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Abstract. A posteriori error estimates for a nonlinear parabolic problem are introduced. A
fully discrete scheme is studied. The space discretization is based on a concept of hierarchical
finite element basis functions. The time discretization is done using singly implicit Runge-
Kutta method (SIRK). The convergence of the effectivity index is proven.
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1. INTRODUCTION

This article deals with numerical solution of parabolic partial differential equations
and in particular with error estimates. We will concentrate on the one-dimensional
problem only. We will study the error estimates and especially their convergence to
the true error.

The error estimate is a very important quantity because the numerical solution as
a product of a numerical method is worthless without some information about the
error. The error estimate gives us this information although it is only an approxi-
mation. And, moreover, most adaptive methods for solving parabolic equations are
based on estimates of this kind.

The inspiration for this article is in the work of Moore [9], where two fully dis-
crete schemes are described. These schemes differ in the time discretization. The

* The work was supported by the grant No. 201/01/1200 of the Grant Agency of the Czech
Republic.
This work won the Babuska prize 2000 in the student category.
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backward difference formula method (BDF) and the singly implicit Runge-Kutta
method (SIRK) are used. The case of SIRK scheme is treated only for the semilin-
ear (i.e., a(u) = 1) problem in Moore [9]. We will examine a nonlinear equation.

In general, we use the notation of Moore [9]. In Section 2, the model problem
and its weak formulation are stated. The space discretization and the definition
of a semidiscrete solution is shown in Section 3. Definitions of semidiscrete error
estimates and of the effectivity index are given in Section 4. More details about the
semidiscrete problem can be found in Segeth [13]. In Section 5, the time discretization
is done using the SIRK method. A fully discrete solution is defined as well and some
auxiliary lemmas are proven. Finally, in Section 6, fully discrete error estimates are
described and convergence of the effectivity index is proven.

2. MODEL PROBLEM

We use the same model problem and the same notation as Moore [9] and
Segeth [13].
Consider the nonlinear equation

(2.1) Ou — V(a(u)Vu) + f(u) =

for an unknown scalar function u(x,t) on a space interval = € [c,d] and on a time
interval t € (0,7], where T > 0 is fixed. The symbols 9; and V denote the par-
tial derivatives 9/0t and 9/0z, respectively. The coefficients a and f are smooth
functions and, moreover, there exist constants pu, M and L which satisfy

(2.2) O<pu<al(s) <M forall seR,
(2.3) la(r) —a(s)] < L|lr —s| forall rseR,
(2.4) [f(r)—=f(s)| < Llr—s| forall r secR.

Thus, a is positive and bounded and both the coefficients satisfy the global Lipschitz
condition.

Let us introduce the homogeneous Dirichlet boundary condition
(2.5) u(e,t) =u(d,t) =0, 0<t<T,
and the initial condition

(2.6) u(z,0) = uo(z), c<z<d,
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where ug is a given smooth function. We assume that the boundary and initial
conditions are consistent.

If f is constant, the existence and uniqueness of u follows immediately by applying
the well-known Kirchhoff transformation (see [6], [8]). For non-constant f we can
use the concept of pseudomonotone operators. The existence of u can be obtained
as a weak limit of Galerkin approximations. If some coercivity on f is assumed, e.g.,

(2.7) flr)r > Cor? — C5 for all 7 € R,

where Cy > 0 and C5 € R, see e.g. Roubiéek [12], then the assumptions on a and f
are strong enough to ensure the existence of u. Sufficient conditions for uniqueness
can be derived from the theory of monotone operators (cf. [7], p. 183).

Denote by

(v, w) = /Cdv(:c)w(x) dz

the L? inner product and by ||w||o the corresponding norm. Let H* = H*(c, d) stand
for the Sobolev space of functions whose generalized derivatives up to order k are in
L?(c, d), for an integer k > 0. The norm in this space is

10w 2
ol =Y %
i=0
The case k = 1 is important for the weak formulation. We introduce the usual
subspace Hi = H{(c,d) of functions w € H' satisfying the homogeneous Dirich-
let boundary conditions. The constants C,C7,C5, etc. are generic, i.e., they may
represent different constant quantities in different occurrences.
We will present a weak formulation of the above model problem. The finite element
discretization is based on this weak formulation.
A function v(z,t) is in space H'([0,T], X), where X is a Banach space, if v(-,t) €
X and (-, t) € X for almost every ¢t € [0, T] and if the term

T
/0 (1oll% + 18roll%) dt

is finite.
We say that u(z,t) € H'([0,T], Hi(c,d)) is a weak solution of problem (2.1) with
conditions (2.5) and (2.6) if the identity

(2.8) (Opu,v) + (a(w)Vu, Vo) + (f(u),v) =0
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holds for almost every ¢ € (0,7] and all functions v € H}, if ug € H and if the
identity

(2.9) (a(uo)Vu, Vv) = (a(uo) Vug, Vv)

holds for ¢ = 0 and all functions v € H{. Throughout the paper we assume that the
weak solution exists and is unique.

