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Abstract. In nonlinear regression models with constraints a linearization of the model
leads to a bias in estimators of parameters of the mean value of the observation vector.
Some criteria how to recognize whether a linearization is possible is developed. In the case
that they are not satisfied, it is necessary to decide whether some quadratic corrections can
make the estimator better. The aim of the paper is to contribute to the solution of the
problem.

MSC 2000: 62J05, 62F10
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1. INTRODUCTION

How to proceed in estimation of parameters in nonlinear models with constraints is
a frequently occurring problem. Some problems without constraints are investigated
in [2], [3], [5], [6], [7], [9], [12]; models with constraints are investigated in [8].

The aim of the paper is to find out some simple rules how to proceed in the
situation when a nonlinear model is constrained by a nonlinear condition. The

quadratic approximation only is considered.

* This work was supported by the grant No. 201/99/0327 of the Grant Agency of the Czech
Republic and by the Council of the Czech Government J 14/98: 153 100011.

81



2. NOTATION AND PRELIMINARIES

The notation

(1) YNNn(f(ﬁ)vz)v 5€V:{6: g(IB) :0}

means the following. The n-dimensional vector Y (observation vector) is random
with normal distribution, its mean value E(Y) is f(3) where f(+) is an n-dimensional
vector function of a known analytical form with continuous second derivatives, the
k-dimensional parameter 3 is unknown, its value is constrained by the condition
B € {B: g(B) = 0}, where g(-) is a ¢g-dimensional function with continuous second
derivatives. The covariance matrix var(Y) of the vector Y is given and equal to X.

This form of constraints, i.e. {3: g(8) = 0} is called the constraints of type I
They frequently occur in practice. Another type of constraints (of type II) is

(1) o =0}

The unknown parameter kK occurs in the constraints only. A model with such type
of constraints is investigated in another paper.

A simple example of a model with constraints of type I can be

E(Y;) =

E(Y;)

B1 exp(—[2T)
)

b1 exp(—pax;), x; <T (T is a given number), i=1,...,nq,
ﬁ3+ﬁ4x]+ﬁ5wja $]>T ]_1 2,
B3 4 BT + B5T? (continuity at the point T),

— 0182 exp(—F2T) = B4 + 205T (continuity of the derivative at the point T),
var(V;) = var(Y;) =0, i=1,...,n1, j=1,...,n9,
COV(Yk, l) = 0, k 75 l.
If in the estimation of the parameters 31, ..., 05 linearization is used, it is not clear

in advance whether this procedure does not lead to estimators with a non negligible
bias, non tolerable size of the dispersion, etc. However, the use of the nonlinear least
squares method is relatively complicated and thus it is useful to find some simple
rules which enable us to decide whether the linearization is possible or it is better to
use another procedure.
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The linearized and quadratized approximation of the model with constraints of

type I, ie.
(2) Y =f,+FéB+e, 0Bc{68: GiB =0}

and

(3) Y =, + Fé3 + %n(éﬂ), 8 € {5[5; GdB + %7(55) = 0},

respectively, will be under consideration. Here € is an error vector, 3¢ is an approx-
imate value of the actual value 8* of the vector 3 and

fo =£(Bo), F =0f(u)/0u|u=g,,
k(68) = (k1(08), ..., kn(08)),  Ki(0B) = 6B'F:08, i=1,....n,
F; = 0*fi(u)/0ud’|y=p,, i=1,...,n, G = g(u)/0u’ |u=g,,

)
Y(6B) = (1 0B), -, %(68))", %(0B) =8'GidB, i=1,....q,
G; = 9%g;(0)/0uo|,—p,, i=1,...,q.

In the following we assume
r(F)=k, r(G)=q<k, X ispositive definite.

