted the problem can
be reduced to the integral equation (1.34).

For simplicity we will suppose throughout this part that K is positively oriented.
Then the equation (1.34) can be written in the form

(3.1) (I —H)fx + av = go,
where
(3:2) g0 = —(ux — $Hpus ;)

(instead of v|x we write simply v). We know that the solution of (3.1) is not unique—
it is true that a € R is determined uniquely, but fx is determined up to a constant. If
we add a condition that the value of fx at a fixed point in K vanishes (for example)
then (3.1) will have a unique solution.

One of the ways how to solve (3.1) numerically is to look for a piecewise constant
approximation of fx. Dividing K into n arcs on which the approximate solution is
constant we get a system of n equations with (n 4 1) unknowns (n values of fx and
the constant a). If we choose fx vanishing at a fixed point then we can consider
a piecewise constant approximation which is equal to zero on a given arc. Then
one column in the system of equations can be removed and we obtain a system of
n equations with n unknowns (one of which is a). Solving this system we get an
approximation of fx and at the same time the constant a (an approximation of a).

In the following we describe this method in more detail, and using Proposition 2.4
we will show that for all sufficiently large n the matrix of the mentioned system of
(linear) equations is regular and the method converges [under the assumption (1.29)].
The question concerning the rate of convergence is more complicated and is not
investigated here.

In the first section Hf, Wx (-, f), Wk f etc. were defined for f € ¢(K). Consider-
ing the integral on the right hand side of (1.12) to be the Lebesgue-Stieltjes integral
(identifying ¢, with the corresponding Lebesgue-Stieltjes measure) Wi (-, f) is de-
fined whenever f is a bounded Baire function on K (for example). Let Z(K) stand
for the space of all bounded Baire functions on K equipped with the supremum norm.
If Wi(-, f) is defined for f € B(K) then also Wi f, Hf are defined for f € B(K)
[by equalities (1.19), (1.27)], that is W, H can be regarded as operators on Z(K).
It is easily seen that

Wi, H: B(K) — B(K).
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Denote further
Wi £(C) = Wk (3(0), f)
for f € B(K), ¢ € K, so that H = Wx — Wx.

Lemma 3.1. Let var[t); (a,b)] < co. Then the operator Wic: f — Wi f is com-
pact as an operator on B(K) and

Wi : B(K) — €(K).

Proof. This follows from the reasoning described in the proof of Lemma 2.2
in [4]. It only suffices to write everywhere #(K) instead of € (K). O

Now we want to show that the equation (3.1) corresponds to the case described
in Proposition 2.4. Denote

X =B(K), Xo=%K)

(then X is a Banach space, Xo C X a closed subspace). The function v defined in
Section 1 (more precisely the restriction v|x) will play the role of ¢ in Proposition 2.4;
further let s =1 (on K).

Define the projections P,, considered in Proposition 2.4 in the following way. For
n € N divide K into n disjoint arcs K'. For example if K = ¢((a, b)) then put for
i=1,2,...,n

(3.3) = (a+(i1)bTa,a+iba>,
(3.4) K7 = (1)

and choose z}* € K—for example

(3.5) zy=¢(a+(i—§)b_“>.

n

Suppose that the diameters of the subarcs K* satisfy

max {diam K} — 0 for n — o0
1<i<n

(if we choose K" in the way described above this condition is fulfilled, of course).
For f € #(K) define P, f as a function which is constant on each arc K'; for
z € K put
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It is easily seen that P,s = s, ||P,|| = 1 and for f € X [= € (K)] we have
P.f — f for n — oo.

Now express the operator H as a sum of two operators @, C. Denote by Z the set of
all > 0 for which there is a circumference S” with radius r such that J4 (S"NK) > 0
(where 74 is the linear Hausdorff measure). It is shown in [9], lemma 1.10, that % is
at most countable. It is shown also in [9] that for any r > 0, r ¢ Z,

sup( )+ |A D = sup vl/’(C)
CEK CEK

As (1.29) is supposed to be fulfilled we can choose 9 > 0, 1o ¢ %, such that

(3.6) %Csup( )+ |A(¢ D <1

Now put for ¢ € K, f € B(K),
=1( X [re@ e+ a0s0).
Ieve,rg
where ¢ r, has the meaning described before the formula (1.10) and further
Df(¢) = Wk f(¢) — Qf(¢),

CFQ) =HIEQ) - QF(C) =Wk f(C) — QF () — Wi £(C)
Df(¢) — Wi £(0).

It can be shown analogously to the proofs of Lemmas 1.11 and 1.12 in [9] that D maps
the unit ball in Z(K) onto a set of functions equicontinuous and uniformly bounded
on K. Thus D: X — Xy and D is a compact operator on X and by Lemma 3.1

C: X — Xo
and C' is a compact operator on X. Further we see that
QZX—>X, QZXO—>X0

(since Wi : X — X, Wg: Xo — Xo) and ||Q|| < 1 due to (3.6).

