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Abstract. The evolution Boussinesq equations describe the evolution of the temperature
and velocity fields of viscous incompressible Newtonian fluids. Very often, they are a rea-
sonable model to render relevant phenomena of flows in which the thermal effects play an
essential role. In the paper we prescribe non-Dirichlet boundary conditions on a part of the
boundary and prove the existence and uniqueness of solutions to the Boussinesq equations
on a (short) time interval. The length of the time interval depends only on certain norms
of the given data. In the proof we use a fixed point theorem method in Sobolev spaces with
non-integer order derivatives. The proof is performed for Lipschitz domains and a wide
class of data.
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INTRODUCTION

Let £2 be a bounded domain in R? with a Lipschitz boundary 92 and let I'y, I's,
I's, 'y and I's be open disjoint subsets of 942 such that 92 =T UTy =T3UT,UTS,
'y # 0, '3 # 0 and the 2-dimensional measure of 92\ (I';UT's) and 92\ (T'sUT4UT5)
equals zero. Let T > 0 and let n = (n1, na, n3) denote the unit outward normal vector
defined a.e. on 0f2. Let T;;(u,p) = —pdi; + vou;/0x; for 1 < 4,5 < 3 and v > 0.

The evolution Boussinesq equations for the velocity @, the pressure p and the
temperature ¥ of the fluid are
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ou 1

(1) — —vAG+ (@ V)i + —Vp = g(J — rer),
ot Oref

(2) diva =0,

(3) g—f—5A1§+(ﬁ~V)1§:Q.

We have introduced the thermal diffusion coefficient x, the kinematic viscosity v, the
acceleration due to gravity g, the termal expansion coefficient (3, the reference density
and temperature gref and Yo and the source term (). Without loss of generality we
set 0 and grer to be equal to unity. The system (1)—(3) is considered in the time
cylinder 2 x (0,7).

The evolution Boussinesq equations (1)—(3) describe the velocity and temperature
fields of viscous incompressible Newtonian fluids where the thermal effects play an
essential role. The density is constant everywhere except in the body force term of
the momentum equation (1), where it is temperature dependent according to the
law 90 = gre[1 — B(0 — Drer)]. The viscous dissipation in the energy equation (3) is
neglected. For more details concerning the Boussinesq equations see [1], [2], [15],
[19].

The equations (1)—(3) are combined with the set of boundary conditions:

(4) U= onT4 x (0,7),
(5) le(fb,p)’llj = 0; on Fg X (O,T),
(6) J=0 onI's x (0,7),
a0
(7) on Y on Ty x (0,7),
a0 -
(8) %+’y(197195):0 onI's x (0,7),

where v is the heat transfer coefficient and ;5 is a given temperature. The initial
conditions are
(9) a(x,0) = ao(x) in £2,
(10) J(z,0) = Jo(x)  in £2.
The Dirichlet boundary conditions are used on the part I'y of the boundary. On

I’ we prescribe the non-Dirichlet conditions (5). These conditions can be derived
directly from the momentum equation (1) as natural boundary conditions and are
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sometimes referred to as “do nothing” boundary conditions (for & = 0). They are
probably the best possible general-purpose boundary conditions to be used along
the outflow boundaries, which seems to be supported from the mathematical point
of view by their simplicity (see [7]). They have been applied in many numerical
calculations especially at the outlets of tubes and channels (see e.g. [16], [17], [18]).
For the temperature we use the Dirichlet boundary conditions on I's, the Neumann
boundary conditions on I'y and the Newton boundary conditions on I's (see [4], [14]).

In the paper we prove an existence theorem for the system (1)—(10). In the proof
of the existence theorem, the boundary conditions (5) are the main problem (see
e.g. [8], [9], [10]) since backward flows cannot be excluded on I's. The backward
flows can bring more kinetic energy into the domain than is the amount of the energy
carried outwards. Therefore, the amount of kinetic energy in the domain cannot be
controlled and the method which is usually used for the case of the Dirichlet boundary
conditions (see [20]) cannot be applied.

In the paper, Theorem 3.1 is the main result. We use a fixed point theorem method
in the Sobolev spaces with non-integer order derivatives and prove the existence and
uniqueness of solutions to the system (1)—(10) on a (short) time interval. The proof
is performed for Lipschitz domains and a wide class of initial data. The length of
the time interval on which the solution exists depends only on certain norms of the
data and therefore the existence of unique solutions can be extended to a maximal
time interval.

Remark 0.1. Let us note that the same or similar proof also works if some other
non-Dirichlet boundary conditions are applied on I';. As an example, let us mention
the pressure drop problem with the boundary conditions (@, @, are the normal
and tangential components of @, P is a prescribed value)

Oty O,
* —v— =P, — =0
(*) PV , B
applied on I';. These boundary conditions are convenient as outflow boundary condi-
tions in some special types of geometries. For the thorough discussion of the pressure
drop problem and the conditions (x) see [8].

