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Abstract. A modification of the Nikolskij extension theorem for functions from Sobolev
spaces H k(Q) is presented. This modification requires the boundary 02 to be only Lipschitz
continuous for an arbitrary k € N; however, it is restricted to the case of two-dimensional
bounded domains.
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0. INTRODUCTION

The extension theorems concerning extensions of functions from Sobolev spaces
H*(Q) are very useful in the mathematical theory of the finite element method when
analyzing the convergence (or rate of convergence) of FEM in the case of a domain
the boundary 02 of which is not polygonal. In FEM usually the Calderon extension
theorem (see, e.g., [6, pp. 77-81]) has been used. This extension has one great
advantage: extending functions from an arbitrary Sobolev space H*(Q) (k € N) into
H¥(RN) (N is the dimension of ) only the Lipschitz continuous boundary 9% is
required. However, the Calderon extension has also a great disadvantage: it is defined
by all generalized derivatives D*u € L2(f2) (Ja| < k) of the extended function w.
Thus, the Calderon extension from H”(Q) is not the Calderon extension from H™((2)

* This work was supported by the grants No. 201/00/0557 and 201/03/0570 of the Grant
Agency of the Czech Republic and by the grant MSM: 262100001 of the Ministry of the
Education.

367



(m < k; k,m € Ny) and, using it, rather complicated tricks must be sometimes used
(see, for example, [10, proof of Theorem 31.2]). Moreover, we cannot apply the
abstract interpolation theory between Banach spaces to the Calderon extensions.

Contrary to Calderon’s extensions, the Nikolskij extensions are based on linear
combinations of sophisticated “reflections” of function values of the extended func-
tion u (see (1.22), (1.23)). These “reflections” were first considered in the Hestenes
theory of extensions of functions belonging to C*(€2) (see [4]; this paper is an im-
portant modification of the theory introduced in [9]). As only function values of the
extended function u are considered in the definition of the extension, the extension
from H*(Q) is also an extension from H™(Q) (m < k; m, k € N).

In [6, pp. 75-77] the Nikolskij extension is described and the extension theorem
proved for Q € C*~11. A similar result is formulated in [7]; however, for Q € Ck+1:1
only. In [1] the basic idea introduced in [6, (3.33), (3.34)] is presented with reference
to [3, Appendix] where, however, only the Whitney-Hestenes theory of extensions of
functions belonging to C*(f2) is explained. Also in [8, pp. 21-24] a modification of
the CF(Q)-extension theory is presented. How to modify the trick described in [8] to
the H*(Q)-extension theory (and to obtain an extension of Nikolskij-Hestenes type
for spaces H*(2) with Q € C%!) is the contents of the present paper.

1. THE CASE OF A SMOOTH BOUNDARY AND SOME AUXILIARY RESULTS

1.1. Definition. Let 2 be a bounded (in the general case multiply connected)
domain in RY, which is considered in a Cartesian coordinate system z1,...,zxN
(the points of this system will be denoted by X = [z1,...,2n]). Let Q satisfy the
following conditions:

a) There exist positive constants «, 3, a finite number m of Cartesian coordinate
systems %,1,...,z,n (r = 1,...,m) (the points in the r-th system will be denoted
by X, = [21,...,%.n]), orthogonal mappings A,: RV — RY (r = 1,...,m) and
bounded domains Uy, ...,Uy (the form of which will be specified at point ¢)) such
that

(1.1) Uv.oo09, A =UN0Q#£0 (r=1,...,m);
r=1
relations (1.1) are considered in the (global) system z1,...,zn.

b) The points X, of the r-th local system are connected with the points X of the
global system by relations

(1.2) X, =A.(X), X=AYX,) (r=1,...,m).

T
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The image of the domain €2 in the r-th system is denoted by 2,.; hence
(1.3) Q- =A4,(9), Q=A41Q,) (r=1,...,m).
The image of the domain U, in the r-th system is denoted by ﬁr; hence
(1.4) U, =A(U,), U.-=A"'TU,) (r=1,...,m).

¢) There exist m functions a,(X]) continuous in (N — 1)-dimensional open

cubes A, (i.e., intervals in the case of N = 2), where

(1.5) Ay ={X] =[zp1,...,zen_1)t 2| <o, j=1,...,N —1},
such that

(16) A =0, n00 = {[X],a:(X))]: X/ €A}, (A= A,(A,)),
(17 {Xp: X\ ey, ap(X) <oy < ar(X)+ 8} =U.NQ = V1,
(1.8) (X,: XL e, ap(X)) =B <oy <an(X)}=U\Q. =V,

Thus, we have U, = V.+ UA, UV, V. lies inside of 2, and V.~ outside of O, (see
Fig. 1).

If all these conditions are satisfied then the domain €2 is called the domain with a
continuous boundary; briefly we denote it by Q € C%0 (see Fig. 1 for N = 2).

T

Figure 1.

d) Moreover, if each of functions a, (X)) (r = 1,...,m) is Lipschitz on the cube A,,
i.e., there exists a constant L such that for every two points X/, Y, of this cube we
have
(19) |a'r(Y;/) - a/r(X;«)l < L\/(y’rl - w'rl)z +... .+ (er—l - wrN—1)27
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then we say that Q is a domain with a Lipschitz continuous boundary and write
briefly Q € CO1.

e) Finally, if each of functions a,(X,) (r =1,...,m) has all partial derivatives on
the cube A, up to and including the order k which all are Lipschitz continuous then
we write Q € C*1,

The orthogonal transformation X, = A,(X) can be written in the form

N
(1.10) T =1+ Y agz; (i=1,...,N),
j=1
where 29, ..., 2%, are the coordinates of the origin of the global coordinate system in

the r-th local coordinate system. The Jacobian of this transformation satisfies

D(l’rl, .. .,.%'TN)

— 41,
D(Ilv"'va)

(1.11) J(X) =

where the sign plus appears in the case when the coordinate systems are oriented
either both positively or both negatively.

In R? the transformation (1.10) has the form (we write it in the case when both
coordinate systems are oriented positively and the positive direction of the axis 1
makes the angle o with the positive direction of the axis x1)

(1.12) Ty = x? ~+ x1 cos a + xo sin a,

Tro = acg — x1 sina + T2 cos .
The inverse transformation X = A, !(X,) has in this case the form

(1.13) r1 = 2% + x,1 cosa — T sina,

To = x22 + 2,1 SIn & + Tp9 COS 1.

The following Lemma 1.2 is formulated for greater simplicity only in R?. The
proof is straightforward and thus omitted.

1.2. Lemma. Letv € H*(Q), Q € C*° and let v,(X,) = v(A;1(X,)). Then
v € H¥(Q,) and we have

v . Ov . Ov ov
DAy, = cosa=— +sina=—, DOVy, = —sina=— + cosa=——
X1 T2 T 6362
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and generally for |a| < k

D*v, = cosoziJrsinozi " fsinaiJrcosai azv
T 8951 afL’Q 6$1 afL’Q ’

where o = (aq, a2).

1.3. Theorem. Let G € C%° v e H*(G), G, = A.(GQ), v.(X,) = v(A;1(X,)).
Then

(1.14) [vrllk.c,. = llvllkc-

Proof. For N =2 Theorem 1.3 is a consequence of the theorem on substitution
in the Lebesgue integral, Lemma 1.2 and relation (1.11). In the case of N > 3 the
proof is similar. O

The formulation of the following theorem is taken from [6, Theorem 3.9 of Chap-
ter 2].

