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Abstract. The method of quasilinearization is a procedure for obtaining approximate
solutions of differential equations. In this paper, this technique is applied to a differential-
algebraic problem. Under some natural assumptions, monotone sequences converge quadrat-
ically to a unique solution of our problem.
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SECTION 1

Consider the problem

o' (t) = f(tz(t),y(t), teJ=][0,b],
(1) .Z(O) == kOa
y(t) = g(t,z(t),y(t)), te,

where f € C(J x Rx R,R), g € C(J x R x R,R) and ko € R are given. Problem
(1) is called a differential-algebraic problem. A solution of (1) is a pair (z,y) €
CY(J,R) x C(J,R).

There are some methods which can be applied to construct approximate solutions
of such problems. Convergence of approximate iterations for (1) is proved, for exam-
ple, in papers [3], [6] (see also [1]). In [5], an approximate solution is constructed by
some numerical methods. Another useful method is based on monotone iterations.
The aim of this paper is to apply this procedure. Using the monotone iterative tech-
nique we can construct monotone sequences of approximate solutions that converge
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uniformly to the unique solution of (1). As we shall see, the convergence is quadratic,
which is useful in practice.

SECTION 2

Let xg,up € C*(J,R), yo,v0 € C(J, R) be such that zo(t) < uo(t), yo(t) < vo(t)
on J. Define the closed set

Q={(t,z,y): teJ, zo(t) <z<uo(t), yo(t) <y<w(t)}

Theorem 1. Let f,g € C(Q,R). Assume that f;, f,, gz, gy exist and
gy(t,u,v) <1 on . Then problem (1) has at most one solution.

Proof. Assume that problem (1) has two distinct solutions (Z,%) and (Z,7).
Put p =7 — T, ¢ = J —y. Note that p(0) = 0. Using the mean value theorem we
obtain

and

with &, € between Z and T, and o, & between 7 and 7. Indeed,

9: (t,,7(1)) ol

1—g,(t.Z(),5

q(t) =
and hence we have

P'(t) =p()k(t) for k(t) = fo(t.£,7(t)) +

Solving the linear differential equation we get

so p(t) = q(t) =0, t € J. This proves Theorem 1. O
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SECTION 3

Definition 1. A pair (z0,y0) € C(J,R) x C(J, R) is said to be a lower solution
of problem (1) if

$6(t) < f(taxo(t)ayo(t))a te Ja
(2) 20(0) < ko,
yo(t) < g(t, xo(t), yo(t)), teJ

and a pair (ug,vp) is an upper solution of (1) if the inequalities are reversed.

Theorem 2. Assume that f,g € C(2, R), and
1. (zo,y0) € CY(J,R) x C(J,R) and (ug,v9) € C*(J,R) x C(J,R)
upper solutions of problem (1), respectively, such that xo(t) < uo(t), yo(t) <
Vo (t), teJ,
2. faoxs foys fyer fuys Gzar Goy, Gyas Gyy €Xist, are continuous and
3. fax(t,u,v) 20, fou(t,u,v) 20, fyuu(t,u,v) 20, fu(t,u,v) 20, gza(t,u,v) >0,
Goy(t,u,v) 20, gyy(t,u,v) 20, go(t,u,v) 20, gy(t,z,y) < B<1on .
Then there exist monotone sequences (Zp,Yyn), (Un,v,) which converge uniformly
and monotonically on J to the unique solution of problem (1), and this convergence

are lower and

is quadratic.

Proof. Forn=0,1,... and t € J, let us define the following sequences:

21 (8) = [tz (t), yn(t) + fo (b 2n (), yn(8)) [n 1 (t) — 20 (t)]
+ [yt 2n(t), Yn(t)) [Ynt1(t) — yn(t)], $n+1(0) = ko,

Ynt1(t) = g(t 20 (), yn(t)) + 9o (t, 2n (1), yn (b)) X1 (1) — 20 (1)
+ gy (6 20 (), Yn (1) [yn+1(t) — yn (1),

and

Up1(t) = f(tsun(t),vn(t)) + fo(t, 2n(t), yn (1)) [unt1(t) — un(t)]
+ fy (t,xn(t) Yn(t ))[Un-i-l(t) un (1)), “n+1(0) = ko,

Unt1(t) = g(t, un(t), va(t)) + o (t (), Y (1)) [tnr1(t) — un(?)]
+ gy (8 2a(t), yn (1) [onr1(t) — va (D).

