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RECOVERY OF AN UNKNOWN FLUX IN PARABOLIC PROBLEMS
WITH NONSTANDARD BOUNDARY CONDITIONS:
ERROR ESTIMATES

MARIAN SLODICKA, Ghent
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Abstract. In this paper, we consider a 2nd order semilinear parabolic initial boundary
value problem (IBVP) on a bounded domain Q C RY, with nonstandard boundary con-
ditions (BCs). More precisely, at some part of the boundary we impose a Neumann BC
containing an unknown additive space-constant «(t), accompanied with a nonlocal (inte-
gral) Dirichlet side condition.

We design a numerical scheme for the approximation of a weak solution to the IBVP
and derive error estimates for the approximation of the solution v and also of the unknown
function «.
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MSC 2000: 35K20, 35B30

1. INTRODUCTION

We study a transient IBVP for a semilinear parabolic partial differential equation
of the second order of the type

(1) — —Au= f(u) in (0,T)x
along with an initial condition

(2) u(0) =up in Q,
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and the boundary conditions

(3) U = ¢gDir in (01 T) X FDira
—Vu-v— 9JRobU = gNeu in (0; T) X FNeu17
—Vu-v=guonta in (0,7)x Cyon,

/ udy =w.
Fnon

Here, @ C RY (N > 2) is a bounded domain with a Lipschitz continuous bound-
ary 02 which is split into three mutually disjoint parts I'pi;, I'New and I'yon. We

assume
(4) |Fnon| > 0; 1—‘non N FDir = ij

i.e., I'non and I'p;, are not adjacent. Further, we suppose that the function gp;, can
be prolonged to the whole domain €2 in such a way that

o) §€ La((0.1), H'(@), 5 € L((0,7), La(02),
) {0 in [0,7] X Tnon,
g:

JgDir in [O,t] X FDir-

The right-hand side f and the data functions gneu, gnon, grob and w obey

(6) 3C > 0: |f(z) = fWI < Clz —yl, Vz,y € R
0 < 9Rob g C; 9Neu S LQ((OvT)v LZFNeu))v Gnon S LQ((OvT)v LZ(Fnon))v
w e C([0,T7).

Thus, the Dirichlet boundary condition is prescribed on I'p;i;, and there is a Robin
type BC on I'new. We consider nonstandard boundary conditions on the part I'yqp.
Here, neither the solution nor the flux are prescribed pointwise. Instead, the time
dependent average of the solution over I'),, is given and the flux along I'yo, has
to follow a prescribed shape function gnon, apart from an additive (unknown) time
function a which is independent of the space variable.

Such a type of IBVPs arises from some specific heat transfer problems, where at
one part of the boundary the average temperature at each time is prescribed, while
from other reasons one knows that the heat flux should follow a given shape up to
an additive space constant. The problem consists of finding the solution w(t) and
of determining the unknown function «(t) for all ¢t € [0,T], in order to get the full

50



description of the flux at I',,,. Of course, in a realistic model, the coefficients in the
differential equation depend on some material data functions. This is omitted here
in order to focus the attention on the nonlocal BC.

Various mathematical models containing nonlocal BCs can be found in literature,
e.g., in Friedman [6], p. 520 in the so called plasma problem; in the computation
of the electromagnetic losses in a lamination of an electric machine—see Van Keer,
Dupré and Melkebeek [15]; in Navier-Stokes equations cf. Heywood, Rannacher and
Turek [10]; or in the Stokes problem, cf. Bramble, Lee [3]. Further, nonstandard BCs
have also been studied in Andreucci and Gianni [1], De Schepper and Slodi¢ka [4],
[13]; Pao [9], Slodicka [12], Van Keer and Slodicka [17].

The IBVP (1)—(3) has already been considered by Van Keer and Slodicka [16],
where the uniqueness of a weak solution has been shown. Moreover, the authors
have designed a numerical scheme for the approximation of an exact solution but
they did not discuss the existence of solution and the error analysis.