1.4. Theorem. Let Q € C* 11, Then there exists a linear and bounded
extension operator &,: H*(Q) — H*(RN), i.e., we have

(115) Sk(clvl + 021)2) = clfk(vl) + csz(vg) Vcl,CQ S Rl, V’Ul,vg S Hk(Q),
(1.16) E()(X)=v(X) VX €, Vve HQ),
(1.17) 1€ (@) Ik rx < Cllollke Vv e HY(Q),

where the constant C' depends only on the domain (). In addition, we have
(1.18) Ep: H™(Q) — H™(RY) VmeNy, m <k,

i.e., the extension operator from H*(Q) is also a linear and bounded extension op-
erator from H™(Q) for all m € Ny, m < k.

The proof of Theorem 1.4 is based on Lemmas 1.5 and 1.6.
1.5. Lemma. Let F and G be two bounded domains in RN and let T: F — G
be a one-to-one and continuous transformation of the domain F onto G. Let the

transformation T' be (k — 1)-times continuously differentiable on F and let its all
derivatives of order k—1 be Lipschitz on F. Finally, we assume that T ! is a Lipschitz
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transformation defined on G. Let u € H*(G) and let us set v(Y) = u(T(Y)). Then
v € H*(F) and we have

(1.19) [olle.r < Cllul|r.c-

The proof of Lemma 1.5 is not simple and can be found in [6, Lemma 3.4 of
Chapter 2] with references to [6, Lemmas 3.1 and 3.2].

The situation in Section 2 will be such that in the proof of Lemma 2.3 we will be
able to use a modification of Lemma 1.5 with stronger assumptions concerning the
transformation 7. We formulate now this modification in Lemma 1.5a and present
its proof. This lemma concerns two-dimensional domains and we will use in it the

same notation which is used in Lemma 2.3 and its proof.

1.5a. Lemma. Let (£1,&) and (y1,y2) be two Cartesian coordinate systems
connected by the transformation

(1.20) S =01y, y2) =y +9(y2), & =2(y1,92) = vy2 + f(y1),

where f(t), g(t) are k-times continuously differentiable functions. Let f(0) = g(0) =
f'(0) = 0. Let S be a square neighbourhood of the origin y; = y2 = 0 and let 3 be its
image in the coordinate system (£1,&2) in transformation (1.20). Let S be so small
that all derivatives D%p;(y1,v2) (o] < k, i = 1,2) are bounded. Let w € H*(X)
and let us set

(1-21) (Y1, y2) = w(‘Pl(ylva)a(PQ(ylva))'
Then
(1.22) ve HYS), ||vllrs < Clwlks.

Proof. The Jacobian of (1.20) is given by the expression

J(y1,y2) = f’(lyl) g/(1y2) =1- f'(y1)9'(42)
Thus
(1.23) J(0,0) = 1.
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Relation (1.23) has the following consequence (see [3, Sections 198, 199]): At some
neighbourhood of & = & = y1 = y2 = 0 the transformation (2.23) has a unique
inverse which is expressed by

(1.24) y1=p1(61,&2), vz = p2(61,62)

and the functions p1, ps are of class C*. The Jacobians

J(ylvyZ)v ‘]71(51762) = 1/J(y17y2)

are different from zero in the corresponding neighbourhoods (J~1(&,£2) is the Ja-
cobian of the functions p1(&1,&2), pe(é1,82)).

If yp = 0 and y; > 0 then we obtain £ = f(£1) and & > 0. This means that
the first arc & = f(&1) corresponds to the positive part of the coordinate axis y;.
Similarly, the second arc corresponds to the positive part of the coordinate axis ys
(see Fig. 6).

Let the square neighbourhood S be such a part of the whole neighbourhood that
all derivatives D%p;(y1,y2) (la| < k, i = 1,2) are bounded in S and all derivatives
Dpi(&1,&) (Jo| <k, i =1,2) are bounded in 3.

First, let us consider w € C*°(X). Then the function v(y1,y2) given by (1.21)
satisfies v € C°°(S) and we can write, according to the rule of differentiation of a

composite function,

ov 2 ow 0y
o, (Y1,92) = ; 3 r(§1’§2)3—yi(y1’y2)’
v 2 9w A,
m(ylayz) = T:Mz; 9€, 0. (&1, 52) (y1,:y2) s (y1,92)
+ ; 57“ (61’62)8 a (y17y2)
and generally

8@1+G2U 6a1+a2w a1 6¢1 Qs
W(yhyz) W(&,&)( (yhyz)) (6—y2(y1,y2)> +...

o1 +as

5 (61 62)Ty2az(ylay2)v

where ¢ and & appearing as arguments on the right-hand sides of these expressions
should be expressed by (1.20). Inserting these relations into the right-hand side of
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the expression

lolfs =3 /S (D*0)? dY

lal<k

and using the boundedness of the derivatives of 1, 2, we obtain after applying
the Cauchy inequality for sums (see (1.49)) and the theorem on substitution in the
Lebesgue integral

(1.25) lvlles < Cllw|lkys Yw e C®().

Let now w € H¥(X). As ¥ € C%° we can use the theorem on the density of C>(X)
in H*(¥) and find a sequence {w;} C C*°(X) such that

(1.26) lim ||Jw; — wl||g,x = 0.
j—oo

Let us set
v;(y1,y2) = w;(p1(y1, y2), P2(Y1,y2))-

We have v; € C>(S) and so we can derive (similarly as we obtained (1.25))

|vr = vjllk,s < Cllwr — wj||g,s.

According to (1.26), the right-hand side of the last relation tends to zero with
4,1 — oo. Thus, {v;} is a Cauchy sequence in H*(S). The completeness of H*(S)

guarantees the existence of a function w € H¥(S) such that

lim ||v; — w|lg,s = 0.
j‘}OO

Further, if & > 2 then w € H*(X) implies w € C°(X), according to the Sobolev
imbedding theorem. Hence v € C°(S) and

lv; = vos < Cllwj —wllos — 0.

The last two relations and the uniqueness of the limit in Lo(S) imply that w = v
a.e. in S; hence v € H*(S) and we have

(1.27) lim ||v; — v|lk,s = 0.
j—00

The rest of the proof of inequality (1.22)s is simple when k > 2. By (1.25) we
have

[vjlle,s < Cllw;llk,s-
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Passing to the limit for j — oo in this inequality, we obtain, according to (1.26) and
(1.27), the desired inequality (1.22)s in the case k > 2.

Now, let k& = 1; thus, w € H'(X) only. In this case we cannot use the Sobolev
imbedding theorem. However, this theorem served us only to prove the relation

(1.28) v € Ly(S)

which can be proved also in the following way: The function v(y1,ys2) is connected
with the function w € H'(X) by relation (1.21). Thus, by (1.24), w({1, &) =
v(p1 (&1, &), pa(€1,&2)).  Since the derivatives of the functions jui,pus € C* are
bounded, we have

D(p1, p2)
D(&1,6&2)

Further, owing to J~1(0,0) = 1, we have J~1(£1,&) # 0 V(&,£2) € . Finally,
S is the image of ¥ in transformation (1.24). Thus, by means of the theorem on

IJ‘1(§1,62)|=’ <K V(6,6)ex.

substitution in the Lebesgue integral,

/S (g1, y)]2 dY = / (i (€1, 62), iz (60, £2)) |7 (61, £2)] e
<K /E [w(&r, &)]* de.