1. PRELIMINARIES

Let v > 0, K > 0 and a € (0,1). Let E(2) = {p € [C®(2)]?; divy =
0 in 2, suppe NT; = 0} and let V and H be defined as the closure of E({2)
in the norm of the space [W12(£2)]® and [L?(£2)]3, respectively. Let EY(£2) = {¢ €
C>=(0); supppNT3 = 0} and let V¥ be defined as the closure of E?(£2) in the norm
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of the space W12(£2). Similarly, E(22) = {¢ € [C>®(2)]?; divep =0 in 2} and V
and H are defined as the closure of E(£2) in the norm of the space [W2(£2)]® and
[L2(£2)]3, respectively.

V is a Hilbert space endowed with the scalar product ((u,v)) = [, 35, 3;’9 dz. H
and H are Hilbert spaces with respect to the scalar product (u,v) = f o wiv; d, \%

is a Hilbert space with the scalar product ((u,v))12 = (u,v)py1.2(0)s and V9is a

Hilbert space with the scalar product ((1,9))s = [, dd;/; g_ﬂi dx. The scalar product
both in L2(f2) and L?(2) is denoted by (-,-). In the paper, A* denotes the dual
space of a Hilbert space A. The norms of V', V¢ are denoted by |- ||, || - ||6-

By the Riesz representation theorem, we can identify H and H*, L*(f2) and
L2(£2)*, and have the inclusions

VCH=H"CV*,
VO c LA(0) = L2(2)" c (V)
VcCH=H"CV*,
W) c L3(2) = L3*(2)* ¢ WH2(0)*,

where each space is dense in the next one and the imbeddings are continuous.

We define Banach spaces X, X, X% X¢, X, X% vY,Y? X, and X0, Let
D(0,T) be the space of C*°(]0,T]) functions with a compact support contained in
(0,7). Then X = {u € L*(0,T,V); v € L*(0,T,V), u’ € L?(0,T,V*)} and
lullx = llw||z20,7,v) + ||| L2(0,7,v+) + [|[u(0)]|, where u’ is the derivative of u in
the sense of distribution and w” is the Schwartz derivative of «’ in the sense of the
imbedding V' C H = H* C V*. This means precisely that

T T
/0 (v, u(t)))®'(t)dt = 7/0 (v, /(1)) ®(t)dt Yo eV, Ve D(0,T)
and
T T
/ (w/ (), )@ () dt —/ (W (1),0) B(t)dt Vo €V, ¥ € D(0,T),
0 0

where (u”(t),v) = (u”(1),v)y. v, and (V*, V) is the duality between V* and
V. TFor more details see [20]. Let Xo = {u € X; u(0) = 0}, X% = {9 ¢
L2(0,7,V?); 9" € L*(0,T,V?), 9" € L*(0,T,(V?)*)} and |9 xs = ||| 20,7, v0) +
19" 20,,(veyy + [[9(0)]ls, where ¥’ is the derivative of ¥ in the sense of dis-
tribution and ¢ is the Schwartz derivative of ¢ in the sense of the imbedding
VO C L2(0) = L*(2)* c (V9)*. Let X§ = {9 € X; 9(0) = 0}.

Similarly we define X = {u € L?(0,T,V); u' € L*(0,T,V), u”’ € L*(0,T,V*)}
and [lull ¢ = vl p20,7,9) + 1wl 220,757+ T [[w(0)[ly-- Again, u’ means the deriv-
ative of w in the sense of distribution and w” is the Schwartz derivative of u’ in
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the sense of the imbedding V¢ H = H* ¢ V*. X% = {¢ € L?(0,T, W'2(2));
e L0, T,WN(Q); 9" € L0, T,W (@)}, [0l = 1920 wnaay) +
19" L2 0,7,w12(2)+) + [[9(0)[|wr.2(2) and ¥ means the derivative of 1 in the sense
of distribution and " is the Schwartz derivative of ¥ in the sense of the imbedding
Wh2(0Q) c L3(2) = L*>(2)* ¢ WH2(02)*.

We define Y = {vaw”v f e C([OvT]’V*)v e LZ(O’T> V*)v wevV, f(O) -

v((w,") € HY, [[[[f, wlllly = [1flle20,7,v+) + lwll + [|£(0) — v((w, )|z, where
f' is the derivative of f in the sense of distribution. Similarly, Y? = {[[f, w]];
f € C(o,1],(V9*), f € L*0,T,(V?)*),w € V? £(0) — s((w,-))s € L*(2)},
I willlye = 11l 20,z,voy) + lwllo + [1F(0) = #((w,-))ollL2(2), where [ is the
derivative of f in the sense of distribution.

Let X, = {u € L%(0,T,W*2(02)); ' € L*0,T, W*2(£2)) N L*(0,T, L?>(12)),
u(0) = 0} and [Jullx, = [|[v'| 20,1, we2(2)) + W] Ls0,7,02(2)), Where u’ is the
derivative of u in the sense of distribution, W®2(2) = [W*2(2)]3 and W*2(£2)
are Sobolev spaces with non-integer order derivatives (for their definition and prop-
erties see [12] or [13]). X9 = {9 € L%(0,T,W*2(02)); ¥ € L*(0,T, W*2(£2)) N
L*(0,T, L*(£2)), ¥(0) = 0} and [9xe = 19'llL20.m.we2(2)) + [[¥][za0,7.22(02))
where ¥’ is the derivative of ¥ in the sense of distribution.