The main purpose of this paper is to show both the convergence of the algo-
rithm and to derive error estimates for the numerical scheme from Van Keer and
Slodi¢ka [15]. The time discretization is based on Rothe’s method, see Kacur [7]
or Rektorys [11]. After linearization, we are left with a recurrent system of linear
elliptic BVPs at each successive time point ¢; of a suitable time partitioning. We
use the ideas from De Schepper and Slodicka [4] to prove the existence of a weak
solution u; at each time step ;.

Next, we establish a priori estimates for u; and «;, which is the main difficulty
because of the fact that the bounds for u; must be independent of «;. Later, using
the a priori estimates, we prove the convergence of the approximate solution, viz. a
Rothe’s function constructed in terms of all u;, to the exact one. The convergence
depends clearly on the properties of vy and w. We derive formulae for practical

computation of «; which is an approximation of «(t;).

2. TIME DISCRETIZATION

We denote by (w, z)ps the usual Lo scalar product of any real or vector-valued
functions w and z on a set M, ie., (w,z)y = fM wz. The corresponding norm
is introduced by ||w||oar = \/(w,w)ar. Let H'(Q) be the first-order Hilbert space
equipped with the usual norm

lwllfe = (w, w)a + (Vw, Vw)a = [w§ o + [w] o.
We introduce the following subspace of H'():
V={pc H(Q); ¢©=0 on I'pi,},
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which is endowed with the induced norm |- [|1,o from the space H*(Q). If [I'pi.| > 0,
then one can also use the semi-norm | - |1 o instead of the norm.
The variational formulation of the IBVP (1)—(3) reads as:

Problem 1. Find a couple (u,«) such that
1. ue C([0,T], L2()) N Lo ((0,T), HY()),
2. Ju/ot € La((0,T), L2(92)),

3. u = gpir on (0,T) x Tpyy,

4. u(0) = up,

5. o€ Lo((0,T))

(7) (&éy) ) 90)9 +(Vu(t), Ve)a + (a(t), )un + (9Rob (E)u(t), 9)rxn

= (f(u(t))a SD)Q - (gNeu(t)v SO)FNeu - (gnon(t)’ (p)rnon’
| uty=w

holds for all ¢ € V' and for almost all t € [0,T].

We divide the time interval [0,7] into n equidistant subintervals (¢;_1,t;) for
t; = iT, where 7 = T'/n. We introduce the notation

zi = z(ti), Oz = %

for any function z. We are left with a recurrent system of linear elliptic BVPs at
each successive time point ¢; for i =1,...,n:

Problem 2. Find a couple (u;, ;) € HY(Q) x R such that u; — §; € V and

(8) (511,1, SD)Q + (V’LLZ, VQO)Q + (ai7 w)Fnon + (gRobiuiv QO)FNcu
= (f(ui—l), Y)a — (gNeunSD)FNeu - (gnoni’(p)rnon7

/ U; = Wy
Tnon

We recall that the initial datum wug is given. The existence of a weak solution
(us, ;) at each t; follows from De Schepper and Slodicka [4]. We sketch the proof to
enhance the readability of the paper.

holds for any ¢ € V.

Consider the following two auxiliary problems at any time step t;:
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Find v; € H'(Q) such that v; — g; € V,
(%
9) <?, @)Q + (Vvi, Vo)a + (9Rob; Vis )T Neu

Uj—1

= (f(ui*1)7 @)Q - (gNeun SD)FNcu - (gnoniv QO)me + ( 7@)9 ch eV

Find z; € H*(2) such that z; = 0 on I'py;,

2
10)  (Z0), + (V2 Vea + (Gronzis @)rve, = ~(L P, Vo€V,

Both problems admit unique weak solutions v;, z; for all i = 1,...,n, which follows
from the Lax-Milgram lemma.

We define the integral operator P(h) = men h. We are looking for an «; satisfying
P(v;) + a; P(z;) = w;. Clearly

(11) Q; =

This choice gives rise to the solution (u;, ;) = (v; + @;2;, ;) to the BVP 2, which
can be obtained by the principle of superposition.

3. A PRIORI ESTIMATES

The main goal of this section is to establish suitable a priori estimates for u;
and «;, which allow us to prove the convergence in some functional spaces of the
approximate solution to the exact one. The crucial point in the technique of the
proof is a suitable choice of the test functions in the variational setting, which allows
us to separate both unknown functions u; and «; from each other.