A solution of the equation G683 + %7(5,8) = 0 is not known in general. One
quadratic approximation of 63 can be expressed as

08 =Kgds — %G*V(Kgés),
where K¢ is such a k x (k — ¢) matrix that
M(Kg) = {Kgu: uec RF 9} =Ker(G) = {s: Gs =0}

and G~ is any generalized inverse of the matrix G (in detail cf. [11]). Then the
model (2) can be rewritten with the new parameter ds as the model without con-

straints

(4) Y — fy ~ N, (FK¢gds, X)

and the BLUE (best linear unbiased estimator) of the parameter ds in this model is
(5) 68 = (KLCKg) 'KLF'S7HY — fy).
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The quadratic version of the model (3) can be rewritten with the new parameter
0s as the model without constraints

(6) Y ~ N, (fo + FKgos + %[K(KG(SS) — FG~(Kgds)], 2).

Let Mger(c) =I- Pger(G) where Pger(G) is the projection matrix on Ker(G) in the
norm given by the matrix C = F/S7!F (||u|| = vu'Cu) and Ps: = G'(GG')" G,
Mc¢: =1—Py,. The relation (5) can be rewritten with help of

Ko(KCKg) 'KLF'E™! = Mg (MaCMg ) TMg F'S1
=[c!'-c'¢/(cclG) G F'E !
= Pl CTF'ETL

Thus
0B = Kgos = PS,, ) CTIF'S LY — fy).

Here the notation =~ means the estimator in the model without constraints and
means the estimator in tl}e model with constraints.

The linear estimator §3, which is the BLUE in (2) but not in (1), is the estimator
most frequently used in practice. Its quality depends on the nonlinearity of the model
and on the choice of By. If By = B* (the actual value of the parameter 3), then
643 is unbiased independently of the nonlinearity of the model. If By # 3*, then the
nonlinearity can intervene essentially. Thus the proper choice of By is important and
therefore let us make a comment on its choice. In the subsequent steps the influence
of the nonlinearity on the quality of the estimator § B will be investigated.

Remark 2.1. The vector By is to be chosen in such a way that g(8p) = 0 (in
detail cf. [8]) and

5,é’C5,é < Xzfq((); 1—a),

where

58 =[1-C'G'(GC'G')"'GJ§B (the BLUE in the model (2)),
68 =C 'F'S"Y(Y —f;) (the BLUE in the model (2) without
linearized constraints).

This requirement is implied by the following fact.
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As a consequence of Proposition 2.9.1 in [10] the (1 — a)-confidence region in the
model (1) is

{B: [Y —£(B)S7'PE 5k [Y — £(B)] < xF_,(0:1 - a), g(8) = 0},
where

FB)= 55 |,y MEep) =KealG@), GB)=-7577| -

Since F38 = P} (Y — fy), we have
§8'CB = (Y — o) S PR (Y — fy)

and thus 3y is an element of the (1 — «v)-confidence region of the model (1).

Now let the influence of the nonlinearity be commented.

Lemma 2.2. The bias of the estimator 5ﬁ is

B(38) - 68 = C7'G/(GCG) " L4(56)

. C‘lG’(GC‘lG’)‘lG]C‘lF’E‘l%n(&ﬁ).

Proof.

E(B) = [1- C'G(GC™'G')"'G]C'F'SE(Y — f)
—[I-Ccl@/(GCcla)tg|clF s [Faﬁ n %n(éﬁ)}
=03 -C'G'(GC'G)'Gss

. C‘1G’(GC‘lG’)‘lG]C‘lF’E‘l%n(&ﬁ)
=08+ C—1G’(Gc—1G’)—1%7(55)

. C‘lG’(GC‘lG’)‘lG]C‘lF’E‘l%n(&ﬁ).
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3. SIMPLE QUADRATIC ESTIMATOR

The simplest way how to correct the bias of the estimator § ﬁ is to use the estimator

(1) 6B=08— %[I _CTIG(GCTG)IGICT I F'E  k(68)

S CLc(clepl cORBTT)
Tr[Fy V&I’((S,é)]
+ %[I —-c'¢/(gc e tg|IcTE e _
A Tr[F,, var(63)]
Tr[Gy var(63)]
+ %C—IG/(Gc—lG/)—l
Tr[G,, var(683)]
Since
(e var(58)] o
(8) GoB+3v(0p) = — 57(08) + 5 L | +5708)
TY[G, var(53)
Te[G) var(38)]
= % + terms of the 3rd and higher orders,

Tr[G, var(55)

the estimator 6,@ does not satisfy the constraints as far as the second order terms
are concerned. (It is to be said that the mean value of the estimator 63 from (7)
satisfies the constraints G63 + 3v(58) = 0.)