In the paper we will use the following imbedding theorems:

(11) W2(2) — L(R2), |lullps) < arllullwrz o), Yu e WH2(12),
(12) Wh2(02) — LY00), |lullrson) < c2llullwizo), Yu € WH2(12),
(13) ull g < esllully, YueV,

(14)  WTB2(Q) — LX), ||ulrs@) < callllwrsz(o), Yu e WT(0),
(15)  W7/2(Q) — L*(Ty), |lullLsrs,) < csllullwrszg), Yu e W32(0),
(16)
(17)
(18)

<
Wo/62(0Q) — L*(2), |ullps) < col|ullps/o2 (), Y € wWo/62(0),

20/21 1/21
lullwareay < erllullygns o lul ), Yue W/B2(02),

W5/6’2(.Q) — L12/5(F2), ||’LLHL12/5(F2) < CSHUHW5/6,2(Q), Yu € W5/6’2(Q).

Remark 1.1. Let us comment upon the items (11)—(18). It follows immediately
from Theorem 8.3.3.(i) in [12] that for k > 3/4, W*2(§2) — L*(£2). Consequently,
(14) and (16) hold. (11)—(13) are classical results, see [12]. The interpolation in-
equality (17) follows from the definition of the spaces W2(£2) in [13]. The items
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(15) and (18) follow from Theorem 8.3.3.(i) in [12] and Theorem 1.5.1.2 in [6]:
WT/32(0) s W3/33(0) s WY243(Dy) < L3(T,)
and
WO/62(0) s WT/1212/5( ) ., W/612/5(1,) ., [12/5(T).

To simplify the paper we use the constant ¢ instead of the constants c;—cg from
(11)—(18). In the paper, the constant ¢ grows with the time interval 7. We now
define

b(u,v,w) = / u]gv w; dz,

Clu,?,p) = / gﬂwdx

for every u, v, w € W12(02) and every 9, € W12(£2) and
br(u,v,w) = / u;n;viw; dS f/ ujvi% dx,
Ts Q 8.’13]

C’r(u,ﬁ,go):/ ujn Yo dS — /u]ﬂ—dx
I'4ul's ax]

for every u,v € W7/82(Q), w € WH2(£2) and every 9 € W7/32(02), p € Wh2(02).
Clearly,

(19) br(u, v, w) = b(u,v,w), Yu,veWQ),weV,
(20) Cr(u, 9, p) = C(u,d,¢), Yuc Wh(2),9 € WH(02),p c V.

2. WEAK FORMULATION

Let us suppose that 4, p and 9 are smooth solutions to the system (1)—(10). It is
a standard procedure to show that

(@', v) +v((w,v)) + b(a, @, v)
= / oi0; dS + (¥ — Yret)g, v) Yo eV,
Ty
(’gl’ 90) + H((’g’ @))9 + C(’EL, 1§> 90)
~ @)+ [ mopdS— [ m@-vgpds  VpeV”.

5
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Let us denote
<f,’U> = / oiv; dS YVveV,
I

<f9»s0>=(Q,<P)+/ kwpdS VYo e V.

Ty

It is clear that if the data are sufficiently smooth then f € C([0,T],V*), f' €
L0, T,V*), f% € C([0,7],(V?)*) and (f%) € L?(0,T,(V?)*). This suggests the
following weak formulation of the system (1)—(10):

Problem 2.1 (weak formulation). Let v, x and v be positive constants and let

(21) fec(o,T],v*), f' € L*(0,T,V*),
(22) fPec(o,T),(V)"), (f°) € L*(0,T,(V*)"),
(23) o €V, Uy € WH2(12),

(24) (,DEX, QE)N(Q,

(25) ¢(0) =1y onTy,

(26) 0(0) = Jy onTs,

(27) J(0) = v((wo, ) — b(wo, o, ") € H,
(28) g € L>(02),

(29) Oret, Uiy € L2(0, T, L*(12)),

(30) 95,95 € L*(0,T, L*(T5)),

(31) £°(0) = &((o,-))o — C(@o, o, -)

7/ k(T — 95(0)) - dS € L2(92).
I's

Let us denote ug = @ — (0) and 9y = Jo — 0(0). Clearly, up € V and 9y € V7.
Find u € X and ¥ € X{ satisfying, for every v € V and ¢ € V?,

(32) (' + ¢ v) +v((u+ ¢+ ug,v)) +b(u+ ¢+ ug, u+ ¢+ up,v)
= <f7’U>+ ((19+Q+190_79ref)g>'u)7
(33) (0" + 0, ¢) + (0 + 0+ 90,9)), + Clu+ @ +ug, 9+ 0+ Vo, )

= <f9,¢>—/ k(9 4+ 0+ Yo — Is)p dS.

5

The pair @ = u + @ + ug, ¥ = ¥ + 0+ Vg is called the weak solution of the system

(1)~(10).
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Remark 2.2. The conditions (25) and (26) are compatibility conditions. The
conditions (27) and (31) follow from the fact that @ € X and 9 € X?. The functions
g, Uret and Y5 defined in (28), (29) and (30) are supposed to depend on the time and
space variables.