Lemma 1. Let (4), (5), (6) and dw/dt € L3((0,T)) be satisfied. Moreover, we
assume ug € Lo(§2). Then there exists a positive constant C such that

J J
(1) lugllg .o+ 21 i = uial[§ o+ X |uilf o < C,
o

=1
J
(i) | a;7
i=1

forallj=1,... n.

<C

Proof. (i) Let us fix a function ® € C*°(Q) such that

0 on I'pir,
(12) o=
1 on I'ion.
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The existence of such a function follows from Friedman [5], Lemma 5.1, because of
Toon NTpi = 0.

By virtue of the fact that both u; — §; and w;®/|Tyon| belong to the space V, we
have ¢ = u; — §; — w;P/|Thon| € V. For such a choice of the test function we get

/ SDZ[/ ui:|_wi_/ gi = 0.
Thon Thon Thon

Therefore, setting ¢ = u; — §; — w;®/|Thon| in (8a) we obtain

(13) (0ui, ui)a + (Vui, Vii)a + (gRobi Ui, Ui) Txen

(
w; ws
= Uj— i*~i*—‘b) *( eu, Wi — §i — . CI)>
<f( 1 g |Fn0n| Q N g |Fnon| I'Neu

W;

W;
|Fnon | Chon |Fnon | Q

W;
)y * (omonndit oge),
non Neu

Ynon;, Ui — Gi —

+ (Vu;, V [

wj
[Tron]
Let j € {1,...,n}. Now we multiply the equation by the time step 7 and sum it
up for i =1,...,7, i.e., we integrate the equality with respect to the time. Then we
estimate the terms on the left-hand side from below, and the ones on the right-hand
side from above. We do it in a few steps.

Taking into account the non-negativity of the function grop, (see (6)), we estimate
the left-hand side of (13) from below as follows:

J
(14) > 1(Guiy ui)a + (Vii, Vg )o + (GRobs i, i), |7
=1
1 J
> 5{ u U11||(2)Q+Z|ul|%ﬂ7-:|
=1

We recall that the function f is globally Lipschitz continuous (see (6)). Applying

the Cauchy inequality to the term containing the function f, we get

(15)

;(f(ui,l),ui — gz |1_‘1::m| @) T
O[HZWHOQHZ Hglnmwzw }
< 0[1 'y uin%,m].
1=0
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Applying the well known inequality for real numbers |ab| < ca? + C.b? (here ¢ € R,
and C. = C(1/¢)), we deduce

J

> (Ve v]a |rI:0n| ?)),7

i=1

(16)

€Z|uz|1 o7 + Ce Z ||91H1sz+w ks

< f—:z |u1|%97' + C..

i=1

For the boundary terms we use the Cauchy inequality, the trace theorem and obtain

J
W;
17 E (gNeuivui - gl - —1®> T
( ) i1 |Fn0n| I'neu

W

" |Tuon| Ho,rm

J
T+ Ce Z [l geu; 5

0.T'Neu T
=1

— i
J J
<Ce+C Y [ldillg o +wilr +e Y lluillg 007

i=1 i=1

J J
<ed |uilfor +Co > uillg o7 + C-.

i=1 i=1
In the same way we deduce

J

. w;
(18) |3 (gnonsr s = i = @) 7 sZwmrw Sl + €
i=1 non non i=1
and
i » j i
(19) Z(QRobiui»fh"f‘ ﬁq))r TS EZ|Ui|?,szT+CaZHui||(2),97'+ca-
i=1 non Neu i=1 i=1

It remains to estimate the sum containing (5ui, gi + wifI)/|Fnon|)Q. First, we apply
the summation by parts and get

- W; Wo
ouis G+ @) 7= (35 + @) = (0, Go + @)
Z( Uiy Gi + |Fn0n| > 9 + |Fnon| Q Ho 90+ |Fnon|

i=1
J

ow;
_ i1, 00; _1(1)) .
Z(u 1,09+ ITnon| szT

i=1
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The assumption (5) gives g € C([0,7T], L2(?)), and similarly the fact dw/dt €
L2((0,T)) yields w € C([0,T]). Therefore, we get in the standard way

J

w;
oui, Gi —1‘?)
> (6w g P2y

=1

(20)

J
204 Ce [1 0y uz-n%,m] .

i=1

< ellu;

Summarizing (13)—(20) we obtain

7 J 7
TS S RSP I o |uz-|im} <C [1 'y ||uz-3,m}
i=1 =1 =1

Now, we choose ¢ € (0,1) and apply Gronwall’s lemma to conclude the proof of
part (i).