3. DISCRETIZATION IN SPACE

Let us choose a positive integer p, which denotes the order of approximation. We
solve problem (2.1) with conditions (2.5) and (2.6) or, in the weak formulation, (2.8)
and (2.9), by the finite element method with a piecewise polynomial hierarchical
basis functions of degree p. We introduce a partition

c=rg<a <...<axny_1<zny=d

of the interval [c,d] into N subintervals (z;_1,%;), j = 1,...,N. We further put
hj=zj—2j-1,5=1,...,N, and

h= max h;.
j=1,...,N

Let this partition belong to the family of partitions which satisfies the so-called
inverse assumption, i.e., there exists a constant C¢ > 0 such that

(3.1) Ceh < h

holds for j =1,2,..., N.

We use the finite element concept described in Szabd, Babuska [14]. Let us con-
struct a finite dimensional subspace Sév P C H} in the following way. A function V
belongs to Sp'”

N p
Z‘/}l%l )+ DD Vikpin(z)

J=1 k=2
where
(@ —xj-1)/hy, Tj-1 << T,
(3.2) pi(z) = (@41 —2)/hjy1, 75 < T < T4,
0 otherwise

forj=1,...,N—1,

iTV20E=1) [ Pea(y)dy, a1 < <,

otherwise

(3.3) pjk(z) = {0
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forj=1,...,Nand k =2,...,p, and where Vj;, are coeflicients. The function Py (y)
is the kth degree Legendre polynomial linearly scaled to the subinterval [x;_1,z;].
Functions (3.2) and (3.3) form a hierarchical basis of the subspace Sév’p, see Szabd,
Babuska [14]. To express a function V(-,t) € So” for a fixed t € [0,T] in the
basis (3.2) and (3.3), we put Vj;(¢) = Vi, i.e.,

N »p
Zval Pz +szjk Pk (@
j=1k=2

We will also use the local inner product

o)y = [ o(@ulz) de

i
and the corresponding local norm ||v]|o,;.

Remark 3.1. Let assumption (3.1) holds. Then there exists a positive con-
stant C' independent of A such that

(3.9 10} o < O 10

holds for all § € S3P

This is the so called inverse inequality, which can be found for example in Ciar-
let [4], p. 142.
To start the error analysis, we introduce an elliptic projection of the solution u.

Definition 3.1. A function u"(x, 1) is called the elliptic projection of the solution
u(x,t) of problem (2.8) and (2.9) if u" € H'([0,T], S3"""), if the identity

(3.5) (a(u)Vu", VV) = (a(u)Vu, VV)
holds for almost every ¢ € (0,T] and all functions V € Sév P and if the identity
(a(uo)Vul, VV) = (a(ug)Vug, VV)
holds for ¢ = 0 and all functions V € Sév P, We further denote by
o(z,t) = u(z,t) — ul(x, 1)

the error of the elliptic projection.
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The following lemma shows the standard important properties of the elliptic pro-

jection v and its error.

Lemma 3.1. Let t € [0,T] be fixed. Let u(-,t) € H**' N H} and u"(-,t) € 53"
be the elliptic projection. Then there exists a constant C'(u), which does not depend
on t, such that

(3.6) lello + Al Vello < C(u)hP*,
19eello < Clu)hP*,
(3.7) IVl < Clu),
where || - || is the L*°-norm.
Proof. See Thomée [15], p. 211 and Moore [9]. O

We say that a function Ul(x,t) is the semidiscrete approzimate solution of prob-
lem (2.8) and (2.9) if U € H'([0,T], S3""), if the identity

(3.8) (0:U,V) + (a(U)VU,VV) + (f(U),V) =0
holds for almost every ¢ € (0,T] and all functions V € Sév P and if the identity
(a(ug)VU,VV) = (a(ug)Vug, VV)

holds for ¢ = 0 and all functions V € Sév P

Definition 3.2. Denote by
(3.9) e(z,t) = u(z,t) — Uz, )

the error of the semidiscrete solution.

4. SEMIDISCRETE ERROR ESTIMATION

From formula (3.9) we have u = U +&. Putting this into (2.8) and (2.9), we obtain
the equation which motivates the following definitions, see e.g. Segeth [13].
Let us introduce the space S’év PH of functions V(w) such that

V(x) = Z Vj90j7p+1 (z).
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We are looking for the error estimates F in the space Sév’pH, ie.,

N
Z i ()i pt1(z).

J=1

In the next definition we introduce four natural error estimates of the semidiscrete
solution U, which is supposed to be known.

Definition 4.1. The parabolic nonlinear error estimate (Epy) is defined by the

equation

(41)  (&E,V);+ (a(U +E)VE,VV); = —(f(U E),V); — (8:U,V);
)j-

The elliptic nonlinear error estimate (Egn) is defined by the equation

(4.2) (a(U +E)VE,VV); = —(fU+E),V); — (&:U,V); — (a(U + E)VU,VV);.