Hence (1.28) follows and Lemma 1.5a is proved. O

1.5b. Remark. As the functions pi, ps appearing in (1.24) and defining the
inverse transformation to (1.20) are of class C* with bounded derivatives on ¥ up
and including to the order k we can prove: Let v € H¥(S) and let us set

(129) w(§1,§2) = U(M1(§1762)7M2(§17§2))'
Then
(1.30) we HY (D), [wlks < Cloll,s-

The proof follows lines similar to the proof of Lemma 1.5a (we have J~1(0,0) = 1).
1.6. Lemma. Let K, KT and K* be three prisms given by the relations

(1.31) K={Y=Y'yn) eRY: |ys| <a, i=1,...,N—1, 0 < yn <},
(1.32) Kt ={Y = "yn) €RY: |lyi| <, i=1,...,N—1, 0 <yn < kf},
(1.33) K*={Y = " yn) €RY: Jyil<a, i=1,...,N -1, |yn| < B}.
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Let u, € H*(K) with u,(Y) = 0VY ¢ M, where M C K is a set of the type
indicated in Fig. 2. Let us extend u, by zero from K onto K, and let us define
on K* a function u; by the relations

aT(YlvyN) for YN P 05
1.34 un(Y,yn) =9 & . -
(1.34) PN = 4 S G ) for g <0,
j=1
where the numbers A1, ..., \; are uniquely determined as the solution of the system

of linear algebraic equations

k
(1.35) 1= (=)"Nj, n=0,1,...,k—1.
j=1
Then
(1.36) uy € Hk(K*), Nwrlle, i < Cllr|kx

and the generalized derivatives are given by the relations

DT, (Y) forY € K,
(1.37) Deu(Y)=4 & ) _ )
S (=) NDY, (Y, —jyn) forY € K*\K.
j=1
Finally,
(1.38) u(Y)=0 VY e K*NN(OK™),

where N (0K™) is a neighbourhood of 0K *.

Figure 2.
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Remark. It is necessary to explain the meaning of the symbol D%, for the
derivative in the expression D%, (Y’', —jy,): The last component of the function
us(Y',yn) is composed in the case of yy < 0. Thus D*u, means the derivative
of the function u, with respect to the external components and the right-hand side
of (1.37) is the result of differentiation of a composite function.

In the case of a function in one variable everything is simpler. For example, if
f(x) is a given function and we define a function F(t) := f(at) (setting z = at) then
the meaning of the relations F’(tg) = af’(aty) and F'(t) = af’(at) is clear. (The
symbol f’ denotes the derivative with respect to the external variable = at.) The
notation just introduced is an analogue of the case of a function of one variable.

Proof of Lemma 1.6. The proof of the assertion of Lemma 1.6 is presented in [6,
p. 76] in a rather concise way. As Lemma 1.6 is important for our considerations we
prove it in a more detailed way. In part A) inclusion u* € H*(K*) and relation (1.37)
are proved, in part B) inequality (1.36)s is established.

A) First we note that the determinant of system (1.34) is Vandermond’s determi-
nant; thus it is different from zero.

For yn < 0 the function %} (Y’,yn) is defined as a linear combination of functions
belonging to H*(K*\K); thus we have ﬁ* € H*(K*\K) and u} € Ly(K*). Now we
prove that D*uf € Lo(K™) for 1 < |a| <

Let us assume first that @, € C*(K). Then by (1.34) we have

Uy oo € CF(K*\K).

Let us consider the identity

(1.39) / BY)D (Y)Y = / (V) D (Y) dY

+ Z/\ / (Y, —jyn) Do (Y) dY,
K*\K

where ¢ € C§°(int K*) and the function @} is given by (1.34). Let o = (o, ..., an),

where |a| < k, and let us put o = o’ + o/, where

o =(ag,...,an_1,0), o’ =(0,...,0,an).

If we apply to both integrals on the right-hand side of (1.39) the integration by parts
with respect to the multiindex o’ we obtain

(1.40) / *ﬂ?(Y)D“w(Y)dY:(fl)‘“" | pra G ay
« ~ 6aN
1) |Z/\ /K*\K (Y, —ij)6 o (Y)dY,
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because ¢ = 0 in a neighbourhood of 0K* and
(1.41) n(K*\K)=1(0,...,0,1), n(K)=1(0,...,0,—-1) VY €A,

where A is the common face of both the prisms K, K*\ K and n(G) is the outward
unit normal to the domain G.

Now we apply to both integrals on the right-hand side of (1.40) the integration by
parts with respect to the multiindex o’ and use relations (1.41); we obtain

(1.42) / D“’ar(y)a—zz‘f(y) dy
K 6yN

oyn 3y§ffN 2
62 , 8“N‘2<p

+(-1)? | =—D*7, ——(Y)dY =

O [ gD E 0 Gt )
anN 8571 aNfscp
= (71)5 — D NT(Ylvo) (Y/7O) dY/

a s—1 a an—S

s=1 A OYN N

N
, an—ley
- / D* ﬂr(y/vo) any—1 (Y/’O) dY/
A IYN
, 8011\[71
+]/ D(O"'“7O.'1)Da aT(Ylv 7‘7yN) any—1 (Y) ay
K*\K Oyn"
- o
= [ a0 S 0y
A YN
, an —2
+ ]/ D(O""’O’l)Da ar(y/’ 0) 0 :,20 (Y/, O) dY/
A N
, aN72
+j2/ D002 D' (v, — ) o L (yyay = ..
K \K OYn"
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_ st I/D(O ..... 0,5— lDa'V(Y/ 0)8 — f( /,O)dyl
a]\/'

AN —S
14

N s—1
= - Z(_l)s(_‘j)s_l 0 s—lDa aT(Y/’ 0)6 anN—s (Ylvo) dY/
s=1 N oYy

i [ D O ey A
K*\K
If we express the right-hand side of (1.40) in terms of (1.42) and (1.43) we get

(1.44) / W (Y)Dp(Y)dY

— (~1)lel / DT, (V)p(Y) dY

k
+ (=1l / {Z(j)“NAjDaar(Y’,jyzv)}sa(Y)dY
K\K Ui
an k
TR RSN IE SRy
s=1 j=1
s—1 an—S
« [ 2 DT, (Y, 0)2 2, 0)dy".
A ayN ayN

The index s satisfies s < any < |a| < k; hence s — 1 < k — 1 and the expression in
square brackets, which stands in (1.44) in front of the integral over A, is equal to zero,
according to (1.35). Thus, relation (1.44) implies that the generalized derivatives
Do, where |a| < k, exist in K* and satisfy (1.37).

Till now we have considered @, € C*°(K). The density C*°(K) in H*(K) and the
results just proved imply that the function u: € Lo(K*) defined by relation (1.34),
where @, € H¥(K), belongs to H¥(K*) and its generalized derivatives Du’ €
Lo (K™), where |a| < k, are given by (1.37).

B) First we prove the estimate

(1.45) 17 i < Clltn R k-

According to (1.37), the function @} given by (1.34) satisfies on K*\K the relations

k
(1.46) Dur (Y yn) = Y A=) (DU ) (Y, —jyn),  yn <O.

J=1
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We can write, according to the definition of the norm,

(147) e = 3 [ DUy

|| <k

As in the case of ¢ > 0 we have

0 0 q
—j = it) dt = iyn) dyn,
_qf( Jyn) dyn /q f(gt)dt /0 f(yn) dyn

and we get from (1.47) by virtue of (1.46)
k

(1.48) ||17r||kK*\K* Z/ {Z

la|<k J=1

2
M- “N(D%)(Y’,jym] av.

Since

=1,...,

(1.49) (i as>2 < niag

in the following way:

[Z N T )| < (e, I E° {iwam)(yg |

Jj=1 i J

This result and (1.48) imply inequality (1.45) with C' < k?( max BY; |kk) because
J=1,k
by definition %, (Y) =0for Y € Kt \ K.