First we shall show that

3) o (t) < a1 (t)
(4) Yo(t) <
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on J. Let p(t) = xo(t) — z1(¢), q(t) = yo(t) — y1(t) on J. Note that

P (t) = x(t) — 21 (t)
< f(t2o(t),yo(t) — f(E wo(t), yo(t))
— fu(t,0(t), y0(t)) [21(t) — 2o (t)] — £y (t, 20 (t), 50 (1)) [y1 (£) — wo(t)]
= fa(t,z0(t), yo(t))p(t) + fy (¢, 0 (t), yo(t))q(t),
q(t) = yo(t) — y1(t)
< g(t, zo(t), yo(t)) g(t, zo(t), yo (1))
— gu(tszo(t), 50 (1)) [21(t) — o ()] — gy (£ 20 (1), 50 (1)) [y1(t) — yo(t)]
= g2 (t, 20(t), ( )) (t) + gy (t 20(t), yo(t))a(t)

since (zg, yo) is a lower solution of problem (1). Hence

Gz (t xO yO(t )
1—gy(t, xo(t),yo(t))

q(t) < teJ,

() < K@®p(t), ted, p0)<0,
where
fy(t,wo(t), yo(t))gx(t,xo(t),yo(t)).

K(t) = fa(t, z0(t), yo(t)) + 1— gy (t,zo(t), yo(t))

This yields the inequality

ftK(T)d‘r
p(t) < p(0)ed <0, tel

so x2o(t) < z1(t) and yo(t) < y1(t) on J.
If we now put p(t) = u1(t) — uo(t), ¢(t) = v1(t) —vo(t), t € J, then

p'(t) = ui(t) — ug(t)
< f(tuo(t), vo(t)) + fa(t 2o(1), yo(t)) [ua (t) — uo(t)]
+ £y (8 0(8), yo (1)) [1.() — vo(t)] = £ (£, uo(t), vo(t))
= fu(t,20(t), y0(1))p(t) + fy (. 20(t), yo(t))a(t), p(0) <O,

and
q(t) = v1(t) — vo(t)
< g(t,uo(t),vo(t)) + gz (t, zo(t), yo(t)) [ur(t) — uo(t)]

+ gy (t, 20 (t), yo(t)) [va (¢ )*UO(t)] g(t UO( ), vo(t))
= g2 (t, 2o(t), o (1)) p(t) + gy (£, 20 (), yo(£))q(t).
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Similarly as in the previous case, we immediately have p(t) < 0, ¢(t) < 0 on J, so
up(t) < uo(t), v1(t) < wo(t), t € J.

To show that x1(t) < u1(t), y1(t) < v1(t) on J we need some relations on f and g.
Observe that Taylor’s formula yields

f(t’u’a) :f(t,u,a)—f(t,v,a)+f(t,v,a)—f(t,v,ﬁ)—i—f(t,v,ﬁ)
= f(t,v,0) + f(t,v,)(u —v) + %fm(t,g,a)(u — v)2
F Iyl v B)(a = B) + 3 gty v, 0)( — B)?

where £ is between u and v, while ¢ is between « and (3. Assume that u > v, a > (.
Since fzz = 0, fyy = 0, foy = 0, we have

(5) [t u,a) = f(t0,8) + falt,v, B)(u —v) + fy(t,v, B)(a = B).

In the same way, we can prove that

(6) g9(t,u, ) = g(t,v, 8) + g« (t, v, ) (u — v) + gy (t, v, B)(a — B)

provided u > v and o > f.
Now, put p(t) = x1(t) —u1(t), q(t) = y1(t) — v1(t). Note that p(0) = 0. Basing on
(5) and (6), we have

( ); o(t)) s uo(t), vo(t))
— fau(t,0(t), yo(t)) [ua (t) — uo(t)] — fy (t, 20 (t), yo(t)) [v1 () — vo ()]
< = fa(tzo(t), 9o (1)) [uo(t) — o (t)] — fy (t,20(t), %o (1)) [vo(t) — yo(t)]
+ fu(t, 2o (t), yo (1)) [21 (1) — wo(t) — ua () + uo(t)]
+ fy(ts 2o (t), 50 (1)) [ya () — yo(t) — v (t) + vo(t)]
= fu(t,20(t), yo(£))p(t) + fy (£, w0 (), 50(t)) (1),
)