The parabolic linear (Epy,) and elliptic linear error estimate (Egy,) are defined by
the equations

(4.3) (BB, V);+ (a(U)VE,VV); = —(f(0),V); — (8T, V); — (a(U)VU,VV);
and

(4.4) (@(U)VE,VV); = —(f(0),V); = (0:U,V); — (a(U)VU,VV);,

respectively. All these four equations hold for almost every ¢t € (0,T], j =1,..., N,

and all functions V € S GNP+ The initial condition for FEpn and Epy, is given by

(a(uo)VE,VV); = (a(uo)V(ug — U), VV);,

t=0,7=1,...,N and all V e §}'?*",
We introduce so called effectivity index of the respective error estimator. Is is

ratio of error estimator to the exact error, i.e.,

Epx|h _ | Eexlh _IEpLlh

EN — PL —
lefl lefln lefl

@pN = and ®EL =
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5. FULLY DISCRETE SOLUTION

The time discretization of the semidiscrete problem leads to a fully discrete scheme.

We can write the semidiscrete solution U as a linear combination of basis func-
tions (3.2) and (3.3) with coefficients depending on the time variable ¢. We can take
advantage of this fact and rewrite equation (3.8) as a system of ordinary differential
equations for these unknown coefficients. To obtain a fully discrete solution we have
to solve this system using some suitable numerical method.

We will investigate the singly implicit Runge-Kutta method (SIRK) which is de-
scribed e.g. in Butcher [2] and Burrage [3].

Let us denote by 7 the length of the time step of the equidistant partition of the
time interval [0, 7] and by ¢; the nodes of this partition. Confine our attention to
one time step t; <t < t; + 7. Let us assume that there exists a positive constant C
such that 7 = Ch. The stage s of the singly implicit Runge-Kutta method is chosen
to be s = p+ 1. We denote by Up(z) = U(x,t; + c¢7) the approximation of the
solution in the respective SIRK stage, where ¢y, £ = 1,2,...,p+ 1, are given by the
SIRK method. Note that Uy(z) = U(z, t;).

The solution U, € Sév P at every SIRK stage can be obtained by solving the
Galerkin problem

(5.1) (04,eUe, V) + (a(Ug) VU, VV) + (f(U), V) =0

forall Ve S3°P, £ =1,...,p+ 1. The symbol d; ,U; means

_ 1 Pt
(5.2) Or,eUr = = > AmUnm, €=1,2,...,p+1,
m=0

where @p,, are elements of the matrix A~! and the matrix A defines the SIRK
method, see Moore and Flaherty [11]. We take the initial condition
(5.3) Uz, t;) = u"(z,t;),

where " is the elliptic projection of the exact solution.
Relation (5.1) is a system of p+ 1 finite-dimensional nonlinear Galerkin problems,
which can be equivalently formulated in the form:

(5.4) find U € [Sg"*]P™! such that F(U) =0,
where F: [S) P]Pt1 — [SV?]P+! is defined by the Riesz theorem so that
(026U, V) + (a(Ue) VUL, VV) + (f(Ur), V) = (Fe(U), V)
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holds for all V € S’év’p and £ =1,2,...,p+ 1. Note that [S(J)V’p]p‘|r1 is a Hilbert space
equipped with the inner product

p+1
(V’W)[S[I)V'P]Nl = Z(W»wé)-
=1
One of the stability conditions for the STRK method is that the matrix A is positive
definite. Thus A1 is also positive definite. This fact together with conditions (2.2)
and (2.7) ensures

p+1
> (F(U),Ug) 22 >0 forall Ue[S)"FPH, ||U| =R,
=1
where R > 0 is sufficiently large. The well known corollary of Brouwer’s fixed-
point theorem gives us existence of a solution of problem (5.4) and equivalently
of (5.1). This corollary of Brouwer’s fixed-point theorem can be found, e.g., in
Fuéik, Kufner [5], Theorem 30.6, which in fact demands the assumption
R® N,p1p+1
?(F(U)vU)[S(Z)V’P]pH > (UaU)[S(J)V=P]p+1 for all U € [Sy "], [[U[| = R.
Let us define the local error
(5.5) eo(x) =up(x) = Up(z), €£=1,2,...,p+1,
and the error of elliptic projection

Ou(x) = uj(z) = Ug(x), £=1,2,...,p+1,

where ey(z) stands for e(z, t; + ¢o7), 0¢(x) = 0(x,t; + co7). Note that the notation
with index ¢ is used also for other quantities, e.g., u}(z) = u”(z,t; + co7), 0¢, e, N,
etc.