Remark 2.3. Since u + ug + ¢ € X and 9 + o+ VY € X, it follows from
(19), (20) and the definitions of X and X? that Problem 2.1 does not change if
b(u+ ¢+ ug, u+ @ +ug,v) in (32) or C(u+ @+ ug, ¥+ 0+ Yo, ) in (33) is replaced
by b.(u + @ + ug, u + @ + ug,v) or Cr.(u + @ + ug, ¥ + 0 + Yo, ¢), respectively. It
will be more convenient, since we are working with Sobolev spaces with non-integer
order derivatives, to use the following form of (32) and (33):

(U/,’U) + I/((’LL,’U)) = <f,’U> + ((19 +o+ 190 - ﬁref)Qa”) - (90/,1)) - V((‘P + an”))
—b.(u+ @+ ug,u+ ¢+ ug,v),

(W', 0) + 5((0,0)g = (f° ) —/ Ky (9 + 0+ 00 — 95)pdS — (0, )

5

— k(e +To,9))e — Cr(u + @ + uo, ¥ + 0+ Yo, ).

Remark 2.4. The function f in (21) is sufficiently general. It is possible to
show that the choice f = 0 leads to the “do nothing” boundary conditions on I's,
that is Tj;(@,p)n; = 0. If we set (f,v) = [, oyv;dS for every v € V, then we get
the boundary conditions (5) on I's. Similarly, the choice (f,v) = —P [, v;n;dS for
every v € V leads to the boundary conditions (x) on I'; (see Remark 0.1 and [8]).

3. EXISTENCE THEOREM

Let v, x and v be positive constants and let f, f?, ﬁ0,1§0, ©, 0,9, Vref, Vs satisfy

(21)-(31).

Theorem 3.1. There exists a positive number T, = min(T,T}), Ty = T1(f, f?,
U, 150, ©, 0,9, Orer, Us) such that there exists a solution u € Xy, ¥ € Xg of Problem
2.1 on (0,T).

Theorem 3.1 is the main result of the paper.

Definition 3.2. The map S from X to Y is defined by S(u) = [[f, w]], YVu € X,
where (f(t),-) = (@' (¢),-) + v((u(?),-)) for every t € [0,T] and w = u(0).

Definition 3.3. The map S? from X% to Y? is defined by S%(9) = [[f?,¢]],
v e X9, (fOt),) = (9 (t),-) + k((I(t),")) for every t € [0,T] and ¢ = 9(0).
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Definition 3.4. The mapping P: X7/ X X$/8 — Y is defined by P(u,d) =
[[F,0]] for every u € X735 and ¥ € Xg/g, where

(34) (F,v) = (f,v) + ((0 + 0+ Yo — Vrer)g,v) — (¢',0)
_V(((P—i—u()?'u))
—b(u+@+ug,u+e+uy,v) YveV.

Definition 3.5. The mapping P?: X758 X X?/s — Y? is defined by P?(u,?) =

[[F?,0]] for every u € X7/s and ¥ € Xg/g, where

(F%, o) = (£ ¢) */ Ky (9 + 0+ Do — Ds)p dS

I's

— (') — k((e+ Y0, 9)),
—Cr(u+ @ +up,d+ 0+ o, ) Yo e VY.

Definition 3.6. Let a € (0,1). Then @, denotes the imbedding of Xy into X,
and Q? the imbedding of X into X.

To prove Theorem 3.1, we will show that there exists a positive number T, =
min(T, Ty), Ty = T1(f, f, @, 0,0, 0,9, Yret, ¥s), such that there exists a fixed point
of the mapping

Z: (u,9) € X7/8><X79/8 — (Q?/ssilp(uaﬂ),Qg/g(se)flpe(%19)) € X7/8 XX?/s,

where Z is defined on (0,7%). In the following lemmas we first show some useful
properties of P, S, Q, P?, S and QY.

Lemma 3.7. LetT >0,a € (0,1), M = {u € L?>(0,T,V); u' € L*(0,T,V*)},
where u’' is the Schwartz derivative of u in the sense of the imbedding V. C H =
H* ¢ V* and ||u|a = |[u|lr20,0,v) + |4 ||L200,7,v+) for every w € M. Then
M —— L2(0,T, W*2(02)).

Proof. Let {u,}_1 € M and |[up|m < ¢ < oo, Ym € N. Then there exists
a subsequence of {u,,}>°_; (we denote it again by {u,,}5°_;) such that w,, — u in
L?(0,T, H) (see Theorem 2.1, Chapter 3 in [20]) and w,, — u in the weak topology
of L2(0,T,V). Since V «—— W*2(02) — L%(12), it follows from [20], Chapter 3,
Lemma 2.1 that for every n > 0 there exists a ¢, > 0 such that |[u|wez.0) <
nllull + cyllul| L2y for every u € V. Therefore, we have for every m € N and
ae. t € (0,7) that u(t), un(t) € V, [|[u(t) — um(t)[lwe22) < nllu(t) — un(t)| +
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cnllu(t) — um(t)||L2(0) and