(ii) Let us return to the identity (8a). We multiply it by the time step 7 and sum
itup fori=1...,5. We arrive at (Vp € V)

7
(4 — 10, 9 + (z Vuir, w) + (z sa)
i= r

i=1 Q

-9l

J
+ (Z JRob; UiT, ‘P)
non =1

J
1
J J J
= <Z f(uifl)Ta SD) (Z 9Neu; T, ‘P) - <Z Ynon; T, SD)
i=1 Q i=1 I'Neu i=1 r

Inserting ¢ = ® and using Lemma 1 (i), we conclude the proof in a straightforward

I'Neu
non

way. ([l

Stronger assumptions on the initial data ug and on the BCs allow us to prove
better a priori estimates than those given in Lemma 1.

Lemma 2. Let (4), (5), (6) and dw/dt € L2((0,T)) be satisfied. Moreover,
we assume ug € H(Q); dgrob/0t, dgnen/0t € L2((0,T), La(T'Nen)); Ognon/Ot €
La((0,T), L2(Thon)) and 9g/0t € La((0,T), H*(Q2)). Then there exists a positive
constant C' such that

J J
(i) 21 10uil|§ o7 + luslF o + 21 lui —ui1lf g <O,
i= =

J
(i) Y a?r<C
i=1
hold for all j =1,...,n.
Proof. (i) We fix a function ® satisfying (12). Using the fact that both u; — g;
and w;®/|Tyon| belong to the space V, we have

6’11}1'

p= (5%‘—5@1'— ﬁq))TeV.
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For such a choice of the test function we get

/r - 5<Up “] - “’i)T - /F (G — Gi1) = 0.

Let j € {1,...,n}. We set ¢ = (du; — 6§; — 6w;/|Tnon|)7 in (8a) and sum it up for
i=1,...,7. We obtain
J

(21) Z 6|12 o7 + Z Vi, Vi = ti-1])a + Y (GRobyUis Ui — Ui 1)Te

i=1

J .
(.f(uz 1) 5“1 SZT Z( Uj— 1) 0g; + Ows @)QT

- o]

,_.

[
-

.
Il

o

N
Il

-
-

J
. dw;
(gNeunui — Uj—1 FNLu + E (gNeuia(Sgi + : @) T
—1 |Fnon| I'neu

511)1'

(gnoni’ Ui — Ui 1 Tnon + (gnoni7 691 + —@) T
|Fnon| Chon

e

N
Il
-

J
i—1

7

(st 2210), 3 (V9 o+ 2] -

. dw;
(gRObiui7 691 + —l®> T.
|Fn0n| I'Neu

'M“-

N
Il
-

+

-

Il
-

7

Let {a;}32, and {b;}3°, be any sequences of real numbers such that all b; are non-
negative. We start with an obvious identity

1
ai(ai —ai-1) = 5[%2 —a} ; + (ai —ai1)?],

which after summation gives

J J

1
E biai(ai — ai,l) = 5 E bz[af — a?_l —+ (ai — ai,1)2]
=1

i=1
1 1
:52171(@1 ai1)®+ 5> bi(a —a} )
i=1 =1
1< 1
§sz(alazl)2+§[bjaf boag Zéb a; 17'}
i=1 i=1
1 2
25 bjaj boao Zéb Q1T
=1
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Therefore, using the Cauchy inequality, the trace theorem and Lemma 1 (i) we es-

timate the sum containing the Robin term (grob; Ui, i — Ui—1)ry., fom below as

2 1 2
JRob; U; — 5 GRobo Ug
FNcu FNcu

1 1
2 2
) E H(SgRObi”O,FNeuT ) E HUi—IHO,FNeuT
i=1 i=1

J
g,FNeu - CZ [ wi

=0

follows:

N~

j
(22) > (GRoby Ui i — Ui—1) Py, =

i=1

2
0,T'Neu T

> —C — C|luo|

J
> =C) fuilier-C>-C.
i=1

The sums containing (gneu;s %i — Ui—1)Iney 30 (Gnon;, Ui —Ui—1)r,., can be estimated
in a similar way, thus we demonstrate it for one of them only. We use the summation

by parts, the trace theorem, Lemma 1 (i) and get

J
Z(gNeuia U; — Uifl)FNeu

i=1

N =

J
2 2 Z(égNeui7ui71)FNcuT
=1

1
= ‘_(gNeujvuj)FNeu - _(gNeum UO)FNCU -

J
< Ce + el ryen +C D 013 10
i=0
J
< Ce+elusli o+ CZ il o7
i=0
<G+ E|“J’|%,Q-

The rest of the terms in (21) can be estimated in the standard way, thus we omit

the details. In the end we arrive at

J J
(1= 9| 0wl ar + gl + 3 s - il < o
=1 =1

Choosing a sufficiently small but positive e, we conclude the proof of part (i).
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(ii) We choose ¢ = ®/|T'pon| € C°(Q) in (8a) and get

Us, Ui, Qg Rob; Ui,
Toon| /2 Toon| /2 g T non| /T

() o)y = s ) (s )

= Ui _ — L — — P .
T PaenlJo N T ™ " ]
Therefore, using the Cauchy inequality and the trace theorem we obtain

|ai] <O+ [lduillo + l[uillio + [[wi-illo,a + lgnew

0,I'New T [l gnon;

0, non)-
Hence

J

J J
Y a?r < 0(1 Y luilEar + 3 |uz-|im) <C
=1 =1 =1

takes place for any 7 =1,...,n.

4. CONVERGENCE OF THE SCHEME
Now, let us introduce piecewise linear in time function

un(0) = uo,
un(t) = Uj—1 + (t — ti_l)éui for t € (ti—hti]»
and step functions @, , U,

o, n(t) = i,
Uug, ﬂn(t) =u;, forte (ti—lati]-

Exactly in the same way we also define step functions gney, s Gnon, @0d GRrob, - Using
this notation we rewrite (8) into the form

(23) (5‘un(t)

20 0) (VD) Vo) + @al0), ) + G, (Tn(1), )
= (f(ﬂn(t - T))v 90)9 - (?Neun (t)5 w)FNcu - (?nonn (t)v @)Fnon7

/F m(®) =)

A priori estimates from Lemmas 1 and 2 rewritten in terms of u,,, u, and @,, assume

the form
N / T’ D
1,0 ; ot

(24) [[un(t)]

2 T
+/ ail<C vtelo,T).
0,0 0
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The existence of a weak solution to the IBVP 1 is guaranteed by the next theorem.

Theorem 1 (convergence). Let the assumptions of Lemma 2 be fulfilled. Then
there exists a solution to the IBVP 1.

Proof. A priori estimates (24) together with Lemma 1.3.13 from Kacur [7]
imply the existence of a function u € C([0,T], L2(2)) N Lo ((0,T), H*()) obeying
Ou/ot € Ly((0,T), L2(€2)) and a subsequence of {u,,} (which we again denote by the
same symbol) for which

(25) Up — U in C([0,T], L2(2)),
Ooun, ou .
a5 5 Ly((0,T), L2(92)),

Tn(t) = u(t) in HY(Q) for all ¢t € [0,T].
The inequality (see, e.g., Necas [8], (I.1.10))
(26) 1wll§ 00 < ellwlli o + Cellwllg o
holds for arbitrary small positive e. Thus, according to (25), we deduce
(27) Up,Up — u  in L((0,T), L2(09)).

The reflexivity of the function space L2((0,7")) and the relation (24) imply the exis-
tence of such an « € Ly((0,7)) that

@, —a in L2((0,7))
for a subsequence of @, which we denote by the same symbol as before.