The key role in our analysis is played by the transformation 7" introduced by
Butcher [2], and its inverse T~ 1:

— ééLm—l(éé)
5.6 Tt =Lo—1(€m), T} =P ml=1,2,....,p+1,
(> R PRSI
where L,, denotes the Laguerre polynomial of degree m and &1,&a,...,&p+1 are the

distinct zeros of L,41. The transformed quantities are denoted by a tilde:

p+1 p+1
(5.7) Xm = Toixe: Xm=Y TmeXe, m=12,...p+1.
=1 (=1

The matrix A~! can be turned to lower triangular using the transformation 7.
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This fact, which can be found in Butcher [2] or in Moore and Flaherty [11], can be
expressed, e.g., in the component notation:

p+1 p+1 p+1p+1
(5.8) SN G Tk = )\ZZTeka
k=1m=1 k=1m=k
p+1 m
Amzl;;nmm’ (=1,2,...,p+1,

where )\ is the positive parameter connected with the SIRK method.
The following lemma solves the problem with the nonlinearity.

Lemma 5.1. LetV,, € Sév’pH, m = 1,2,...,p+ 1. Let a function a satisfy
the Lipschitz condition (2.3) with a constant L, and let U;(x), the solution of (5.1)
with (5.3), satisfy an analogue of the Lipschitz condition:

(5.9) |Ue(2) — U (2)] < CLlto + com — to — em7| = CLlce — em|T

for all ¢,m =1,2,...,p+ 1 and for almost every x € [c,d]. Then

p+1 p+1 p+1
SN T e (a(U) Vi, VV2) = p|VVAI[3 = ATLCLCe Y [V Va0V Vilos
=1 m=1 m#£r

m=1

where r =1,2,...,p+ 1 and the constants AT and C. depend just on p.

Proof. Fixr=1,2,...,p+ 1. Let us separate the double sum and adjust the
resulting sums using 7,,' T > 0, (2.2) and the triangular inequality:

p+1 p+1
(5.10) >N T i (a(Ue) VVin, V)
(=1 m=1
pt+l p+1 p+1
= ZTrelTer (UVVe, VVe) 3 D T Torn(a(Ue) VWi, VV;)
(=1 m#r
m=1
p+1 , p+1
AT (\Z Tr_elTéma(Ue)’ VVul, Ivm).
m##r ~ £=1
m=1

p+1
Now we have trouble only with the term | Tfengma(Ug) ‘ Let us introduce the
=1
notation

Be= 0" =T, Tom-

p+1
We see that > 3¢ = 0 because m # r. If By = 0 held for £ = 1,2,...,p + 1, we
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would have no trouble. Unfortunately and naturally, the definition of 7" and T~ !,
see (5.6), implies By # 0 for £ = 1,2,...,p+ 1. Thus, we can define nonempty sets
of indices

LT ={l: B >0} and L~ ={l: B, <0}

Let us define positive constant AT™" by

AT™ = %" Bi= > —fe

LeLt ltel—

Let us find indices niax, fMin € {1,2,...,p+ 1} such that
a(Upyi) < a(Up) < a(Uyy,,,) forall£=1,2,...,p+1.
The positivity of 3, for £ € LT and —3; for £ € £~ implies

(5.11) Y BealUe) = Y (=Br)alUs) < AT™ (a(Ugy,,) = a(Usyin))s

LeL+ leL—
5 ]-2 Z ﬁfa Ul Z ( 63) ( ) < ATmT( a(UfMin) + a(UfMax))'
LeLt leL—

Finally, using (5.11), (5.12), (2.3) and (5.9), we obtain

p+1
5 13 Zﬂla Uf Tmr| (UlMax) - a(UlMin” < ATmTL|UfMax — Uty
S AT™LCL|to + oy, ™ — to — Copg 7| < ATLCLC, 7,
where
AT =max AT™ and C,.= max |ce — eml.
r#m l,m=1,...,p+1
We complete the proof applying (5.13) and the Schwarz inequality in (5.10). [

To simplify the notation we denote the time derivative Oyu by ;.

Lemma 5.2. Let u,(z) € HP*' N H} be the solution of (2.8) with (2.9) at
time instant t; + ;7 and let Uy(z) € S0P be the solution of (5.1) with (5.3) for
¢=1,2,...,p+ 1. Let Uy satisty (5.9).

Then there exist constants C and Cr independent of h such that

(5.14) lleells

(5.15) [cA
p+1 p+1

(5.16) [[0ello < C7 25: 16mllo,  [16ello < Cr 25: [0mllo, £=1,....,p+1.

P, 0=1,2,...,p+1,

<C
<ChPTY, 1=1,2,...,p+1,
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Proof. Inequalities (5.16) are evident from the definition of transformed quan-
tities (5.7).

To prove inequalities (5.14) and (5.15) we employ equality (5.1), which can be
adjusted with help of (2.8) and (3.5), to obtain

(5,5,@9@, V) + (a(Up) VO, VV)

— (01,000, V) + (Or0ue — (ur)e, V) + (f(Ur) — f(ue), V)
+ ([a(Ue) — a(ue)|Vull, VV), £=1,2,....p+ 1.