(/OT () = (O3 )

< ( | ) = wn ol + ey lla(®) - wn (020 dt)

<( "2 lu(®) - w0 dt>1/2 +(/ " 2 ut) — un) ar)

=nllw — wnllz20,7,v) + cpll — Wil L2(0,1, 1)

1/2
1/2

1/2

Since ||u — wm| r2(0,7,v) is a bounded sequence and ||u — w207, H) — O for

m — 00, it follows that lim sup ||w — wm, || L2(0,7,we2(2)) < en. Now, 7 is an arbitrary
m—0oQ

positive number and therefore w,, — w in L%(0, 7, W*2(£2)). The proof is complete.
O

Lemma 3.8. LetT >0, a € (0,1) and let M be defined as in Lemma 3.7. Then
M —— L*0,T,H).

Proof. As in Lemma 3.7 we consider the sequence {u,,}>>_; € M, where
lamllsr = letmllzeoz) + lttallzzomvey < € < 00, ¥im € N and tim — u in
L?(0,T,H). To prove Lemma 3.8, we will show that ||u,, — w||Lao, 7,y — 0 for
m — oo. First, it is easy to realize that for every m € N there exists a t,, € [0,7]
such that ||wm(tm)||r < ¢1, where ¢; does not depend on m. Next, we can also
suppose that ||wm, ||z~ 7 r) < c1 for all m € N. This follows from the fact that

%Hum(t)H%{ =2(ul, (t),un(t)) VYmeN, ae. te (0,T)

and from the inequalities

t
@)1 < o ) s+ [2 [t (5) ) s
t’f’l
< C% -+ 2Hu;n||L2(07T7V*)||umHL2(07T7v) < C% + 202, Vm € N, te [O,T]

Therefore, we can write
T 1/4
fum = wlloran = [ Tnt) — ulolirar)
’ 1/4

T
< (num o / e (8) — w(0) 4 dt)

1/2 1/2
= [lum — u||Loo(o7T7H)||um - uHLZ(o,T,H)

and the proof follows easily. O
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Lemma 3.9. Let T >0 and a € (0,1). Then Xy —— X,.

Proof. The proof is a consequence of Lemmas 3.7 and 3.8: Obviously,
Xo C Xo. Let now {u, };_; be a bounded sequence in Xo, that is |[uy,||z2(0,7,v) +
lullz2(0,7,v+) < ¢ < 00, Vm € N. As a consequence of Lemma 3.7 and Lemma
3.8 we can suppose that there exists U € M (for M see Lemma 3.7) such that
U € L0, T,W*2(2)) N L*(0,T, H) and u/, — U both in L2(0,T, W*2(2)) and
LA0,T,H). Let u(t) = fot U(s)ds, Vt € [0,T]. One can see then that u € Xo C X,
and Hu—umHXa = ||u/—u,/rn||L2(0’T’Wa,2(Q))+Hu/—u,/mlHLzl(O’T’L2(Q)) — 0 for m — oo.
The proof is complete. U

Lemma 3.10. Let T >0 and a € (0,1). Then X§ —— XJ.

Proof. The same as for Lemmas 3.7, 3.8 and 3.9. O

Lemma 3.11. The operator S from Definition 3.2 is a linear continuous
one-to-one operator from X onto Y. Moreover, |ul|x < c||Su|y, where ¢ =
24 /2 412 4t

Proof. For the proof see e.g. [11]. O

Lemma 3.12. The operator S? from Definition 3.3 is a linear continuous
one-to-one operator from X% onto Y. Moreover, ||9| xo < ¢|S%9|ye, where ¢ =
24+ k12 4 =12 4oL,

Proof. The same as for Lemma 3.11. O

Lemma 3.13. The mapping P from Definition 3.4 maps X7/3 X X%S into
Y, |P(u,d)]ly < (14 Tl/84H19||X$/8 + T1/42Hu||§(7/8), where ¢ depends~on1y on
gl 2), 1 220 ve), llellge, 19ellz20m L2020, lellx, 1F(0) = v((ao,-)) —
b(tg, o, )| &, [P0 — ﬂref(O)HLz(Q), |luo|| and the constants c1—cg from (11)—(18).

Proof. Letu € X7/3 and ¥ € X?/s' It follows from (19), (23) and (27) that
f(0) —v((t@o,-)) — br(@o, o, ) € H. We have from (23), (24), (28) and (29) that
(¢'(0),-) € H and ((Jg — 9ret(0))g, -) € H. Therefore

(35) IF©0)]m = [ £(0) — (¢'(0). ) — v((to, -))
— by(to, @0, -) + ((Po — Drer (0))g, ) | ex
< c([[£(0) — v((@o, ) — b(@o, o, )| 1
+llell % + 190 — Vret (0)|| 22 (2) 19l 2 (2)),
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where F was defined in (34). We will now show that F € L?(0,7, V*) by estimating
HFHLz(O,T,V*)' Clearly,