,uo(t), vo(t))

0(t)) [us (t) = uo(t)] = gy (t, 20(t), yo(t)) [v1(t) — vo(t)]
)] = gy (t, 0 (t), yo(t)) [vo(t) — yo(t)]

) — u1(t) + uo(t)]

VAN

|

@

8
—~ T~
< ~

8

=)

—~ o~~~
~

+ gy (£, 20 (t), yo(t)) [y1 (t) — yo(t) — v1(t) 4 vo(2)]
= gz (t, 20 (), o (t))p(t) + gy (£, 0 (t), yo (1)) q(t).
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From the above, we have p(t) < 0, ¢(t) < 0 on J, so z1(t) < ui(t), y1(t) < v1(t),
t € J. This proves that (3) and (4) are satisfied.

In the next step we have to show that (z1,y1) and (u1,v1) are lower and upper
solutions of problem (1), respectively. To show this we will use (5) and (6), obtaining

2y () = f(t,zo(t), yo(t) + fa(t, 2o (), yo(t)) [w1 () — zo(1)]
+ fy (£ 20(t), 50(1)) [y1 (£) — vo(t)]
< f(ta(t),y1(t) — fa(t 2o (t), yo(t)) [21(t) — 2o(t)]
— fy(tszo(t),50(1)) 1 () — yo(1)] + fa (20 (1), 50 (1)) [1.(t) — 2o (t)]
+ fy(tszo(t), 50(1)) 1 (t) — yo(t)]
= f(t,$1 y1(1)),
y1(t) = g(t, 20(t), yo(t)) + g (t, 2o (t), yo (1)) [21 () — wo(t)]
+ gy (t, xO(t)ayo(t))[ 1(t) — yo(t)]
< gt 21 (t),y1(¢)),

and

uy(t) = f(t,uo(t), vo(t)) + fu(t, zo(t), yo(t)) [ur(t) — uo(t)]
+ fy (0 (t), yo (1)) [v1 () — vo ()]
> f(tur(t), v1(t) + fu(t,ur(t), v1(2)) [uo(t) — ui(t)]
+ fy(tua (8), v1.(8)) oo (t) = v1(8)] + fa (8, w0 (), yo (1)) [ur () — uo(t)]
+ fy(t,zo(t), y0(1)) [or(t) — vo(1)]

0
> f(t,u1 1(t)),
vi(t) = g(t, uo(t),vo(t)) + ga (t zo(t yo( ) [ (t) — uo(t)]
+ gy (t, 20(t), yo(t)) [or (t) — vt
> g(t,ul v1(t) )

since fz, fy, g and g, are nondecreasing with respect to the last two variables. This
shows that (9) and (10) are satisfied.
Let us assume that

t € J, and let (xg,yx), (uk,vr) be lower and upper solutions of problem (1), respec-
tively, for some k > 1.
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We shall prove that

(7)

Ti(t) < 21 (t) < uppr(t) < uglt), ted,
Ye(t) < yrt1(t) < v (t) < wop(t), teJ

As before, we set p(t) = zx(t) — xr+1(t), ¢(t) = yu(t) —ypt1(t), t € J. We see that
p(0) = 0 and

P(t) < f(t (), () — F(t2r(t), un(t) — fo(ts 2 (t), ye (1)) [Tri1 () — 23 (2)]
— fu(ts 2k (t), () [y (¢ ) yr(t)]
= fa(t,zk(t), yr(t))p(t) +fy(t 0 (t), yo(t))a(t),
q(t) < g(t, xx(t), yk(t)> gtk (t), yk(t)) = gu (8, 21 (), yr (b)) [Trr1 (1) — 24 (1))
— gy (t, 21 () yn () [yr41 (8) — yk(t)}