We arrange the first two terms now. We use definition (5.2) of 5,5,@, the fact that
Oo(z) = 6(x,t;) = 0 due to (5.3), then we replace ,, by the transformed quantity
O, see (5.7), and finally we apply formula (5.8) for the first term to obtain

1 p+1 m p+1
;ZT > 0,V +ZT¢m (U)VO0,,, VV) = (=1,2,...,p+1,
=1 k=1

where the terms on the right-hand side remain unchanged. We can multiply this
system of equations by the matrix 7! from the left. This step can be exactly done
taking r = 1,2,...,p + 1, multiplying each equation by Tr_el and summing over /.
Taking V = 0, and rearranging slightly all terms, we obtain

p+1 p+1
(5.17) 015+ A > T o (a(Ue) Vi, V6,
(=1 m=1
r—1 p+1

Z 01, 0,) + )\TZTM (Bt.000,0,) + (D.0ue — (ur)e,0r)

+ (f(Ué) ( ) ér) ([G(Ug) - G(Ug)]vu?, Vér)]

forr=1,2,...,p+ 1.
Note that (2.4), the Schwarz and triangle inequalities, (3.7), (2.3) and (5.16) imply

(f(Ue) = f(ue),0:)] < L(10ello + lleello)[16+llo

and

p+1
([a(Uy) — a(ue)|Vul, V6,)| < c<u>L(cT S lomllo + ||ge||o) 196, 0.

m=1
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Applying these inequalities, Lemma 5.1 and the Young inequality to (5.17), we

obtain
r—1 p+1
(5.18) 110,115 + Arul VO[5 < Cv Y N10klI§ + 72C2 > [10s,006l1§ + 10e,ete — (ue)ell3
k=1 =1
~ p+1 ~
+ 11613 + loellg]) +7Cs > (1I0ellg + lleell?)
=1
p+1 ~
+75C Y (VO3

forr=1,2,...,p+1.
We replace the last term using (3.4). Now we use the nonnegativity of the term
A71]|V6,||2 and move the terms with 6 to the left-hand side to obtain

r—1

(5.19) —(Ci+72Co+7C34) Y _ |0k + (1 — 72Ca — 7C3) 116, |15
k=1
p+1
— (F?Ca+7Csa) Y 116k
k=r+1
p+1
< Y (0o [[10n c0ell + 10e,ete — (ue)ellg + loelIg] + 7Cslleellp)
(=1

<Ot r=1,2,....p+1.

In order to bound the right-hand part terms, we have used the results of Moore and
Flaherty [10]:

(5.20) 19,01 — (ue)ello < Cu)h?*,
(5.21) 10s,00¢ll0 < C(u)hP*,
(5.22) 10s,00¢ll0 < C(u)hP*,

the result (3.6) and the assumption 7 = Ch. Inequality (5.22) will be used later.
Relation (5.19) is a system of p 4+ 1 inequalities. Our aim is to obtain a bound for
16¢]lo for all £ =1,2,...,p+ 1. The matrix of this system is not lower triangular but
its elements in the upper triangle are small, i.e. of order O(7). Thus, we can use
the Gaussian elimination to obtain a lower triangular matrix. The important fact is
that the diagonal elements are positive for a sufficiently small 7 and the off-diagonal
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elements are negative or zero. Thus, every step in the Gaussian elimination is correct
and all inequalities are preserved. The resulting lower triangular system is

r—1
(5.23) (1= 72C5 — 7C)[|0r[1§ < (C7 + 7°Cs +7Co) Y _ |10k + CT7P
k=1

for r = 1,2,...,p+ 1. Using 7 = Ch and solving (5.23) by forward substitution
yields

(5.24) 16:]0 < CRPF3/2 r=1,2,... . p+1.
Returning with (5.24) to (5.18), we obtain
VO, ]lo < ChPFL, r=1,2,...,p+1.

Using (5.16), we have

ChPt3/2 r=1,2,....p+1,
ChPt,  r=1,2,...,p+1.

(5.25) 16r[l0

<C
(5.26) IVO:[lo <

The inequality (5.14) is now easy:

leells < [10cllx + lloely < CRP, €=1,2,...,p+1.

6. FULLY DISCRETE ERROR ESTIMATION

The equations which define the semidiscrete error estimates (see Definition 4.1) can
be equivalently written as some systems of ordinary differential equations. Solving
this systems by the SIRK method we obtain the fully discrete estimates. The SIRK
method can be implemented using the discrete derivative 5,5,@.

Definition 6.1. The respective error estimates at t; + co7, £ = 1,2,...,p+ 1,
are obtained by solving the following systems of uncoupled problems. The system
for the parabolic nonlinear error estimate Epn¢ = Ey € S’év’pﬂ, cf. (4.1), is

(6.1)  (BeoEe, V) + (a(Us + E)VE,VV); = — (f(Us + Ep), V) — (0:.0Us, V);

(a(Ug + Eg)VUg, V)
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The parabolic linear error estimate Epy, o = Ey € S’év’pH

system, cf. (4.3):

is obtained by solving the

(6.2) (01Ee,V)j + (a(U)VE,VV); = — (f(U),V); — (00.eUe, V);
— (a(Up)VU,, VV);.