Now we prove easily inequality (1.36)2: we have

(1.50) 1%,

K* — ||a:||i,K*\K + ||ETH£,K'
Inequality (1.36)2 follows immediately from (1.45) and (1.50). O

380



Proof of Theorem 1.4. The proof consists of parts A-F.
A) Let Uy, ...,Up, be the domains introduced in Definition 1.1 and let Uy be such
a domain that

(1.51) Uoc9 (Ju.oa
r=0

Then the theorem on partition of unity (see [5, Theorem 5.3.8]) implies the existence
of such functions ¢, € Cg°(RY) (r =0,1,...,m) that suppy, C U,, 0 < ¢,(X) < 1
and

(1.52) de(X)=1, Xeq.

Let u € H*(Q). Let us define u(X) = 0 for X ¢ Q2 and let us put
(1.53) ur(X) = o (X)u(X), X eRN.

It is evident that

(1.54) Uy € Hk(Q), supp u. C U, suppu, C €.

Let us consider the domain U, (1 < r < m) and the r-th local Cartesian coordinate
system connected with this domain. According to Definition 1.1, the domain is
denoted in this system by the symbol ﬁr and the coordinates in this system by the
symbols z,1,...,x-n. We use again the notation

XT = (X;aer)a X; - (xrla v aer—l)-

Let us consider two prisms K and K* given by (1.31) and (1.33), respectively,
and let us introduce a transformation 7. by the relations

(1.55) X' =Y, x.n=yn+a(Y).
The inverse transformation T;l has the form
(1.56) Y'=X;, yn=1z.n —a (X))

According to Definition 1.1, we have

(157) ﬁr = TT‘<K*)7 ‘7:'_ = TT(K)’
(1.58) K*=T-YU,), K=T"(V.").
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Finally, we denote (as for A, and A1, see (1.2)—(1.4))

(1.59) Ur(Xr) o= ur (A7 (X0),
(1.60) ur(Y) :=up (T (Y)).

The function @,(X,) is defined on V.* and the function #,(Y) on K.

B) According to the assumption Q € C*~1! of Theorem 1.4, both transforma-
tions 7, a T, ! given by (1.55) and (1.56), respectively, satisfy the assumptions of
Lemma 1.5. As 4, € H¥(V), all assumptions of Lemma 1.5 are satisfied with
T =T, F=K and G = V.. Hence i, € H*(K), where ,(Y) is given by (1.60),

and we have
(1.61) [arlle,x < Cllarll, 5+

C) Let us apply Lemma 1.6 on the function u, € H¥(K). We obtain the func-
tion wX(Y) (Y € K*)—the extension of @, on K*—satisfying relations (1.36). Us-
ing (1.56), we set

(1.62) (X)) =u(T7Y(X,), Y=T"YX,) e K", X, €U,;

T T s

we have X, € U, in (1.62), according to (1.58);.

Since the transformation 77! (together with 7)) satisfies all assumptions of
Lemma 1.5 concerning the transformation 7" and as relation (1.58); holds, we can
use Lemma 1.5 with T =T-!, F =U,, G = K*, u =t and v = U". We get

(1.63) 14710, < Cllurlle re--
D) Connecting inequalities (1.63), (1.36)2 and (1.61) in the given order, we obtain
larlle,p, < Cllazlle g < Cllurlly,x < Cllar]l o+
ie.,
(1.64) @7 ll0, < Cllrlle o

E) Owing to the definition of @, and to (1.38), the function u} is equal to zero in
U, N N(alA]T), where N(a@) is a neighbourhood of dU,. Thus we can define

(1.65) (X)) =0 VX, ¢U, (r=0,1,...,5)

T
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and obtain thus local extension operators &, (u) by &k, (u)(X) := ur(A,(X)). The
global extension operator &£ (u) is defined by

(1.66) En(u) = Ekp(u)
r=0

The linearity (1.15) of & follows from the linearity of & ,. As to (1.16), for X € Q

we have

X) = ng,r(u)(X) = Zar(Ar(X)) = ZUT(X)
= Z‘PT(X)U( Z‘Pr ) = u(X).

Finally,
€ (u)llmy =
= lkey
< Z 7]k my < CZ [tr]|r.0, = CZ urllk.0 < (s + 1)Cllullx.q-
r=0
Thus, the boundedness condition (1.17) is verified. (Relation |U|k.q. = ||urllr.o

follows from Theorem 1.3.)

F) As to the last assertion of Theorem 1.4 (which says that the extension operator
Ep: H*(Q) — HF(RY) just described is also a linear and bounded extension operator
from H™(Q) into H™(RY) for all m < k, m € Np), it suffices to prove that the
function @, (Y’,yn) defined by (1.34), (1.35) (with @, € H™(K)) satisfies for each
me Ny, m <k,

(1.67) ur € H™(K"),  |upllm,er < Clltr|lm,x-
As m < k, it follows from (1.35) that
k
(1.68) 1= ()", n=01,...,m—1
j=1

Thus repeating the considerations of part A) of the proof of Lemma 1.6 we arrive at
the following conclusions: the function @} € Lo(K™*) defined by relation (1.34), where
Uy € H™(K), belongs to H™(K*) and its generalized derivatives D*u’ € La(K™),
where |a| < m, are given by (1.37). Thus, (1.67); is satisfied.
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Replacing in part B) of the proof of Lemma 1.6 the symbol k& by m, we obtain
instead of (1.45) the inequality

@505, i < Cllallz, -
This inequality and the identity
@ i+ = N ki + 1[50

imply the desired estimate (1.67)2 and the proof of Theorem 1.4 is complete. O

It should be noted that for 0 < m < k the domain Q € C*~1:! is the same.
In Section 2 we will need the following two-dimensional modification of Lemma 1.6:

1.7. Lemma. Let K C R? and K* C R? be two prisms given by the relations

(169) K:{Y:(ylayQ): |y1|<Oé, O<y2<ﬁ}a
(1.70) K*={Y = (y1,y2): |v1|l < a0, |y2] < B}.

Let v e HY(K) (q < k) and let us define on K* a function v* by the relations

v(y1,Y2) for y» > 0,
(1.71) v (y1,y2) = k
)\j’l)(yl, —%yg) for Yo < 0,
j=1
where the numbers A1, ..., \; are uniquely determined as the solution of the system

of linear algebraic equations

(1.72) 1:2(%)”&-, n=0,1,... k-1

j=1
Then
(1.73) v' € H™(K"), |[[v*|lm,xx < Clvllmx  (m<g<k)

and the generalized derivatives with |a| < m are given by the relations

D (Y) forY e K,
1.74 DOt (V) = 3 & )
( ) ( ) 2(7%) 2)\jDav(y177%y2) forY EK*\K
i=1

Comparing the assumptions of Lemmas 1.6 and 1.7 we see that the integers j with

j=1,...,k appearing in Lemma 1.6 are replaced in Lemma 1.7 by the fractions %
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(j = 1,...,k). This enables us not to consider the prism K™ into which the func-
tion @, is extended by zero. Of course, property (1.38) cannot be now proved. (This
will be repaired by another trick in Section 2.)

The proof of Lemma 1.7 follows the same lines as the proof of Lemma 1.6 and thus
can be omitted. The difference between Lemma 1.6 (with N = 2) and Lemma 1.7
consists in the following: In Lemma 1.7 we cannot prove an analogue of (1.38);
however, the function v* is defined in (1.71) only by the function values of v(y1, y2)
with (y1,92) € K (and not also with (y1,92) € K™ as in Lemma 1.6).