There are two possibilities. Either the term

S (TG var(38)), ..., TH{C var(53)))

in the estimator JB will cancel, or the constraints will not be satisfied, however the
bias will be of the third and higher orders only.
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If a function h(-), i.e. h(B) = h'B, is under consideration, the following notation

will be used:

1 n
Fh() = 5 Z{h/PgerC_lF/Z_l}iFh h e Rkv
=1
1 q
Gy = 5Z{h’c*G.’(Gc*c:.’)*l}Z-G.Z-, h € RY,
=1
E(58) - 68
1

5PKer(G)0*1}?’2:*1;-;(K(,~(ss)

+ %CflG/(GcflG/)fl‘y(KG(;S)
= (6ﬂ/(Fel(.) + Gel(,))(Sﬁ, e ,6ﬂ/(Fek(.) + Gek(.))éﬂ)/.

b

Here e; € R* and {e;}; = &;; (the Kronecker delta). Thus e;(3) = e|8 = 3,
i=1,...,k.

From the viewpoint of practice it seems that it is more natural to prefer the
constraints to the bias. Thus in the sequel we will analyze the estimator

(9) h'éB= h’{aé - %[I _C'@(GCIE) I GICT I F Sk (58)

- %c—le’(ec—le’)—w((sé)
Tr[F var(53)]
I-Cc'G(GC ') 'GIC'F'xs! . }
TY(F, var(356)
= W38 — 08/ (Fuey + Go)0B + Trfvar(68)F ().

l\D|H

If the ratio (cf. the relationship (8))

(10) Tr[Gp . var( 5ﬂ /V/W[C C-1G/(GC-1G/)"1GC~1]h

is sufficiently small by the opinion of the user, then it is possible to tolerate the bias
of the second order, i.e. to use the estimator 3.

Under the given notation we can write (cf. (9))

(11) E(W68) = W68 — Tr[Gy( var(98)] — 26/ (B + G0
—b'(Fry + Gpy)b.
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Thus the bias of the linearized estimator of a linear function A(-) and of the quadratic
estimator, respectively, is

|E(W68) — 0'68| = [08' (F() + GBI,
|E(0'68) — h'68| = | Tx[Giy(y var(68)] + 2b' (Fy) + Giy())0B
+ b/(Fh(.) + Gh(.))b|.

In [8] it is described how to recognize whether the bias of the linearized estimator

W63 is smaller than c\/h’ var(5,é)h, where c is a constant chosen by users.
The following statement is proved there (Theorem 2.2.8 in [8]). If

2c

(par)
1,683

38'Cop < (Bo), GdB =0,

then

v{h € R*}|0'[E(68) — 64]| < eVh'C~'h.

The quantity C}f};é) (Bo) will be defined in below in (14).

It is necessary to know with practical certainty that a shift §3 is in a linearization
region for the bias, i.e. the confidence region of 63 for a sufficiently high confidence
level 1 — « is included into the linearization region. If this condition is not satisfied,
then it is necessary to compare the bias of 6B and (5,3 However, the bias and also the
variance of the estimator depend on the possible shift 63 = 3* — By (8* means the
actual value of the parameter 3). If the dimension k is large, then an investigation
of the bias and the variance in different directions of the shift 63 is tedious. Thus

some knowledge of upper bounds independent of directions can be useful in practice.