Integrating (23) over the time interval (0,¢) for any ¢ € [0,7] and ¢ € V, we
obtain

e [ (Gee),+ [m Vot [

= /Ot(f(ﬂn(s —7)),p)ads — /t(ﬁNeunﬂD)FNeu - /Ot(gnonn»@)l“non»

0
t t
] =
0JT 0

non

t t
G / (Treon, s ©) P
0
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Now, we let n approach oo in this equation. To do this we use the a priori estimates,
(25) and (27). We arrive at

t 8u t t t
/(—w@) +/ (Vu,Vw)nJr/ (a,w)rm+/ (gRobU, P)'yen
o N0t o )y 0 0

= /Ot(f(u), )a — /Ot(gNeu,sﬁ)FNcu - /Ot(gnon,sﬁ)rm,n,

[l

non

Differentiating this with respect to the time ¢ we obtain (7). Therefore, the couple
(u, @) is a solution to the IBVP 1.

5. ERROR ESTIMATES

The constructive character of Rothe’s method allows also to establish some error
estimates for the time discretization. The technique of the proof for the derivation
of the rate of convergence is more or less standard, but we must proceed carefully
by the choice of the appropriate test function, in order to split the coupling of the
solution v and the unknown function a. Therefore, we point out only the most
important steps in the proof.

The rate of convergence clearly depends on the properties of the data functions
appearing in the IBVP setting and also on the regularity of the initial data ug. We
needed ug € H'(Q) in order to establish the existence of a solution of the IBVP 1.
Rothe’s method for standard semilinear parabolic problems gives the approximation
rate O(7/2) in the Ly(Q)-norm for ug € H'(Q). We will get the same rate of
convergence for the nonstandard BCs, too. Moreover, we establish error estimate for
the approximation of the function a.

Theorem 2. Let the assumptions of Lemma 2 be fulfilled. Assume that the
functions gNeu, Ynons; Yrob, g and w are globally Lipschitz continuous in the time
variable. Then,

(i) [lu(t) = un(®)lI o + o lu(s) = un(s)]3 o ds = O(7),
(i) | [yl —@n]| = O(r'/?)
take place for any t € [0,T].

Proof. (i) Let the function ® obey (12). By the fact that both u—§—w®/|T'yon|
and u,, — gn — W P/|Thon| belong to the space V', also their difference is in V. First,
we subtract (23a) from (7a), then, we set

)

)
|Fnon|

(p:u_un_§+§n_(w_wn)
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and in the end we integrate the equation over (0,t) for any t € (0,7). We recall
that for such a choice of the test function we have fr ¢ = 0. The result can be

rewritten in the form

/0 (%* %’““n>ﬂ+/o (Viu = un), Viu — uy))a

t
+ / (gROb [u - un]a U — un)FNeu
0

- /0t<f(U(S)) — Finls = 7= — 4 G~ (0~ wa) )

' )
+ / gNeun 9gNeu, U — Up, — § + gn — (w — wn) )
0 n|/I'Neu

+/ (— G+ Gn—( ) hd )
non non, U — Up — n — (W — Wp) 77—
0 g " Y g g |Fnon| Tnon

N aun - (0]
ar a7 gn+(w_wn) )

|Fnon| Q

0
Vufun [§—§n+(w—wn)|r‘:};®n|})

[ (omanle ) 50+ (0 ) )
U —Un|,g — Gn W — Wp )=
0 Jieb g g |Fnon| I'Neu

! _ - @
+ (gRob[un*Un]yufunfgngn*(w*wn) )
0 |Fnon| I'neu

b _ o )
+ ([gRobn — GRob)Un, U — Up — G+ Gn — (W — wy,) ) .
0 |Fnon| I'Neu

We have chosen such a long form because it will be more convenient for the esti-
mation. Now, using the Cauchy and Young inequalities, the trace theorem and the

a priori estimates we arrive in a straightforward way at
t
29 u®) - wn®lFa+ (1-2) [ -l
0
t t
< 067'2 + CE/ |u — Uan,sz + CE/ [, — Unﬁﬂ
0