(36) (¢’ Mezo1,ve) < C||<)0/||L2(07T7\7)a
T 1/2

(37) [v((wo, )llz20.1,v+) < </ V2||u0||2dt) = VT2 |uoll,
0

(38> ||V<<‘Pa '))||L2(0,T,V*) < VH(P||L2(0,T’V)7

(39) (9 + 0+ Y0 — Vret)g, ) l22 (0,7, v ) < Tl gllL(0)

x (19l xs,, + llollgo + 19ollo + [9retll 207,220 ) -

Let us denote for simplicity w = u + ¢ + ug. Let v € V. Then Vt € [0, T

@) w0 < [ s w55 ot [ fusnuonas

< (Jw®)3aa) + o)) o]
2
< e (lu®lwrza + el + luol)* o]

2
< (T2 | 20w sz + le@®)llg + lluoll) 1ol

Consequently,

(40)  [|br(w, w, )| L2(0,7,v )
T
< (/0 02(T1/2||u/||LZ(O,T,W7/8‘2(Q)) + HCP(t)H‘", + HuoH)4 dt)

S¢ <T3/2”ulHiz(OyT,WW&?(Q)) + H‘PH;(O’T’V) + T1/2||u0\|2)

<o (T2l , + lel% + T2 uoll?)

1/2

The estimate of the norm of F in L?(0,T, V*) follows from (36)—(40).

Let us now estimate F’ in the norm of L%(0, 7, V*). To do this, we note first that
the derivative of b.(u + ¢ + ug, u + @ + uog, ) in L2(0,T,V*) is b.(u' + @', u+p +
g, -) +br(u+p+ug, u'+¢’, ). This follows for example from Theorem (1.7), p. 153,
in [5]. Therefore, we will estimate [|b,(u'4 ', u+@+uo, )| 12(0,7,v+). The estimate
of [|br(u+ @ +uo, u' +¢',-)||L2(0,7,v+) Proceeds in the same way. For a.e. t € (0,T)
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and for every v € V' we have

[br (' (£) + ' (1), @(t) + uo, v)|

+
’/ t) + it )(“j(t)+g0j(t)+u0j>%dx

[ @0+ 5 0)m; (0s) + i) + wor)us 5

< vl (t) + ' () lLac) [lu(t) + o) + wollLao)

ol Lagon 1w/ (1) + @ (0)l| rars o) l[u(t) + @ (1) + ol Ls(ry)
<o)l ([ @) lwares o) + 1€/ @)ll g )

x (lu®)llwrsac) + 1o @)y + lluoll)
<cllv )l (1w @) [z o 1 Ol o) + 1€ By

x (T2l x,, + (1+ TVl + ol
and this implies that

(41) [0, (w' + @'+ o + w0, ) 20,79
< (T2l xrye + L+ T2l x + )

T 2 1/2
20/21 1/21
X (/0 (||u/(t)||w/7/8‘2(9)||u/(t)HL/2(_Q) + HQO/(t)HV) dt)

¢ <T1/2Hu||X7/8 +(1+ TV el £ + HUoII)
T 10/21 T 1/84
X <[/0 ||u’(t)‘|%v7/8,2(9) dt] {/0 ”“/(t)HA}ﬂ(Q) dt] T1/84

+MTW@%MW3

<o (T ullx, e+ (1+ Tl 5 + luoll) (lullx, T + ol )
o (TY4)ull%, , + Il + lluoll?) -
In the second inequality of (41) we have used the fact that w’ € L*(0,T, L*(£2)). To

complete the estimate of F” in the norm of L%(0, T, V'*), it is sufficient to realize that
" or v((¢',-)) is respectively the derivative of (¢, ) or v((¢-+uo,-)) in L*(0, T, V*)

and
(42) " lL20,7,v+) < llell %5
(43) lv((@", Nlzzo.r,v+) <viel -
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Since (0 4 o' — ¥%et)g, -) is the derivative of (0 + 0+ o — ther)g, ) in L(0, T, V*)

and
T 1/2
([ 19013200 2)
T 1/2
< C(/o 19" () [35/6.2 12 dt)
T 40/21 2/21 i
< C(/O ||19/(t)||w/7/8,2(_())||19/( )HL?(Q )
T 10/21 T 1/84
< C(/O ||19/(t)||%;v7/8,2(9) dt) </ ”19/(75)”%2(9) dt) T
20/21 1/21
= TV NG s op 10 o 120y < T 10 lxg
we have
(44) (0 + o = PeDg ez, < ellglpoeqe (TV*19)xs

+llell go + 1976t 20,722 (2))) -

It now follows from (35), (41), (42), (43) and (44) that
1P, 9)lly < e(1+ T3] o+ T ul,,,),

where ¢ depends only on || £(0) —v((to, -)) —b(@o, @o, *) | e [l 20,7, v ), 1]l L ()
190 = Dret (0) || L2(2)5 |0l 305 [PhetllL2(0,7,22(2)) 1Pl 5 10|l and the constants ¢;—cs
from (11)—(18). The proof is complete. O

Lemma 3.14. The mapping P? from Definition 3.5 maps X7/ X X%S into Y?
and || P?(u,9)|ye < (1+T1/42H19||§( 8+T1/42||UH-2X7/3)’ where ¢ depends on ||¢|| g,

lell . 19ollo, 117°(0)— Jp, #7(Do—05(0))- S —r((Jo, ) —~C(@0, o, )l 2 llell 5o,
lwoll, 195]2¢0,7,22(r5)) and the constants c1—cg from (11)—(18).