And finally, the elliptic linear error estimate Egy¢ = E; € Sév’pH, cf. (4.4), is
obtained by solving

(63)  (a(U)VE, VV); = =(f(U2),V); = 00,Us,V); = (a(U) VUL, VV);.
These equalities hold for all V € Sév’p+1, j=1,2,...,Nand ¢ =1,2,...,p+1, with
(6.4) Eo(z) = e (@),

where e (z) stands for e"(z,¢;) and the definition of " (x,t) follows.

Note that the existence and uniqueness of solutions of problems (6.1)—(6.3) is
ensured again by Brouwer’s fixed-point theorem.

Definition 6.2. The function ¢”(z,t) € H*([0,T], S5 ?*") is a projection of the
error e(x,t) if the equality

(6.5) (a(u)V(u" + €M), VV) = (a(u)Vu, VV)
holds for all V € S’év’pﬂ. We set

(6.6) o(z,t) = u(x, t) — u(z,t) — e(z,t).

N
Note that e (z,t) = 3> C;(t)p;pr1(2).
j=1

Lemma 6.1. Let u € H'([0,T], H?*?> N H}) be a solution of (2.8) with (2.9).
Let u”, e and ¢ be defined by (3.5), (6.5) and (6.6), respectively. Then

(6.7) 16llo + Rl Vallo < C(u)hP+?
and
(6.8) IV (u" + €M) < C(u),

independently of t and h.
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Proof. The proof of (6.7) follows from the work of Adjerid, Flaherty, Wang [1].
Let V be an arbitrary function from S5 ?*'. Using (2.2), (6.5) and the Schwarz
inequality we obtain

V(" + e —u)§ < (a(w)V(u" + e —u), V(u +e e" —u))
(a(u)V(u" +e" —u), V(u" +V )

<M|V(u" + e *U)||0||V( +V =ulo,

ie.,
h o _h M h T
(6.9) IV(u" +e —U)Ho<IIIV(u +V —ullo

holds. According to Adjerid, Flaherty, Wang [1], Lemma 3.3 and Lemma 3.5, there
exists a suitable function ¢ € Sév P+ which can be substituted for V in (6.9), such
that

|V (u" + e —u)|o < C(u)hPT.

The estimate of (u"+e" —u) in the L2 norm can be obtained by the duality argument.
The proof of (6.8) for p =1 can be found in Thomée [15], p. 212. We rewrite this
proof for p=1,2,.... Let
I: HY s SooPH

denote the standard interpolation operator. The inverse inequality, see for example
Ciarlet [4], p. 142, converts the L> norm into the L? norm:

HV(threthuﬂ ||V(u +eM — TTu)||o

|°° = h1/2
< hl/g(llv(u +e —u)fo + [V (u — TIu)lo).

Inequality (6.7) and the well known estimate ||V (u — Iu)||o < C(u)hP*! give us

(6.10) |V (u" + e —TTu)||oe < C(u)hPTY/2,

Using the estimate of the interpolation error, see Ciarlet [4], p. 122, we obtain

(6.11) IVTTue < OVt -

The combination of results (6.10) and (6.11) gives us estimate (6.8). O
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Definition 6.3. We put

(6.12) new,e(x) = ef (x) — Epne(2),

(6.13) npLe(x) = e} (x) — Epre(z),

(6.14) neLe(z) = el (x) — Bere(x), £=1,2,...,p+1,
GN.p+1

where, apparently, n € S; We omit the indices of 7 if no ambiguity can occur.
Error estimates Epn¢, Fpre and Egr, are defined using (6.1), (6.2) and (6.3),

N,p+1

respectively, and e? € So is given by (6.5).

Lemma 6.2. Let us(z) € HP™2 N H} be the solution of (2.8) with (2.9) at time
instants t; +c,7, £ =1,2,...,p+ 1. Let Epny € Sévmﬂ be the error estimate given
by (6.1) with (6.4), and let el € S3°P*! and npx e € S P, 6 =1,2,...,p+1, be
given by (6.5) and (6.12), respectively. Let Uy, given by (5.1) with (5.3), satisfy (5.9)
and let Epn ¢ satisfy

(6.15) |EpN o(x) — Epnom ()] < CLlto + coT — to — em7| = CL|ce — cm|T

for all ¢,m =1,2,...,p+ 1 and for almost every z € [c,d).
Then
InpNelt S CRPTE £=1,2,... . p+ 1.