= ga(t,2i(t).y ( )) (t) + gy (t, 21 (t), k(1)) a(t)-

Hence we have p(t) < 0 and ¢(t) < 0 on J, so zx(t) < xp41(t), yr(t) < ypt1(t),
t € J. Similarly, we can show that ux11(t) < ug(t) and vgy1(t) < vi(t), t € J. Now
let p(t) = zp11(t) — ur+1(t), ¢(t) = Yr+1(t) —ve+1(t), t € J. Then in view of (5) and
(6) we get

()= ftze(t), ye(t)) + fo (b, 2r (), yr (1)) [Tr41(t) — 22 (t))]
+ fy(t 2 (), yr(8)) [yes1 (8) — yn(t)] — £ (2, Uk( ), vk (1))

— fu(t 2 (8), yn(8)) [unra () — ur ()] = fo (£, 26(), Y (1)) [vk41 (8) — vr(2)]
< o (2 (), ye () p(t) + fy (8 2 (), yr(£)) a(t),

and

qa(t) = g(t, 2x(t), yu () + ga (t: (), Yo (1)) [2n1 () — 2 (2)]
+ gy (t, 21 (8), yu (8)) [y () — yr(B)] — g (t, un(t), v (1))
= o (t, 2 (1), ye () [urs1 () — ur(®)] — gy (8 2x (1), Y (1)) [Or41 () — vr ()]
< 9o (62 (8), yr () p(t) + gy (6, 2 (t), y (1)) a(t).

As a result we have
Tpg1(t) Supgr(t) and  yrgi(t) Swvpga(t), teJ

so (7) holds.
Basing on (5) and (6) we can show that (xg41,Yk+1), (Uk+t1,Vk+1) are lower and
upper solutions of problem (1), respectively.
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Hence, by induction, we have

uo(t),

zo(t) <w1(t) < ... < @p(t) < 0
g . < < UO(t)a

..<u
Yn(t) <w

(t) <
<

v1(t)

teJ, forall n> 1, and (zn(t),yn(t)), (un(t), va(t)) are lower and upper solutions
of problem (1), respectively.

Employing Dini’s theorem we can show that the sequences (2., yn), (tn, vy,) con-
verge uniformly and monotonically to the corresponding solutions of problem (1).
Since problem (1) has at most one solution (z,y), so (Zn,yn), (Un,vy) converge to
the unique solution of (1).

We shall prove that the convergence of (zn,yn), (un,vn) to (z,y) is quadratic.
First, we put pp11(t) = z(t) — 2n41(t) = 0, gny1(t) = y(t) — yn+1(t) =2 0, € J.
Note that p,+1(0) = 0. Then, by the mean value theorem and the monotonicity of
Jzy fys 9z gy we have

Phi1(t) = f(t,2(t),y(t)) — F(t,2n(t), yn(t)) = fo(t, 2 (), Yn(t)) [Tnr1(t) — 2n(t)]
— fy(tszn(t), yn(t))[yn+1(t) Yn ()]
= f(t,z(t),y(t) — f(t,zn(t), y(t) + F (& 2n(t),y(t) — f(E2n(t), yn(t))
— fu(t,2n (1), yn (1)) [2ns1 () — 2(t) + 2(t) — 20 (1))
— Fy(t. 2 (), Yn () [ynr1(t) — y(£) + y(t) — ya(t)]
= fw(t &1,y t)>pn t) +fy(t zn(t), 51)%(

)
+ fo(ts2n (1), yn (0) [P () = P ()] + fy (£ 20 (1), yn (1)) (g1 (2) — gn(D)]
< [fa(t,2(8), y(t) — fo(t 2 (t), (1))
+ fo(t2n(t), y(#) — fo(t, 2 (t), yn (1)) [P ()
+ fo(t 20 (8), yn () Prpr (1) + fy (8 20 (£), Yn (1)) g (£)
= [fau(t, &2, y(8))Pr(t) + fay (t, 20 (t), 02) @n ()] pn(t)
+ o (t, 20 (), Yn(8)) P () + Fy (8 20 (1), yn(t)) gnrr (t),

and

tnr1(t) = g(t 2(), y(t)) — g(t, 2 (1), (1)) + g(t, 2n (), y()) — g(t, 20 (1), yn (1))