Proof. The same as for Lemma 3.13. O
Lemma 3.15. Let u € Xy/5, 9 € X$/8 and let w € X solve the equation

(45) (w',v) + v((w,v)) = (f,v) + (9 + 0+ Vo — Vrer)g, v)
(¢, 0) — (¢ + 0, ))
—b(u+@+u,ut+e+uy,v), YvoeV.
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Then [lw]|x,,; < ¢(1+ [[wl|x,)-

Proof. Clearly,
[0 || Lo 0.7, 1) < M (0| x + 1wl x, -

Therefore

(46) lwllx,,s = 1w L20,7,w7/s2(2)) + W | L10,7,22(2))
cllw'(|z2o,7,v) + T 4w || L 0,7, 1)

<
< cllwllx, + T (' (0) | 11 + wllxo) -

It follows from (45) that (w’(0),v) = (f(0),v) + ((150 — et (0))g,v) — (¢'(0),v) —
v((to,v)) — b(tg, @o,v) for every v € V. We get from here and from (35) that
[ ()| e < [ £(0) = (o, -)) = b(tho, Go, )| &1 +[[l] % + [P0 —Dret (0) [ L2(2) 19| Lo (2)-
The proof now follows from (46). O

Lemma 3.16. Let u € Xy/g, v € X%S and let w € X solve the equation

(W' ) + K((w, 9))o = (. 0) — / k(9 + 0+ Do — 95)pdS

— (¢, 9) — k(e + Vo, 9))e
—Cr(ut+@+ug,d+o+9,p) VpeVl

Then [lwl|x, 4 < e(1+ [lwlxg)-

Proof. The same as for Lemma 3.15. O

Proof of Theorem 3.1. It follows from Lemmas 3.11, 3.12, 3.13, 3.14, 3.15 and
3.16 that for every u € X753 and ¥ € X?/s we have

(47) 1Q7 /88~ P(w, 0) x4 + 1Q7/5(5”) ™ P7 (w, 9))llxo

<c(1+ T2, , + TV 42H19“?c$/8) ’

where ¢ depends only on |[Jo|le, |95 2(0,7,22(0s))s 1G]z (), Hz% — Vet (0)]| £2(52),
lollzor 1Vrellz2 0,7, 22(2))5 l1wolls [1F 20,7, v ), @l llwoll [[£(0) = v((@o,-)) —
b(io, Go, )| rr, [1F9(0) = [, 5v(Jo—15)- dS—k((Jo,))o — C (o, Do, ) | L2(2) and the
constants ¢;—cg from (11) — (18). It follows from Lemmas 3.9 and 3.10 and from (47)
that the mapping Z (for its definition see the text following Definition 3.6) is compact
and maps the convex set H = {(u,?) € X7z x X$/85 lullx,,s + ||19HX’?/8 < 2¢}
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into itself if it is defined on the time interval (0,7}), where T, = min(7,7T}) and
Ty = (1/2¢)®. The mapping Z is continuous on H — this can be proved using the
same method as in the proof of Lemma 3.13. It follows from the Schauder principle
(see e.g. [3], Theorem 7.5.5) that there exists a fixed point of Z in H which is a
solution of Problem 2.1. The proof of Theorem 3.1 is complete. O

4. UNIQUENESS THEOREM

Theorem 4.1. The solution u € X, ¥ € X§ from Theorem 3.1 is unique.

Proof (briefly). Let us assume that u; € Xo, ¥1 € Xg and us € X, ¥ € Xg
are two solutions from Theorem 3.1. The difference u = w; — us, ¥ = 91 — Yo
satisfies, for every v € V and ¢ € VY, the identities

(u',v) + v((u,v)) = (9g,v) — b(u,us + ¢ + ug,v) — b(us + ¢ + uo, u, v),
(0, 4) + £((9,9))o = */ £y dS — C(u, ¥z + 0 + Yo, ¥) — Clur + ¢ + uo, U, 9).

5

Therefore we get

1d
(48) g lluli - vllul® < el9lia o) + cllulli + ellluli=o.rv)
+ 1l e 0.9y + o]
1 4
+ [Ja| Lo .2y ) |74 e | 31
1d 2 9
(49) 5 19l720) + AlI9 c\|ﬂ||L2(Q>+—||ﬂ\| + e[|l o,m,v)

1/4
el e o5y + o) IO/ 41011t

+cl[P2llLeo,,ve) + llell Lo, rwr2(2)

4 1
+ 1 ollvo) leel* el 7 \|19||3/4||19HL/5§Q

< (Vo) + 3 Z91%) + (ell?lzzge) + 3 ~[19)12)

+ (EHUII2 +cllulz + gllﬂ\l2 +el9Za0),

where the constant ¢ depends only on the data and the solutions w1, ¥; and wsa, V.
It follows from (48) and (49) that

d v
(50) allﬂ\l%ﬂr g\IUII2 < cl|ullFr + cll9)F 20,
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d v
(51) a\lﬂlliqm <9700 + g\lull2 + cf|ulH

and therefore by summing (50) and (51) we conclude that

d
(52) 2 ez + 119172 0) < elllullz + 1917200)):

Since u(0) = 0 and ¥(0) = 0 the proof follows immediately from (52) and the
Gronwall lemma. O

(1]

References

S. Acharya, R. Jetli: Heat transfer due to buoyancy in a partially divided square box.
Int. J. Heat Mass Transfer 88 (1990), 931-942.