Proof. Westart with the equation (6.1). We subtract the terms (d; sel, V); and
(a (U2+EZ)V€Z , VV); on both sides of (6.1), add and subtract the terms (9; ul, V);,
(Dr.0ue, V)5 and (a(U + E¢)Vul,VV); on the right-hand side of (6.1), adding the
weak formulation (2.8) tested by V, and using (6.5) we obtain

@e.me, V) + (a(Ue + Ee)Vm, VV);
— (D200, V) = (1,000, V) + Dr.eue — (ur)e, V),
+ (f(Ue + Ep) — f(ug), V); + (a(Ug + E¢)[VU — Vu}}], VV);
+ ([a(Ue + Ee) — a(ug)][Vug + Vep], VV);
forall V€ S0Pt j=1,2,...,Nand £ =1,2,...,p+ 1.
Using the definition of 94, (5.2), the fact that no = 0 and 6y = 0 due to (6.4)
and (5.3), substituting 7, and 6, by the transformed quantities according to (5.7),

we arrive at

1 p+1 p+1 p+1
= Z Z(ﬁém kil V) + Z (Ue + E)) T Vi, VV);
m=1 k=1
p+1 p+1 o
= - Z Z(aEmekekyv)j +
m=1 k=1
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forall Ve §0P* j=1,2,...,Nand £ =1,2,...,p+1. The symbol ... at the end
of the above formula means that the other terms remain unchanged.

Employing formula (5.8), multiplying this system of equalities by the matrix 7'—!
from the left, i.e. multiplying each equality by Tr_el and summing over ¢, putting
V= 7 and rearranging, we have

p+1 p+1
(6.16)  |iirllo.g + AT D> Y Trg' Tem(a(Ue + Ee) Vi, Vitr);
=1 m=1
r—1 T
= =D (ki) — > (Ons i),
k=1 k=1
p+1

F MDY T (00, Tin)j + (Orete — (ur)e, iir)5
=1

+ (f(Ue + Ep) — f(ue), 7iy); + (a(Ue + E¢)[VUe — Vu}], Vi) ;

+ ([a(Ue + E¢) — a(w)][Vuy + Vei], Vig);]

forj=1,2,...,Nandr=1,2,...,p+ 1.

We bound the second term employing an analogue of Lemma 5.1 together with
assumption (6.15). This step is correct because

U+ E; — Uy — Epy| < |Ug — Up| + |E¢ — Ep| < 2CL|ce — T

Let us bound some terms in (6.16). Employing (2.2), (2.3), (2.4), (6.8), the triangle
and the Schwarz inequalities and the definitions of 8, n and 9, we obtain

(6.17)  [(f(Ue + Ee) = f(ue), 7)1 < L([[¢ll0.5 + lIme

0,5 + loello, )7

0,7
(6.18) (@(Ue + E0)[VUe = Vug], Vi) | < M|[V0ello,; 1 Vil llo.;
and finally
(6.19) ([a(Ue + Er) — a(ue)|[Vuy + Vei], Vil
< Cu, L)([10cllo,; + lImello,; + lléello,) Vi llo,s-
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Employing inequalities (6.17), (6.18), (6.19) and the Young inequality in (6.16),
we arrive at

(6.20)
1730115, + ATl Vi[5 5

r—1 T
<a(Tlml, + Y13,
k=1 k=1
p+l _
+ 7202 Y [[1r00ell5 ; + 19e,e0e — (ur)ellF; + 110l
(=1
p+1
+7C3 > (IVOl5; + 101155 + 3 ; + lleell3 ;)
=1
p+1
+7C Y [ Viimllg;
m#r

m=1

g,j + [|73¢ g,j + ||@é||%,j]

forj=1,2,....Nandr=1,2,...,p+ 1.
Summing over j, applying (3.4) to the last term, using (5.24), (5.22), (5.20), (5.25),
(6.7), (5.26) and T = Ch, we have

r—1
(1—=7°Cy — 7C3)|[71, 15 — (C1 +7°C2 + 7C54) Y [I7ikl5
k=1
p+1
~ (PO 1C) 3 iy < 07
k=r+1
forr=1,2,...,p+ 1.
This is a system of inequalities in the same form as (5.19) and we can employ the

Gaussian elimination to obtain the lower triangular system

r—1

(1= 72C5 — 7Co) 171§ < (Cr +7°Cx + 7Co) Y _ |kl + CT+°
k=1

forr=1,2,...,p+ 1.
Solving this system by forward substitution, we finally find that

(6.21) I7ello < CRPT3/2 1+ =1,2,... 5.
Using (5.16), we have
(6.22) Inello < CRPT32 1+ =1,2,... 5.
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Returning with (6.21) and (6.22) to (6.20) summed over j, we obtain

VAo < CAPTY, r=1,2

g Ly eeay

Finally, relation (5.16) gives us

IVaello < CRPTE, 7 =12

,2,...,8.