4. UPPER BOUNDS FOR THE BIAS AND VARIANCE OF THE LINEAR AND
QUADRATIC ESTIMATORS

The MSE (mean square error) of the estimator h’ §é is
(12) MSE(h'63) = h' var(68)h + [68'(Fy(y + Gi()dB]%.
The MSE (mean square error) of the estimator h'63 is

(13)  MSE(W08) = b’ var(0B)h + {Tx[Gy( var(B)] + 2b' (B + G0
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We have

W var(68)h = b var(38)h + 2 Te{[(F () + Go(y) var(33))°}
— A’ var(38)(Fi) + Gi)08 — 4h' var(68) (Fy(y + G(y)b
+ 466/ (Fu) + Gi(y) var(30) (P + G0
+ 8B/ (Fpy + Gay) var(08)(Fry + Go))d8
AV (B )+ Goy) var(08) (Fuy + G,
bias®(h'6B) = {Tt{G( var(B)] + 2b/ (B + Gn())58 + b/ (i + )b}
= 4[b'(Fy(y + Gi(.))o0)
+ 4B/ (Fp() + Gi())OB! (Fyy + Gay)b
+ b/ (e + Gy )bl? + A Te[Goy(y var(38)]B' (B + Ging)08

+ 2 Te[Grpy var(88)]b' (Fi + Gagy)b + {Te[Gr var(58)]}2.

>> E»

)
)

In order to find an upper bound for the individual terms of the variance and
the bias, it is necessary to go back to the definition of the parametric measure of

nonlinearity [1] and its generalization.
The Bates and Watts parametric measure of nonlinearity [1] in the model (6) with

respect to the new parameter s is

(par) vA .
K = 1 0 R¥4
s (Po) S“p{ 5K, CKaos ° }

where

A = [k(Kgds) — FGv(Kads) S 'PF . [k(Kads) — FG(Kads)]
= [K(K0s)) 27 PE g, [k(Kads)),

since

P} . FG v(Kqds)
=F[C!' -C!'G'(GC'G) 'GCHFE'FG ~(Kgds)
=F[G™ - C!G/(GC'G")]y(Kgds) = 0

when a choice G~ = G;n(C) = C!G/(GC~'G’)"! is realized. The quantity gives
information on the bias of the linear estimator of s, but not on the bias of the
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linear estimator of the parameter §3. Thus (in detail cf. [8]) a generalization of the
quantity K ;?Sr) (Bo) given by the definition

VB

(par) k—
14 Bo) = su : e R*1
( ) CI,(W ( 0) 5 p{as/]K/GCI( 5s os }7

where
B = A+~ (Kgis)(GC'G) v (Kgds),

seems to be more suitable.

The second term in the last equality occurs in an intrinsic measure of curvature
of the constraints (in detail cf. Definition 2.2.7 and Theorem 2.2.8 in [8]).

Lemma 4.1. The inequality

b'Cb < £ [C}%)]2(35K(;CKds)? + terms of the 5th order

NG

is valid.

Proof. When the terms of the fifth order are neglected, then

b'Cb = i[PKeT(G)Cle’E*n(KGas)
+ C1G(GCIG) Iy(Kgds)|'C
X [Pker(c)C'F'E "'k (Kgds)
+ CIG/(GCTIG) v (Kgds))
= i(n’(Kgés)E_1P§;+Gm(Kg§s)
+7'(Kgds)(GC™'G') "1y (Kads))

and thus

WCh
5s'K[,CKgds 1,037

which implies the proof. ]

90



Theorem 4.2. For the sake of simplicity, let Ay .y = Fp.y + Gp(.). We have (in
the term b’Cb the terms of the fifth order are neglected)

6B Apy0B < \/Tr[(ApC~1)2]68'CoB,
|~ 4 var(58) An() 08 < dony/Tr[(As(, C1)2)\/5F'CI,
438/ A var(53) An()08] < 4(k — )/ H{Te[(An, C))} /468'CI,
|~ 41 var(58) A )b < 201/ Tr{(An C—1)2ICVE) (80)58' C,
I8b" Ay Var(5é)Ah(-)5ﬁ| Ak — q) Y Te[(Ap CHE A
x O (80) (08'CoB)*2,
[4TH[G var(3B)]D Ap() 58] < 2 TH{Gry( var(38)]/Tr((Ap() C1)?)
x O (80) (08'CoB)* 2,
4B’ Ay var(58) Apcy bl < (k — )4/ Tr[(Ap, C1)1]
x (O (B0)2(58'C3B)°,
12 Tr[Gp () var(883)]b' A b < %Tr[Gh(_)var(é,é)] Tr[(Ap) C1)2)
x [CF) (B0)2(58'C3B)°,
|4(b' Ay (y38)?| < Tr[(An,C 12O (B0)2(68CHB)?,
|4b/ A,y 3Bb' Ay bl < = Tr[(Ayy CH2[C (B0) (08'CoB) /2,

Te(Ag ) C™H[CE2 (Bo)]* (68'COp)*.