6u 6un~ ~ P
+C/ ,9—9n+(w—wn)m>ﬂ-

The last two summands on the right-hand side can be estimated using Lemma 2 (i)
by Ct. Therefore, fixing a sufficiently small positive ¢ and applying Gronwall’s
lemma we conclude the proof of part (i).
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(ii) We subtract (23a) from (7a), then we set ¢ = ®/|T'on|, where the function ®
obeys (12), and in the end we integrate the equation over (0,t) for any ¢ € (0,7).
We recall that for this choice of the test function we have fF ¢ = 1. We obtain

(30) /ot[a — ] = <u"(t) ~uld), |F(n};on|>9 * /ot (V[En — ul, %)9

" / (£ = 75 = 7). ) s

t o
v )
/0 INeu, = INew 1B T

k ®
+/0 (gnonn — Gnon, m)an~

The rest of the proof can be easily obtained using Theorem 2 (i). o

6. NUMERICAL EXPERIMENTS

In this section we present two examples of numerical realization the approximate
method which has been described above. The first is a linear problem while the
second has a nonlinear right-hand side.

The domain common for both examples is the unit square Q@ = (0,1) x (0,1) and
the time interval is [0,1]. The boundary 0N is split into three parts I'p;; (right),
I'Neu (top and bottom) and T'phon (left part of 9Q).

For the time discretization we have applied the method described in the previous
sections. For the numerical solution of the linear elliptic equation at each time step
we have used the mixed nonconforming finite element formulation. This is equivalent
to the mixed-hybrid method (see Arnold and Brezzi [2]). We explain very briefly the
main idea of this approximation.

Let us consider a regular triangulation 7;, (h denotes the mesh diameter) of the
domain €. On each element 7 € 7, we define three linear basis functions associated
with the edges of 7, i.e., a basis function has the value 1 at the midpoint of one
edge and 0 at the midpoints of the other edges of one triangle. Further, we define
a bubble function on 7', which is a polynomial function of the third order vanishing
on the boundary 07 whose integral average value on 7 is 1. In this way we have
enriched the standard linear nonconforming space by bubbles, and we solve the linear
elliptic problem in this space replacing the velocity field g by its projection on the
Raviart-Thomas space RTy. For more details see Arnold and Brezzi [2].

We have chosen the time step 7 = 0.01 and a fixed uniform mesh consisting of
9800 triangles for all computations.
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6.1. Example 1.
Let us consider the semilinear IBVP

0 0
a—;&—Au:uQ—vZ—i—a—:—Av in (0,1) x Q
w=v in (0,1) x I'py,
—Vu-v=-Vv-v in (0,1) X I'Neu,
~Vu(t) - v=-Vout) - v—1—-t*+at) in (0,1) x Thon,
t
/ u(t)dy = = + 2 in (0,1) X Tyon,
Tnon 2
u(0) = v(0) in €,
where the couple (v, @) stands for the exact solution
v(t,x,y) = sin(nz)sin(ny) + ty + 2,
aft) =1+t
The behavior of errors for a,, and uy,(t) is depicted in Fig. 1.
0.002
0.008 0.00175
0.006 0.0015
0.00125
0.004 0.001
0.002 0.00075
0.0005
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8
o, (t)-error Lo(Q)-error of uy,(t)

Figure 1. Example 1: The behaviour of errors for ¢ € [0, 1].

6.2. Example 2.
We consider the semilinear evolution problem

(1+t)2%—Au:e“—e”+(1+t)2%—Av in (0,1) x £,
U= in (0,1) x I'pjy,
—Vu-v=-Vov-v in (0,1) X I'Neus,
—Vu(t) - v=-Vo(t) - v —sin(xt) + a(t) in (0,1) X Thon,
/F u(t) dy = W in (0,1) x Tpon,
u(0) = v(0) in Q,
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with the exact solution (v, ) given as

v(t,z,y) = cos(n(l + t)x) sin(rn(1 + t)y),
a(t) = sin(nt).

The ay-error and the Ly(€2)-error for the approximate solution uy(t) on [0, 1] for
different time steps is shown in Fig. 2.

0.01
0.04 0.008
0.03
0.006
0.02
0.004
0.01
0.002
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
o, (t)-error Lo(Q)-error of uy,(t)

Figure 2. Example 2: The behaviour of errors for ¢ € [0, 1].
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