O

Lemma 6.3. Let u,(z) € HP™2 N H} be the solution of (2.8) with (2.9) at time
instants t; + ¢, £ =1,2,...,p+ 1. Let Epr, 4 € Sévmﬂ be the error estimate given
by (6.2) with (6.4), and let e} € SYPTY and nprg € SYPT 0 =1,2,...,p+1, be
given by (6.5) and (6.13), respectively. Let Uy, given by (5.1) with (5.3), satisfy (5.9).

Then

InpLells < CRPYY, £=1,2,....,p+1.

Proof. The proof of this lemma is very similar to that of the previous lemma.
The starting equality which follows from (6.2), (2.8) and (6.5) is

(Or,eme, V) + (@(Ue) Ve, VV)j = — (D4,000,V)j — (D000, V),

+ (1 0ue = (u)e, V) + (F(U0) = f(ue), V),
+ (a(U)[VUe — Vuy], VV);

+ ([a(Ue) — a(up)][Vu} + Vep], VV);

forall Ve S0Pt j=1,2... Nand(=1,2,...,p+1.

Proceeding in the same way as in the previous proof, i.e., applying the following
steps:

o definition of gt,b

e transformation (5.7) and formula (5.8),

e multiplying the resulting system by the matrix 7!,

e putting V= Nrs

e bounding the terms with a and f using (2.2), (2.3), (2.4), etc.,

e applying Lemma 5.1,

e summing over j, using (3.4), (5.24), (5.22), (5.20), (5.25), (3.6), (5.26),

e performing Gaussian elimination,

we obtain the result. O
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Lemma 6.4. Let us(z) € HP™2 N H} be the solution of (2.8) with (2.9) at time
instants t; + ce7, £ =1,2,...,p+ 1. Let Eg, ¢ € Sév’pH be the error estimate given
by (6.3), and let e € SoP*! and ngr € SYPTY, 0 =1,2,...,p+1, be given by (6.5)
and (6.14), respectively. Then

IneL.ells < CRPYY2 0=1,2,... p+1.

Proof. The proof of this lemma is very similar to those of the previous two
lemmas but we need not use the Gaussian elimination nor the transformation 7.
The starting equality which follows from (6.3), (2.8) and (6.5) is

(@(Ue) Ve, VV)j = = (01,600, V)j — (Or,000, V) + D10t — (ue)e, V);
+ (f(U) = f(ue), V) + (a(Ue)[VU — Vug], VV);
+ ([a(Ue) — alue)|[Vup + Ve}], VV);

forall V e Sév’p+1,j: 1,2,...,Nand ¢/ =1,2,...,p+ 1.
Proceeding in the same way as in the previous proofs, i.e., applying the following
steps:
e putting V= e,
e using 0 < uf|Vnellg ; < (a(Ue)Vne, Vige)j, €=1,2,...,p+1,
bounding the terms with a and f using (2.2), (2.3), (2.4), etc.,
applying the Friedrichs inequality utilizing 7, € Sg'**" ¢ H{ (¢, d),
using the fact that (5.25) implies

_ p+1 p+1
Bustillo = | 3 ann| < 700 Y ol < 11
m=1 m=1

for £=1,2,...,p+1,

e summing over j, using the previous step, (5.21), (5.20), (5.25), (3.6) and (5.26)
we obtain the result. O

The following theorem about the convergence of the effectivity indices is now easy

to prove.

Theorem 6.1. Letu, € HP*>NH{ and U, € Sg'* be solutions of (2.8) with (2.9),
and (5.1) with (5.3) at time instants t; + o7, £ = 1,2,...,p+ 1. Let E; € 3Pt
be the solution of (6.1) with (6.4) (for Epx), or (6.2) with (6.4) (for Epy,), or (6.3)
(for Egy,). Let U, satisfy (5.9) and let Epn, satisfy (6.15) for £ = 1,2,...,p+ 1.
Further, let

(6.23) leells = ChP, £=1,2,...,p+1.
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Then

E
(6.24) lim O, = lim I ”“:1, (=1,2,...,p+1,
h—0 h—0 |leg|l1

where © is @PN, @pL or ®EL-

Proof. Rewrite e given by (5.5) as
_ h | h h h —
eo=up— (uy +e;)+ (ug —Up)+ (ef —E¢) + E;, £=1,2,...p+ 1.

Then
er=E;+0,+0;+m and Ey=er— 0¢— 00—

for{=1,2,...p+ 1, and

(6.25) [ Eellx

> leclly — CLAPT,
(6.26) [Eellx <

leells = ll@ells = N10ell = limell =
< leells + CohP*e

| |
lleells + [[eells + N1ells + linell <

for £ =1,2,...p+1, where o = 1 for Epyn and Epy,, o« = 1/2 for Egy,. Dividing (6.25)
and (6.26) by ||e¢]|1 and taking (6.23) into account, we see that

1—Cih® <O, <1+Coh® €(=1,2...p+1.

Then (6.24) holds for h — 0. O

Note that assumption (6.23) implies C1hP < |leg]|1 < Coh?, see (5.14).
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