HMIH

b'A, b —
(b'Ajyb)* < 6

Here oy, = \/ I/ var(5,é)h.

Proof. For the sake of simplicity only some of the given inequalities are proved.
The other can be proved analogously.

5/3/Ah()613 _ 5,3/01/2071/2Ah(.)071/201/25ﬁ
= Tr[C~/?A,,,C~/2CY25853' CH/?)

< \/TI“[C_l/QAh(.)C_1/2C_1/2Ah(.)C_1/2]

x [ TH[C1/25868/C1/2C1 /25 353/ C1 /2]
Tr[(AyC~1)2]68'CoB,
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|— b’ var(68) Ay 08| = 4| Tr[h var(58)C1/2C~ /2 A, C~V/2C V20|
— 4| Te[C1/2A,,CV2C2581 var(66)C?]
< 4oy, TY[(AM.)C*)?]\/W,
since Var(5,é)C var(é,é) = var(éé),
|— b’ var(68) Ap(yb| = 4| T[C~ Y2 A, C~1/2CY/?bh var(58)C/2)|
< dopy/Tr[(Ay)C~1)?]VD/Cb
< 200/ TY[(As () C1)2]C15) (B0)0B'CoB
by virtue of Lemma 4.1,
168’ A var(58) An() 0B = A Te(C~ V2 Ay var(38) An, C~/2CH25858'CH/2)
< 4y/ (A var(98) Ay C~)2168'CIA
= 4{Tx[(C™/2 Ay, C~1/2C 2 var(58)C1/2
x CTYV2A,,CTV2) 258/ Cop
< A{TH{(C V2 A, C R}
x {Tr[(var(68)C)} V/458'CoB
= 4(k — ¢)/{Tx[(C /2 Ay CT V2P
x 68'C3B  since Tr[var(68)C] = k — .

We can complete the proof in an analogous way. O

In practice the terms of orders higher than fourth are of small importance. If they
are inadmissibly large, then the quadratic theory cannot be used and we have to
study the problem from the viewpoint of the general theory given in [10].

Now some simple rules for a decision on the linearization will be given in the next

section.

5. CONCLUSION

In the preceding sections linear and quadratic estimators have been studied. In
the expressions for the variance and the bias the terms with higher powers (in §3)
are given and this seems to be superfluous for the linear and quadratic estimators.
Several presented terms are of higher powers than the neglected terms in the Taylor
series of the model. A reason for it is an endeavour to investigate in the first step
the behaviour of the quadratic estimators only, since the estimators of orders higher
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than two have a small chance to be used in practice because of the complexity of
their statistical properties. Even in the case of quadratic estimators the power of
a single term in the MSE can attain the value eight and of course in practice it
is of no sense. Nevertheless, they are presented to ensure the completeness of the
theory of quadratic estimators. Results given in the paper form only a small part
of knowledge necessary for an efficient application of quadratic estimators. Further
research is necessary.

A procedure, based on partial results obtained in the paper, how to deal with
models with constraints of type I can be described as follows.

(i) The value By is chosen in the sense of Remark 2.1.

)

(ii) The value of the quantity C;l‘?é is determined at the point 3y and the region

Ly = {m: 53'CoB < CQ—} is determined. If £y D &, where

(par)
1,58
£ ={68: 5B/CIB < XI_ (01— a)}

for a sufficiently small value «, then the estimator 5,@ can be used.