= 9o (t, 2 (), yn (1) [Tn41(8) — 2(t) + 2(t) — 20 (1)]
= 9y (6,20 (1) Yn (1)) [Yn+1(t) — y(t) +y(t) — yn(t)]
- gm(t 63 Yy t))pn(t) +gy(t’$n( )353)qn(t)

+ gz (t Tn (t)a yn(t)) [pn+1 (t) - pn(t)] + 9y (t, In (t)’ Yn (t)) [qn+1 (t) —qn (t)}
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< [gm(t $( )’y(t)) I(t $n(t) y( )) Jrgﬂ”(t x” ))
*gz(t T (t), yn(t) )] Jrgz(t Ty (1), yn(t ))pn+1( )
+ 9y (t Zn(t), yn(t) )CIR-H [gy (t T (1), y(t)> — 9y (taxn(t)ayn(t»]%z(t)
[gm(t €a,y(t) )pn(t) + Gay (t zn(t), 54)%( )] pn(t) +gyy(taxn(t)755>qi(t)
+ gy (t, 2 (8), Yn (1)) @ng1 () + go(t, 2 (£), y(t)) Pt ()

where x,,(t) < &1,&2,&3,84 < x(t), yn(t) < 01,02, 03,94, 05 < y(t). Hence
Gnt1(t) < Bipp(t) + Bapn(t)qn(t) + Bsgh (t) + Bant1(t) + Bapnia(t)
< (Bl + %BQ)pi(t) + (33 + %BQ)%ZL@) + Bani1(t) + Bapnya(t),

SO

B
_;}pnﬂ(t) +bip2 (1) + bag? (1), te

®) tna(8) < 7

since B < 1, where

|92 (t,u, v)] < B1,  [gay(t,u,v)| < Bz, |gyy(t,u,v)| < Bs,
‘gz(t,uav)‘ < Bgon Q,

Bi+ 1B, Bs + 1B,
b= R = 2T
1-B 1-B
Moreover, we have
9) Php1(t) < A1p2(t) + Aopn(t)qn (t) + Asppi1(t) + Asgnia (t)

1 1
< (Al + EAz)Pi(t) + §A2q721(t) + Aspn+1(t) + Aagna (1)

where |fm(t,u,v)| < Ay, ‘fxy(tauav)‘ < Ag, \fx(t,u,v)| < Az, |fy(t>uav)‘ < Ay
on . Combining (8) and (9) we finally get

Pria(t) < ar1pnga(t) + aopi(t) + asqi(t), t€J,

where

B4A,

1 1
T :A1+§A2+A4b1, a3:§A2+A452~

= A3+ ——

By Gronwall’s inequality, we see that

t

p’n+1(t) < /[UQPEL(S) + agqi(s)}eal(tfs) ds
0

Cblb

< [az m;axpi(s) +as m?xqi(s)}c, c="be"" tel
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Thus

— <
a2 41(t) — 2(0)] < ez max (1)

—a(t)]?

t) — y(t)|?
+03T€a}‘yn( ) y( )| )

where ¢; = ca; for i = 2,3. Hence and by (8), we directly obtain

_ <a _
e [y 11(8) = y(0)| < @ max | (t) - (1)

where
Byc;

“1-B

a;

+ b1,

2 — 2
t) —y(t
2+ @ max (1) — (1),

i=2,3.

In the same way we can show that the convergence of (u,, vy,) to (x,y) is quadratic,

SO

_ < _ 2 . 2
a1 (t) — 2(0)] < dymax un (1) = 2(0)? + da maxoa (t) — y(0)

_ 2 _ 2
+ dymax e (t) — () + dimaxlyn(t) - (O,

_ < _
max [vn41(t) — y(t)] < ermax un(t) — ()

+ egmax o (t) — #(t)]? + exmax|yn () — y()

where |fy, (¢, u,v)| < As on Q,

By + 3B

3
d1C{A2+§A1+A4 1-B

|\

ds = 3 {A2+A1+A4%], ds
and
o) = By + 3By +di1By 6
1-B ’
63—EBQ+Bl+d3B4 e
2 1-B
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3 B
dzc{A2+§A5+A4

F+eﬂg§WMﬂ—y@W

2

2+%Bs
1-B

1 By +B
g |42+ As AT

|\
|

By + %33 + d2By

1-B ’
_ 1By + B3 +dyBy
2 1-B '
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