2. THE CASE OF A TWO-DIMENSIONAL DOMAIN
WITH A PIECEWISE SMOOTH BOUNDARY

Let Q € C%! be a domain with a piecewise smooth boundary 9 (we assume that
its smooth parts are sufficiently smooth). Let Py,..., P, € 09 be the points at which
the boundary 02 is not smooth (see Fig. 3 with n = 3).

Py

Py

Figure 3.

Let K(P;,r;) be a closed disk with its centre at the point P; and radius r; (i =

1,...,n). The magnitude of the radii r; will be specified later.
Let the point P; = [29,29] (1 <i < n) be fixed and let us set
(2.1) ri= \/(xl —a9)2 + (z2 — 29)2.

Let p;(r) be the Hermite polynomial of degree 2k — 1 in one variable r uniquely
determined by the conditions

1 .
(2.2) pi<§7’i> =1, pfj)<2 ) =0 @=Lk,
=0 G010 k1)

Let ¢;(r) be a function defined by the relations

1 for 0 <r < %Ti,
(2.3) Gi(r) = pi(r) for §ri <r <y,
0 for r > r;.
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Then ¢;(r) € C*71(0,00). Let u € H*(Q) and let us define functions
(2.4) w(X)=u(X)G((r) (E=1,...,n).

Let /-@(Pl, 3T ) denote a closed disk with its centre at the point P; and radius
Then each function u;(X) can be expressed in the form

57”1'.

u(X) for X € QN k(P 1,2 i),
(2.5) u;(X) =< u(X)pi(r) for X € QN {IC Pi,Ti)\fi(Pi, %n—)},
0 for X € {Q\K(P;,m:)}.

2.1. Lemma. We have

(2.6) u; € H*(Q).

Before proving Lemma 2.1 we introduce

2.2. Lemma. Letv € H*(Q) and let {v,} C C>(Q) be such a sequence
that v, — v in H*(Q). Then for an arbitrary polynomial p(X) we have pv,, — pv
in H*(Q).

Proof. We have

lpvn = pollig = / (pvn — pv)]? dX < Cl\pllék@\\vn —vlf o —0.

|| <k

O

Proof of Lemma 2.1. We restrict ourselves to the case k = 2. Let us denote

Bi(X) = pi (/1 — 29)2 + (22 — 29)2)

and let

1
L= 8H<Pi, 57"1) NQ, C:=0K(P;,r;)NQ.

Relations (2.2) with k& = 2 imply

~ Ip;

2.7 il =1, =0.
(2.7) pil, o, |,
Similarly, on C' we have

~ op;

2.8 il ~ =0, =0.

(2.8) Pilc oz | o
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As concerns the first derivatives we can write

9% % )20 Dy
/Qul(X)axj( )dX = / ui (X ax]( )dX +/B ul(X)axj (X)dX
)
+ 4

X dX,
/Q\(A,-UB) ul )3%( )

i

where ¢ € C§°(Q2) and

A; = K(Pi, %n) nNQ, B;= (K:(Pi,ﬁ)\KJ(Pi, %n)) N Q.

Considering u € C*°(Q) and using Green’s theorem with (2.7)1, (2.8)2, we find after

some computation
dp / ou
w(X) 2 (x)ax = — | ZLX)p(X)dx
[ w05E @ [ X)p)
ou (’)]31
[ (25 X)p(X) dX.
[ (gt g2 ) 00pt)

Similarly, using Green’s theorem twice, we obtain by virtue of (2.7), (2.8)

0% 0%u
(X X)dX = X)p(X)dX
X g (X)X = [ S (e

Ou _  Ou Op;  Ou Op; 0?p;
— it — - X)dX.
Jr/ <8xj6xkp + Ox; Oz, + Oxy, Ox; Jru(?xj@xk)( Jo(X)

The last two relations together with Lemma 2.2 give the assertion. O
Let us set
(2.9) up(X) = u(X) = > uwi(X), VXeQ.

Relations (2.5), (2.6) and (2.9) imply

(2.10) ug € H*(),
0 forXE{QﬁU K ( 1727“1)}
(211)  wo(X) = S u(X)(1 = pi(r)) for X € QN {K(P;,r:)\k(P;, 37) },
u(X) for X € {Q\ lL:JlIC(Pi,ri)},

(2.12) u(X) :’LLO(X)-Fi’U,i(X), VX e

where ¢ = 1,...,n on the second line of (2.11).
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Now, let Qg D Q be a domain with the following properties:*
(2.13) Qelhl, Q=QUuwiU...Uw,

where the sets w; satisfy (see Fig. 4 and Fig. 5)

(2.14) wi C {K(Pi %m) - Q} (i=1,...,n).

Q

Figure 4. Figure 5.

.\v“

VY

Let us set
(2.15) UO(X) =0, Xe Qo — Q.

Taking into account (2.10) and (2.11);, we see that the function ug(X) defined by
relations (2.9) a (2.15) satisfies the relation

(2.16) up € H*(Qp).
As Q € C*1, the function (2.16) can be extended by means of Theorem 1.4; hence
(2.17) ug € HYR),  uglo, =uo, [ugllige < Clluoll.g,-

2.3. Lemma. Letr; be sufficiently small® and let us consider the linear space L¥
of functions u € H* () for which®

Du(X)=0 Vi]o|<k—-1, VX € OK(P;,r;) N Q.

! The definition (2.13) of the domain Qg together with (2.9), (2.11)1, (2.15), (2.16) is one
of the basic tricks of this approach.

2 This requirement will be precisely formulated in the proof of Lemma 2.3.

3 Lemma 2.3 will be applied to the functions u;. The symbol u used in Lemma 2.3 is a
general symbol; u has nothing in common with the function u considered at the beginning
of Chapter 2.
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There exists a linear and bounded extension operator Pi: L¥ — H*(RN), ie., we

have

(2.19) P,i(clul + CQUQ) = clp,i(ul) + CQP;;(UQ) Vep,co € Rl, Yuy,us € Li—c,
(2.20) Pi(u)(X)=u(X) VX e€Q, Yuec L},
(2.21) 1Pi(@) ke~ < Cllullke Vue L],

where the constant C' depends only on the radius r;. In addition, we have
(2.22) Pi: L — H™(RY) VmeNy, m <k,

i.e, the extension from L¥ is also a linear and bounded extension from LI into
H™(RY) for allm € Ny, m < k.

Proof. Let &,& be the positively oriented Cartesian coordinate system with
the origin £&; = & = 0 at the point P; and let the non-negative part of the axis &; be
tangent to one of the smooth curves which meet at the point P; (see Fig. 6).

Figure 6.

Let both curves be expressed explicitly in the form

& = f(&), & =g(&),

let the functions f, g be (for simplicity) k-times continuously differentiable and let
f'(0) = 0 (see again Fig. 6). Under these conditions, which can be easily satisfied in
applications, let us introduce the transformation

(2.23) S =v1y,y2) = +92), & =v2(y1,y2) :=y2+ f(y1)-
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The Jacobian of (2.23) is given by the expression

J(Y1,92) = f’(lyl) g’(IyQ) =1— f'(y1)9'(y2).
Thus
(2.24) J(0,0) = 1.