C. R. Doering, J.D. Gibbon: Applied Analysis of the Navier-Stokes Equations. Cam-
bridge University Press, Cambridge, 1995.

J. Cronin: Fixed Points and Topological Degree in Nonlinear Analysis. Amer. Math.
Soc., Providence, Rhode Island, 1964.

K. H. Fuh, W.C. Chen and P. W. Liang: Temperature rise in twist drills with a finite
element approach. Int. Com. Heat Mass Transfer 21 (1994), 345-358.

H. Gajewski, K. Gréger and K. Zacharias: Nichtlineare Operatorgleichungen und Ope-
ratordifferentialgleichungen. Akademie-Verlag, Berlin, 1974.

P. Grisvard: Elliptic Problems in Nonsmooth Domains. Pitman Publishing Inc.,
Boston-London-Melbourne, 1985.

P. M. Gresho, R. L. Sani: Résumé and remarks on the open boundary condition mini-
symposium. Int. J. Numer. Methods Fluids 18 (1994), 983-1008.

J. G. Heywood, R. Rannacher and S. Turek: Artificial boundaries and flux and pres-
sure conditions for the incompressible Navier-Stokes equations. Int. J. Numer. Methods
Fluids 22 (1996), 325-352.

S. Kraé¢mar, J. Neustupa: Global existence of weak solutions of a nonsteady variational
inequality of the Navier-Stokes type with mixed boundary conditions. In: Proceedings
of Int. Symp. on Num. Anal. ISNA’92, Part III. 1992, pp. 156-177.

S. Kra¢mar, J. Neustupa: Modelling of flows of a viscous incompressible fluid through
a channel by means of variational inequalities. Z. Angew. Math. Mech. 7/ (1994),
T637-T639.

P. Kucera: Some properties of solutions to the nonsteady Navier-Stokes equations with
mixed boundary conditions on the infinite time interval. In: Proceedings of the 3rd
Summer Conference “Numerical Modelling in Continuum Mechanics”, Part 2 (M. Feis-
tauer, R. Rannacher and K. Kozel, eds.). Matfyzpress, Publishing House of the Faculty
of Mathematics and Physics, Charles University, Prague 1997, pp. 375-383.

A. Kufner, O. John and S. Fuéik: Function Spaces. Academia, Publishing House of the
Czechoslovak Academy of Sciences, Prague, 1977.

J. L. Lions, E. Magenes: Non-Homogeneous Boundary Value Problems and Applica-
tions, Vol. I and II. Springer-Verlag, Berlin-Heidelberg-New York, 1972.

T.H. Mai, N. El Wakil and J. Padet: Transient mixed convection in an upward vertical
pipe flow: temporal evolution following an inlet temperature step. Int. Com. Heat Mass
Transfer 21 (1994), 755-764.

97



(15]

[16]

(17]

J. Malek, M. Ruzicka and G. Thdter: Fractal dimension, attractors, and the Boussinesq
approximation in three dimensions. Acta Applicandae Mathematicae 87 (1994), 83-97.
M. P. Reddy, L. G. Reifschneider, J. N. Reddy and H. U. Akay: Accuracy and conver-
gence of element-by-element iterative solvers for incompressible fluid flows using penalty
finite element model. Int. J. Numer. Methods Fluids 17 (1993), 1019-1033.

G. Ren, T. Utnes: A finite element solution of the time-dependent incompressible
Navier-Stokes equations using a modified velocity correction method. Int. J. Numer.
Methods Fluids 17 (1993), 349-364.

S. A. M. Said and R. J. Krane: An analytical and experimental investigation of natural
convection heat transfer in vertical channels with a single obstruction. Int. J. Heat Mass
Transfer 3% (1990), 1121-1134.

Li Q. Tang, Tate T. H. Tsang: A least-squares finite element method for time-dependent
incompressible flows with thermal convection. Int. J. Numer. Methods Fluids 17 (1993),
271-289.

R. Temam: Navier-Stokes Equations. Theory and Numerical Analysis. North-Holland
Publishing Company, Amsterdam-New York-Oxford, 1979.

Authors’ addresses: Zdenék Skaldk, Institute of Hydrodynamics of the Academy of Sci-

ences of the Czech Republic, Pod Patankou 5/30, 166 12 Prague 6, Czech Republic, e-mail:
skalak@ih.cas.cz; Petr Kucera, Department of Mathematics, Faculty of Civil Engineer-
ing, Czech Technical University, Thakurova 7, 16629 Prague 6, Czech Republic, e-mail:
kfefpq@mbox.cesnet.cz.

98



		webmaster@dml.cz
	2020-07-02T09:54:56+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