(iii) If £ 2 &, then it is useful to investige a possibility to make variances of the
observation vector Y smaller and thus attain the inclusion &€ C £;. If this way cannot
be realized, then it is reasonable to construct the estimator (55 and to compare the
values UBMSE(h’63) and UBMSE (b’ (5?) for different important functions h(-). If,
e.g., UBMSE(h’(Sﬁ) <UBMSE(h’63) and the value UBMSE(h’éﬁ) is acceptable, the
estimator 65 can be used.

(iv) For a more detailed investigation of the situation it is useful to use the re-
lationships (12) and (13). This procedure is time consuming and it will be used
probably in special cases only.

Some more detailed comments follow.

If we want to compare the estimators 5,@ and 6?, we have several possibilities.

If we are interested in the bias only, then we can compare the bias in different
directions of the shift 3 or we can compare the upper bounds for [h'[E(53) — 64|
and |h’/ [E((SE) — 03| with help of Theorem 4.2. However, in models with a weak
nonlinearity the bias of the quadratic estimator is essentially smaller than the bias
of the linear estimator.

If we are intersted in the MSE, then we find out such a shift 63 in a given direction
which gives the equality MSE(h'68) =MSE(h’ (55) For a larger shift the linear
estimator cannot be used. If this distance is out of the confidence ellipsoid we prefer
the linear estimator to the quadratic one. However, for a large dimension £ of the

parameter 3 this procedure is not suitable.
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We find out the Mahalanobis distance d = /63’CB3 which gives the equality
UBMSE(h/63) :UBMSE(h’cFE) (UBMSE= upper bound of the mean square error).
For the first orientation the following rule can be also used. In a small neigh-
bourhood of the point By the most dangerous term is —4h’ var(éﬁ)(Fh(.) +Gp()08,

i.e. 03 is proportional to the vector (Fy(.y + Gh(_))var(éé)h. Let us find such a
number ¢ that
b’ var(§8)h + 1[0’ var(68) (Fu(y + Ga(y)® var(63)h]?
= h'var(68)h + 2 Tr{[(Fy( + Gy(y) var(68)]*}
+ {Tr[Gh(.) V&I‘((SB)]}2
+ 4th’ V&Y((SB)(Fh(.) + Gh(.))2 Var((SB)h.
The smallest positive solution t.;; of this equation gives the vector tcm(Fh(.) +

Ghr() var(63)h with the Mahalanobis distance equal to

%, = t2 0 var(38) (F () + Gy )C(Fr(y + Gigy) var(38)h.

crit crit

If d?

cri

preferred.

¢ > xﬁ_q(O; 1 — «) for a sufficiently small «, the linear estimator is to be

In what follows several remarks to the utilization of the term b’Cb are necessary.

If no constraints are under consideration, then the term b’Cb is obviously suitable
for a decision whether the bias is or is not acceptable. If constraints are under con-
sideration, then the covariance matrix Var(éé) =C!'-C!G(GCIG)IGC!
is singular and thus its inverse does not exist. The term b’ [V&I‘((S,é)]_b is not de-
termined unambiguously, since the relation b € /\/l(var(é,é)) need not be valid.
However, one version of [var(5é)]* is C which is positive definite and thus the term

b'Cb for b € M(var(63)) is equal to b'[var(§8)]~b. If
b ¢ M(var(33).

then another reason exists for a utilization of the term b’Cb. Let us investigate the
projection PE of the ellipsoid £ = {x: x’Cx < t?} in the Mahalanobis norm on
Ker(G). We have

PE = {Pger(G)X: X/(Pger(G))lcpger(G)x + X/(Mger(G))/CMger(G)x < tz}
= {Plex: X[C -G/ (GCT'G)'Gx < 17},

since (Mger(c))’CPger(G) =0.
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If x € Ker(G), then

x'[C - G/(GC'G)'G]x = x¥'Cx,

and thus the projection is the section of the ellipsoid £ by the subspace Ker(G).
Further,

9~ EGA))[C7 - C7'G/(GCT'G) T GO0 — E(9B)]
= 08— E(OB)'CB — EOB)] ~ X},

and thus the term b’Cb is suitable for a decision whether the bias b is or is not

acceptable.

1]

[10]
[11]

[12]
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