Relation (2.24) has the following consequence (see [3, Sections 198, 199]): In the
neighbourhood of &, = & = y1 = y2 = 0 the transformation (2.23) has a unique
inverse which is expressed by

(2.25) y1 = p(&1,&2), vz = p2(&i, &)

and the functions p1, ps are of class C*. The Jacobians

J(y17y2)7 ‘]71(51762) = 1/J(y17y2)

are different from zero in the corresponding neighbourhoods (J~!(&1, &) is the Ja-
cobian of the functions uq(&1,&2), p2(&1,£2))-

If yo = 0 and y; > O then we obtain & = f(&1) and & > 0. This means that
the first arc&y = f(&1) corresponds to the positive part of the coordinate axis y.
Similarly, the second arc corresponds to the positive part of the coordinate axis ys.

Let S be a square neighbourhood of the origin y; = y2 = 0 (a part of the whole
neighbourhood) and let ¥ be its image in the coordinate system &;, & in transfor-
mation (2.23). This means that ¥ is a neighbourhood of the point P;. We choose
the radius r; so small that

(226) IC(PZ',’I’i) cC .

The magnitude of r; depends also on k (we first explain the situation in the case
of k = 2 which is the most important in applications): We choose 7; such that
K(P;,r;) C ¥ and the image G of G = K(P;, ;) N in transformation (2.25) has the
property

(2.27) dist(G, dS) > g +e,

where 2a is the length of the side of the square S lying in the plane yi, y2 (S has
the vertices Dy, ..., Dy) and € > 0 is a small number (see Figs. 7 and 8).
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D3 v AB2 D, (1)
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Bs G
NS5 0] B B Y1 %@ 1

v(yh yQ) =0
S \\
Dy By Dy
Figure 7. Figure 8.

We see from Figs. 7 and 8 that there are two situations possible: A) the image G
of G lies in Sy, B) the image Q of G lies in Syr U Sir U Styv, where Sy, ..., Sty are the
parts of the square S lying in the quadrants I,... IV of the Cartesian coordinate
system y1, y2. We shall discuss both situations separately in parts A) and B).

A) Let X; be the points of the local Cartesian coordinate system &1, £» connected
with K(P;,r;) and described at the beginning of this proof. In accordance with
Definition 1.1, let X denote the points of the global coordinate system x1, x2 and
let A; be such a transformation that

(2.28) X =A(X), X=A7YX)).

Let u(X) satisfy the assumptions of Lemma 2.3 (i.e., u € H¥(2) and (2.18) holds).
Let us denote

(2.29) w(ér, &) = w(X;) == u(A;H(Xq)),
(2.30)  v(y1,y2) = w(p1(y1,y2), p2(y1,92)) = w(yr + g(y2),y2 + f(y1))-

The function v(yy,y2) is defined on Sy and is equal to zero on Sy — G (see Fig. 7).
By (2.18) and (2.29), (2.30), this function is not only equal to zero on the arc AB
(see Fig. 7) but it also satisfies?

(2.31) D*y(Y)=0 V|a|<k—1 VY €arcAB in the sense of traces.

4“We can see from (2.31) that the Hermite polynomial p;(r) appearing in the definition
of the function u; is the optimal one: Functions belonging to H k (a) has as traces all
derivatives up to and including the order £ — 1. Thus it has no sense to choose degree
of p;(r) greater than 2k — 1.
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In our case k = 2. Let us define the function

N v(y1,y2) for y2 > 0,
(2.32) U(y1,y2) = {

—3v(y1, —y2) + 4v(y1, —3y2) for y2 < 0.

According to Lemma 1.7 (with m = ¢ = k = 2), the function v € H%(Siurv) is an
extension of v € H?(S;), where we set Sy = SrUSry for brevity. (Similar notation
will be used in the following text.) Further, we define

V(y1,Y2) for y1 = 0,
—30(—y1,y2) + 40(—5y1,92) for y1 <0,

(233) () = {

According to Lemma 1.7, the function v*(y1,y2) € H?(S) is an extension of v €
H?(Siu1v)- Since according to (2.33) and (2.32),

(2.34) v (y1,y2) = v(y1,v2) VY (y1,v2) € S,

the function v* € H?(S) is an extension of v € H?(S) onto the whole square S. The
linearity of this extension is clear. Now, we verify its boundedness. By Lemma 1.7

we have
||6||2>SIUIV < ClHUHQ,Sn ||U*H2,$ < CZ||6||2>SIUIV'
Hence
(2.35) [0 l2,5 < Clv]l2,s,
with C = C,Cs.

At the end of part A) we prove (2.40). On Syy, the function v*(y1, y2) is expressed,
according to (2.32) and (2.33), by

1
(2.36) v (Y1, 92) = —3v(y1, —y2) + 4v (yl, —§yz), y1 20, y2 <O0.

Similarly we obtain that the function v*(y1,y2) is expressed on Si; by

1
(2.37) 0" (y1,y2) = —3v(—y1,92) +4v <—§y1,yz), Y1 <0, y2 >0
and on Sy by
. 1 1
(238)  o'(yae) = = 3[=3v(—y1—y2) + 4o~y —5ue) |
1 1 1
() ot
+ v 2y1 Y2 | +4v 2y1 2y2
1
= 9v(—y1, —y2) — 12v <*§y17 *y2>
1 1
+4v<—§y1,—§y2>, y1 <0, y2 <O0.
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The right-hand sides of relations (2.36)—(2.38) are defined only by the function values
of the original function v € H?(S;); thus they are well-defined.

Now, let (g1,72) be an arbitrary point lying in the interior of Spuiury outside
the closed domain D of an L-shape which has the vertices O, A, S1,S3, Ra, B (see
Fig. 7). We choose D such that

(2.39) 0 < dist(D, 9S) < e.

As the function v € H?(S) is equal to zero outside G and on the arc AB and
relation (2.27) holds, we have v*(y1,y2) = 0. Hence,

(2.40) v (y1,¥2) =0 VY (y1,¥2) € Snummury \ D.

B) Let now the image Gof G = K(P;,r:) N Q lie in Sipumury. The transformed
function v(y1,y2) is given again by (2.30). We have (see Fig. 8) v € H?(Suururv)
in analogy with (2.31). The function v(y1,y2) is equal to zero in Siummury \ G. We
recall that we choose the radius r; of K(P;,r;) so small that (2.27) holds.

On the square S let us define the function

v(y1,y2) for y1 <0,

(2.41) v1(y1,y2) =
—3v(—y1,¥2) + 4v(—Fy1,y2) for y1 >0

and on the quadrilateral Siyyry the function

(2.42) Y(y1,y2) = v(y1,y2) —v1(y1,y2), y2 <O.
We have
(2.43) P(y1,92) =0 V(y1,y2) € St

The inclusion v € H2(Siumurv ), Lemma 1.7 and relation (2.41) imply

(2.44) v € H*(S);
hence
(2.45) ¢ € H*(Smur ).