Now we are in a position to apply Proposition 2.4. Under the given notation the
equation (3.1) can be written in the form (2.27); the equation (2.28) has now the
form

(3.7) (I —HPy)up + anv = go.
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Fix z € K and for f € X put

Now the assumptions of Proposition 2.4 are fulfilled. Suppose, in addition, that
go € X [if go is of the form (3.2) then it suffices to assume that ux € € (K)]. First
it follows from Proposition 2.4 that equations (3.1) and (3.7) (for all sufficiently
large n) are solvable in X (even for go € X). If we add the condition r(fx) = 0
to (3.1) and the condition r(P,u,) = 0 to (3.7) then the equations (3.1), (3.7) are
uniquely solvable. If (fx,a) is the solution of (3.1) and (un,ay) is the solution
of (3.7) (fulfilling the given conditions) then

Up — fK, Gp — Q.

Now we describe the algorithm to which this method leads. Let I, K*, 27" be of
the form (3.3), (3.4), (3.5). Put further

then z € K] (for all n € N). Let x? denote the characteristic function of K" and
put

(38) M = [(I = H)XG](=])
fori=1,2,...,n,7=1,2,...,(n—1) and
(3.9) M, = v(z')

fori=1,2,...,n.
Put further

(3.10) b = go(z{")
fori=1,2,...,n,
(3.11) z; = un(2]")

fori=1,2,...,(n—1) and
(3.12) = ap,.
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Let uy, be the solution of the equation (3.7) satisfying the condition r(P,u,) = 0,
that is u,(2]) =0 (as z € K?). Then

n—1 n—1

E ny.n E n.mn
Pnun - un(zj )X] = xj Xj 5

i=1 i=1

n—1 n—1
HP,u, =H Z Xy = Z o HX
j=1 j=1

and the equality (3.7) can be written in the form

n—1
Up — Z x?ﬁx? + apv = go.
j=1
In particular we get for z = 2
n—1
un(2) = > @ (HXG) () + anv(z]') = go(2}")
j=1

Using the above notation we obtain that

?

(3.13) > Mpah =0b} (i=1,2,...,n).
j=1

Note that now we see that the matrix M = (M]}) is regular (for all sufficiently
large n) since (3.7) and consequently (3.13) are solvable for any right hand side.

Let us show how to evaluate easily the coefficients M} (for j # n). First consider
the case i # j. Then x7(2]') = 0 and thus

_ - 1
M = =Hx}(2) = Wk (9(z]), X}) = Wk (2, x}) = - (/In ddg(ar) — /In d19z;f>~

J J

The integrals on the right hand side are nothing else but the increments of the
argument along the arc K7 with respect to the point g(z}') (resp. z]') which are easy
to evaluate [they are equal to the angles “under which the endpoints of K7 are seen
from the point g(z]') or zI'”].

%
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Now consider the case j = i. Then 2" € K and we get [using equalities
(1.19), (1.16) and the fact that x7(z) = 1]

+1_WKXZ( z)
+17WK Z’XZ) TEA(Zzn)

’

F LW (a0 — =[x (0 (1) — e (21)]

(Wil ) = Za- () + Za D).

i)y Xi

Xi')
Xi')
)
= Wk (9(z1): x7') —

Here

1
WK (y(zzn)ale) = E I d’lgg(z

For evaluating Wi (27, x') one has to realize that z]* € K. Denote for a while

b—a
ti: j— 1 5
at(i-H
b—a
1 = i —1 ).
I <a+(Z )= >
b—a
2;n = (t;,a+1 .
: n

Recalling (1.15) we observe that

coincides with oy (2]') up to a multiple of 2 and analogously for

lim ,n(%).

t—t;—
Suppose that ¥,» has been chosen in such a way that

lim ¥,n(t) = ay(2]), liH} Don(t) = a—(2]").
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Then we have

Wi (28, xi") — Ea_(zi )+ Ea+(zz‘ )

1
= —{ dd.» + / dd.» —a_(2]") + oz+(zi")}
T U1 ' 2 '

zl{a_(zi")—ﬁ‘zn (a—l—(z—l)b )—l—ﬁ‘zn (a—i—ib_a)
T : n n

—ay(2]) —a_(2!) + Oé+(2?)}

— 9. <a+iba> — o (a+(i1)ba>.
k3 n k3 n

We see that also M}; can be evaluated easily (analogously to M} for i # j). Thus
the described numerical method is easy to implement.

Remark. Consider the case ur, =0 on L (then g9 = —uk), let n be sufficiently
large and let [}, 2%, ..., 2] be the solution of (3.13),

n—1
g = Z%‘X?
j=1
For z € ST UL put
h(z) = Hi fre(2) + 2o Zx“HKx] +apu(2)

[the evaluation of Hyx}(2) is quite similar to the evaluation of MJ; for i # j|.
Function h is an approximation of the solution of the Dirichlet problem on St with
the boundary condition ux on K and uy, =0 on L. It is easy to see that h has the
following properties:

(a) h is harmonic on ST,

(b) h is continuos on St UL and h(z) =0 for any z € L,

(c) for each ¢ € K except the endpoints of K (i = 1,2,...,n) the limit

lim h(z)
z—(
z€8t

exists and is finite,
(d) fori=1,2,...,n
lim h(z) = uk(2]).

z—2z]

zeSt
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