Now, let us define on S the function

ql)(ylva) for Y2 < 05

2.46 ) =
20 ) {—swyl,—ygnw(yl,—%yz) for 2 > 0
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Taking into account (2.43), we see that
(2.47) Y1(y1,92) =0 V(y1,92) € Suumr.
Lemma 1.7 and relations (2.45), (2.46) imply
(2.48) P € H(S).
Finally, let us define on S the function
(2.49) v (Y1, 92) = Y1(y1,y2) +viyiy2) V(y,y2) €S
By (2.44), (2.48) and (2.49),
(2.50) v* € H2(S).
Now we prove (2.53). By (2.41),

v1(y1,92) = v(y1,y2) Y (y1,%2) € St

This relation and (2.47), (2.49) give
(2.51) v (y1,y2) = v(Y1,y2) Y (y1,y2) € St

Further, by (2.46) and (2.42),

Y1(y1,y2) = v(y1,92) —vi(y1,92) YV (y1,92) € Sv.
This fact and (2.49) yield
(2.52) v (y1,y2) = v(y1,y2) Y (y1,92) € Stv.
Relations (2.51) and (2.52) imply
(2.53) v (y1,y2) = v(y1,92) VY (¥1,y2) € Snumurv-

Thus, v* € H%(S) is an extension of v € H?(Siumury). Its linearity is clear. Now
we prove its boundedness. By Lemma 1.7 and (2.41) we have

(2.54) [vill2,s < Chllv]

2,81t
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Lemma 1.7, (2.46) and then (2.47) give

Hw1”275 < C2Hw||27SIIIuIV = 02”1/]'

This result, (2.49) and (2.54) yield

2,Srv -

(2.55) [lv*]

2.5 = ||11 + vi]
< Chlyl

2.5 < [[Y1ll2,s + [[vill2,s
2,St1utn + 02”1/]'

2,Srv -

By (2.42) and then (2.54) (because ||v1]|2,srv < ||v1]l2,s) we conclude

(2'56) Hw||275w = HU —Vill2,81v S HU||27SIV + HU1||27SIV
< HU||27SIV + Cl””' 2,S1u < (1 + Cl)””'

2,Sturury

Relations (2.55) and (2.56) give the desired result:

(257) ||U*||275 < CHU||27SIIUIIIUIV

with C < Cy + Cy + C1Ch.

At the end of part B) we prove (similarly as in part A)) that v* = 0 in some
neighbourhood of dS. By virtue of the inclusions v € H?(Siumury), (2.44), (2.45),
(2.48), (2.50) and Sobolev’s imbedding theorem, the functions v, v1, ¥, ¥1, v* are
continuous on the corresponding domains. By (2.41) we have

1
(2-58) vl(yl,yz) = *31}(*1/1#2) +4v (*§y1,y2> V(yhyz) € St

By (2.42) and (2.41) we have

1
Y(y1,y2) = v(y1,y2) + 3v(—y1,92) — 4v(—§y1,yz>, y1 >0, y2 <O.

This result and (2.46) yield

1
(2.59) Y1(y1,y2) = — 3v(y1, —y2) — I(—=y1, —y2) + 120 (—5@/1, —yz>

1 1 1 1
+4dv|y1 2y2 + 120 =1 2y2 v 2y1 2y2
V(y17y2) ESI-

Inserting (2.58) and (2.59) into (2.49), we obtain

1
(2.60) v*(y1,92) = — 3v(—~y1,%2) + 4v<f—y1,y2> —3v(y1, —y2)

2
1 1
= 9v(—y1, —y2) + 12v (f§y1, *Z/z) +4v (y1, *§y2>
1 1 1
+ 120 (fyl, f§y2) — 16w (f§y1, f§y2) V(y1,y2) € Sr.
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The right-hand side of relation (2.60) is defined only by the function values of the
original function v € H?(Siummurv); thus it is well-defined.

Now, let (1,92) be an arbitrary point lying in the interior of Sy outside the closed
square F which has two sides on the axes y1, y2 and satisfies (see Fig. 8)

0 < dist(F,d8) < .

As the function v € H?(Spumurv) is equal to zero outside G and relation (2.27)
holds, we have, taking into account (2.60), v*(71,y2) = 0. Hence

(2.61) v (y1,92) =0 V(y1,y2) €SI\ F.

C) We return to the coordinate system &1, & and then to the coordinate system
x1, 2. By (2.30) and (2.25) we have

(2.62) w(&r,82) = v(p1 (&1, €2), p2(81,62))-
We can set

(2.63) w* (€1, €2) = v (1 (81, &2), p2(&1, €2))-
As

v (y1,92) =0 VY (y1,y2) € N(IS),

where N(0S) C S is a neighbourhood of 9S, we have

w(&1,&) =0 V(&1,8) € QN N(9%),
w*(&1,€2) =0 V(&1,82) € N(0%),

where ; = A;() and N(9%) C X is a neighbourhood of 9%X. Thus (taking into
consideration (2.26) and (2.5)3) we can set

(2.64) ’U}(fl,fg) =0 V(fl,fg) S Qi \ Ai(K:(Pi,T‘i)),
(2.65) w*(&,6) =0 V(6,&) €eRP\ES

and we have

(2.66) we H (), |wll2,0, = [wl2,zn0;,
(2.67) w* € HA(R?), |lw*|lgp2 = [lw*]

2,5
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Lemma 1.5a implies in the case of A)
(2.68) [vll2.s; < Cllwll2,0:ins
and in the case of B)
(2.69) oll2.s00mon < Cllwll2,0ns-
Remark 1.5b and (2.50), (2.63) yield
(2.70) [w*ll2.2 < Cllo*[|2,s-

Using (2.67)2, (2.70), (2.35) (or (2.57)), (2.68) (or (2.69)) and (2.66)2 in the given

order, we obtain
(2.71) [w*]l2,p2 < Cllwll2,0,-

The last step in section C) consists in returning to the global coordinate system z1,
x2. Using (2.28) and (2.29) together with Theorem 1.3, we obtain

[wll2p2 = lu"ll2p2,  [lwllz0; = llull2.0,

where u*(X) = w*(A4;(X)). These two equalities together with (2.71) give in the
Cartesian coordinate system x1, x2

(2.72) u*|lame < Cllull2,0 Vu e LE.

Setting Pf (u) := u* (here k = 2), we get inequality (2.21). Relations (2.19), (2.20)
follow immediately from parts A) and B) of this proof.

D) It remains to prove the property of P connected with (2.22), i.e., that P, is a
linear and bounded extension operator from L™ in H™(R?) for m < k with m € Np.
(In our case k = 2 we shall consider m = 1.) This means not only to prove

(2.73) IP3(w)ll1p2 < Cllullie Yu e L]

but also to derive

(274) Pé(clul —+ C2u2) = clpé(ul) —+ CQP;(UZ) VCl,CQ e Rl, Vul,u2 e Lzl,
(2.75) Pi(u)(X) =u(X) VX e€Q, Yuc L],
(2.76) P31 g2 < Cllulhe Vue L.
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Properties (2.74) and (2.75) are evident. It remains to verify (2.73) and (2.76). As
for relation (2.73), in case A) we have by Lemma 1.7

(2.77) 10l1,s10v < Cllvllss 10 lns < CllUllsiom -
Hence
(2.78) [v*][1,s < Cllvlli,s-

The rest of part A) follows in the case m = 1 the same lines as in the case k = 2.
In case B) we easily modify the derivation of (2.57) (using again Lemma 1.7) and
obtain

(2.79) o*

1,5 < CHUHLSIIUHIUIV-

The rest of part B) follows in the case m = 1 the same lines as in case k = 2.

If u € L} only, the definition of P} remains the same, i.e., P} is constructed by
means of the polynomial p;(r) of degree 2k — 1, by means of functions & = f(x1),
& = g(wa) (which are of the class C*—here C?) and by means of (2.32), (2.33) in
case A) and (2.41), (2.46), (2.49) in case B). Derivation of (2.78) and (2.79) is the
same as in the case just considered. Considerations of part C) depend on Lemma 1.5a
and Remark 1.5b which are valid for an arbitrary £ € N. Lemma 2.3 is proved. [

Now we are ready to prove the main result of the paper.

2.4. Theorem. Let Q € C%!' be a bounded two-dimensional domain. Let
the number of points at which the boundary 0f) is not smooth be finite. Let the
smooth parts of the boundary 9 be of the class C*'. Then there exists a linear

and bounded extension operator &: H*(Q) — H¥(R?) which is also a linear and
bounded extension operator from H™(§)) into H™(R?), where m < k, m € Np.

Proof. By Lemma 2.3 we have

(2.80) Iy

er2 < Clluillk,o,

where uf = &} (u;) and u; is defined by (2.2)-(2.5). In accordance with (2.12) let us
set

(2.81) u*(X) = uh(X) +zn:u;‘(X) VX € R,

where n is the number of points P; at which the boundary 05 is not smooth and the
function ug(X) is given by (2.9) and (2.15) with ug € H*(Q). We recall that owing
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to Qg € C™!, the function ug € H*()) can be extended by means of Theorem 1.4
and relations (2.17) hold.

First we prove
(2.82) [u[lk,r2 < Cllullk,q-

Using the triangular inequality and relations (2.81), (2.17)3, (2.80), we find

@89 e < luiless + 3 ol < (ol + 3 luilia ).
=1 =1
By (2.15) and (2.9) we have
(2.84) [uollk.o = luollke < ullka + > luillko-
=1

Now we estimate ||u;||x,0 by ||u|lk,o. We can write

(2.85) ([ ws]

o = [k, + lupilR .,

where we set for brevity

ki = QN K(Pi, %Ti>, 7 =0N {IC(Pi,Ti) \ K(Pi %TZ> }

According to [2, (4.1.42)], for u € H¥(G) and v € WF>°(G) we have

(2.86) wvlmc < CY uljclvlmjooc (0<m<E).
j=0

As p; is a polynomial it belongs to W*>°(7;). Consequently,

||up7f||12€,7'1 = Z |up1 ?,TI"
3=0
This relation and (2.86) yield
(2.87) lupillk,r, < CMillullg,r,

where

M; = ||pill ¢k (z,)-
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Relations (2.85) and (2.87) imply

willk.o < llllkn: + COMillullg,m;

hence

(2.88) Y luillne < CM|lullka
i1

with

M = max M;.

i=1,...,n

Relations (2.83), (2.84) and (2.88) give the expected estimate (2.82) in the form
[0 k,r2 < CM ||ullk 0

It should be noted that if min 7; is small then the constant M is a great number.

1=1,...,n

Relations (2.12) and (2.81) yield the basic property of an extension

= Uu.

(2.89) u*l,,

Linearity of the extension & follows from Theorem 1.4, Lemma 2.3 and rela-
tion (2.89).

The last property of & (i.e., that & is also a linear bounded extension oper-
ator from H™(Q) into H™(R?) with m < k) also follows from Theorem 1.4 and
Lemma 2.3. O

2.5. Remark. The above presented results can be extended without any diffi-
culty to the case of spaces H*P(Q) (k €N, 1 < p < o0).

3. ONE SPECIAL CASE

In [11, Lemma 6], the following theorem was formulated with reference to [8,
pp. 20-22]:

3.1. Theorem. Let 2 be a two-dimensional bounded domain with the boundary
00 =Ty UTy, Iy and Ty being circles with radii Ry and Ra = Ry + 00 (00 > 0),
respectively (see Fig. 9). We assume that the circles Iy, Iy have the same center S
and that

(3.1) Ry > oq.
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Let Ty be the circle with a center Sy and radius Ry = R1— o¢ and let Q* be a bounded
domain such that 00* = I'y UI,. Then there exists a linear and bounded extension
operator (of the Nikolskij-Whitney type) £2: H?(Q) — H?(Q*) with the property
E: HY(Q) — HY(Q*) and such that the constant C' appearing in the inequality

(3:2) 1&2(0)||2,0- < Cllvllae Vv e HA(Q)

does not depend on R1/gg.

(]
\
Ry Q0
oA
T
Figure 9.

However, the way from [8, pp. 20-22] to Theorem 3.1 is not straightforward; we
sketch, therefore, the proof of Theorem 3.1.

Proof of Theorem 3.1. A) The transformation
(3.3) x=(R1+o)cosp, y=(R1+o)sing, (o,¢) €M,
maps one-to-one the rectangle
(3.4) M = (0, 00) x (0,2x)
onto €. The inverse transformation to (3.3) has the form
(3.5) 0= \/Sﬁy2 — Ry, = arctan%, (z,y) € Q.
The Jacobian of transformation (3.3) is given by

D(z,y)
D(o,¢)

(3.6) J(0,p) = =Ri+o
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and the Jacobian of transformation (3.5) by

(3.7) I a,y) =

B) Let u = u(z,y) € H?(Q) be an arbitrary but fixed function. Let us define
on M a function

(3.8) (0, ) =u((R1+ 0)cosp, (Ry +0)siny), (o0,p) € M.
We have
(3.9) u(z,y) = ﬂ(\/xZ + y2 — Ry, arctan %), (x,y) € Q.

By Lemma 1.5 (with 7" defined by (3.3), F = M, G = Q, v = u (see (3.8)) and
u € H?(Q))

(3.10) ue H*(M), |fullzr < Cullull2g,

where the constant C; > 0 does not depend on u € H?(12).
C) In the case k = 2 the system of equations (1.35) has the form

1
=X+ Az, 1:*/\1*§>\2
with the solution Ay = —3, Ay = 4. Let us set
(3.11) M* = (=00, 00) x (0,2m)

and let us define on M* a function @* (o, ) by the relations

s E(@a SO) fOI’ o 2 07
(3.12) u*(0,¢) = N .
—3u(—o,p) + 4u(75g, <p) for o < 0.

The function @*(g, ) is by definition an extension of the function u(p, ¢) from M
onto M*. By a modification of Lemma 1.7 (which consists only of a different defini-
tion of the rectangles K and K*) we have

(3.13) ut e HA(M”), |[al2,m- < Calltll2,n,

where the constant Cy > 0 does not depend on .
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D) The extension u*(z,y) of the function u(z,y) from Q on Q* is given by the

relation
(3.14) u*(z,y) =u" (\/ 22 + y? — Ry, arctan g), (xz,y) € Q.
x

Using (3.13)1, we can apply Lemma 1.5 with T given by (3.5) and F = Q*, G = M*,
u = u*, v =u* to obtain

(3.15) u e HY"), |u*|l2,0- < Cs||u”

2,M*,

where the constant C3 does not depend on u*.

E) Using inequalities (3.15), (3.13) and (3.10) in the given order, we obtain in-
equality (3.2) with & (v) = v* and C' = C1C2C3. The proof of £2: H(Q) — H(Q¥)
is the same as in Section 2. O

3.2. Remark. A rough estimate of the constant C' appearing in inequality (3.2)

is
(3.16) C < 136(Ry + 00)°.

This estimate can be obtained if we compute (using transformations (3.3) and (3.5))
the norms standing on the left-hand sides of inequalities (3.10), (3.13) and (3.15) and
transform them by means of the theorem on substitution in the Lebesgue integral.
In estimating the obtained expressions we bound all absolute values of trigonometric
functions by one and use only the Cauchy inequality for sums.

4. A REMARK TO THE THREE-DIMENSIONAL CASE

The result described in this paper can be generalized to the case of three-
dimensional bounded domains which can be obtained by means of a continuous
deformation of a cube (or a parallelepiped). The result of such a deformation is a
bounded domain with six smooth faces which can be curved. This will be proved in
detail in a subsequent paper.
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