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REGULARITY OF PRESSURE IN THE NEIGHBOURHOOD OF
REGULAR POINTS OF WEAK SOLUTIONS OF THE
NAVIER-STOKES EQUATIONS*

ZDENEK SKALAK, PETR KUCERA, Praha

Abstract. In the context of the weak solutions of the Navier-Stokes equations we study
the regularity of the pressure and its derivatives in the space-time neighbourhood of regular
points. We present some global and local conditions under which the regularity is further
improved.

Keywords: Navier-Stokes equations, regularity of weak solutions, regular and singular
points
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INTRODUCTION

Let Q be either R? or a bounded domain in R® with C*** boundary 9 (u > 0),
T>0and Qr =Q x (0,7). In Q7 we deal with the Navier-Stokes equations

(1) %fy-Au+(u~V)u+V’P:O,
(2) V-u=0,
(3) U(%O):UO

and (if Q is a bounded domain)
4) u=0 on 90 x(0,7),

where u = (u1,us,u3) and P denote the velocity and pressure and v > 0 is the
viscosity coefficient.

* This work has been supported by the Research Plan of the Czech Ministry of Education
No. J04/98/210000010, by the Institute of Hydrodynamics, project No. 5476, and by the
Grant Agency of ASCR, grant No. A2060302.
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As is usual in the standard theory of the Navier-Stokes equations, define D(2) =
{1 € C§ ()%, V-1 =0 in Q} and let H(Q) and V() be the completion of D(Q2) in
L?(Q)3 and W12(Q)3, respectively. Define also Dr = {n € C§°(Q x [0,T))3;V -7
0 in Qx [0,T)}.

Definition 1. Let ug € H(2). A measurable function u: Q7 — R3 is called a
weak solution of the problem (1)—(4) if u € L2(0, T,V (Q2)) N L>=(0,T, H(£2)) and

T
//[u-@—VVU-Vn—u-Vu-n]dxdt:—/uo-n(-,O)dm
o Jal Ot Q

for all n € Drp.

The existence of a weak solution of (1)—(4) was proved in many articles (see e.g. [1],
[3] or [9]). However, the problem of regularity and uniqueness of weak solutions has
not yet been solved. It is not known whether weak solutions obtained by different
methods coincide or not. Let us point out that if not stated explicitly we do not
consider any concrete weak solution (constructed, for example, by the Faedo-Galerkin
method—see [9]) in this chapter but all the conclusions hold for any weak solution
from Definition 1.

We say that a point (zo,tp) € Qr is a regular point of w if there exists a neigh-
bourhood U of (xg,tg) in Q7 such that u € L (U)3.

Let (zo,t0) € Qr be a regular point. In this paper we are mainly interested in
the smoothness of the time derivative du/dt in a neighbourhood of (zg,t). More
precisely, we ask whether Ou/0t € C(Q')?, where Q' = Bs(z0) X (to — &,t0 + €) and
d, € are some positive numbers. The problem was already studied in [5] where it was
concluded (among other) that

u N3
5) S @)
To prove this result (see Theorem 7 in [5]) the author used the second part of the
Main Theorem from [7]. He verified all the necessary assumptions, particularly
Ou/ot € L*3(ty—e,to+e, L?(Bs(xo))?) for some €, > 0 and concluded finally that
(5) is an immediate consequence of the Main Theorem. Unfortunately, in our opinion,
it is not the case. In fact, Serrin’s theorem does not yield such a strong regularity of
Ou/0t in Q' and therefore, we still consider the question mentioned above an open
problem. Its solution would be useful in the study of the local regularity of solutions
of the Navier-Stokes equations.
We begin the next chapter with the presentation of a few observations concerning
the regularity of du/0t and P near regular points—Theorem 2 and Theorem 4. We
stress that due to the non-existence of the boundary the results for Q = R? are
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stronger than those for a bounded 2. Next, we present some simple (global and
local) additional conditions on « and P under which the regularity of du/dt and P
in the neighbourhood of a regular point of u can be improved.

1. DISCUSSION OF KNOWN RESULTS

Let us start with some obvious properties of weak solutions of (1)—(4) in a space-
time neighbourhood of regular points which follow from [7] and [5].

Thus, let (xzg,t0) € Qr be a regular point of u. Then there exist £, > 0, Q' =
Bs(xzg) x (to — €,t0 + €) such that

(i) u(-,t) € C®(Bs(xo))? for almost every t € (to — ¢,tp + €) and every space
derivative of u is bounded in compact subregions of @’ (see [7]);
(i) Ou/ot € L¥3(tg —e,to + e, L?(Bs(w0))?) (see [5]);
(i) DYu(z,-) are absolutely continuous functions of time in (to — &,to + ¢) for al-
most every & € Bs(xg) and every multi-index v = (y1,72,73), where DY =
O /(02" ... 0xF), || =71 + 72 + 73 (see [7]).

It follows from (i) that the functions DYu(:,t), t € (to —e,to+¢) \ A, where Ais a
subset of R of Lebesgue measure 0, are uniformly bounded and uniformly continuous
in (Bs, (20))? for every 6; € (0,0). Using the Arzela-Ascoli theorem and the weak
continuity of u as a function from (to — ,to + ) into L?(Bs(x)), we get that

(6) u(-,t) € C(Bs(x0))? for every t € (tg —e,to +¢)

and DJu are continuous functions in Bs(zg) X (to — €,t0 + €) for every ~.

In the following two theorems we present further results on regularity of space
derivatives of pressure and space derivatives of the time derivative of velocity. Since
we have no information concerning the behavior of the pressure derivatives on 0f2,
we use the cut-off function technique (see e.g. [5]). Therefore, the results are de-
termined by the initial global regularity of pressure as presented in [8] or [6]. The
second theorem is stated exclusively for 2 = R®. In this case we use the integral
representation of P (see [1]) which holds for any weak solution. It is interesting that
due to the non-existence of the boundary 0f2, Theorem 4 gives stronger results than
Theorem 2.

Theorem 2. Let  C R3 be a bounded domain with a smooth boundary or
Q) = R3, let u be a weak solution of (1)—(4) and P the associated pressure. Let
further (zo,to) € Qr be a regular point of u and €, § the numbers from (i), (ii) and
(iii). Then D)du/dt, DYP € L*(tg — &,to + &, L°(Bs, (20))?) for every multi-index
v, |7l =0, 61 € (0,6) and a € (1, 2).
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Proof. Letd; € (0,0) and o € (1,2). As follows from [8] or [6] we can suppose
that P € L"(&, T, L°()) for every £ > 0 provided Q; C Q is a bounded domain,
2/r+3/s=3,r€(1,2) and s € (3/2,3). Thus, we have

(7) P € L*(tg — e, to + ; L' (Bs(20))).
Let ¢ € C(R3),
(8) ¢€(0,1) in R®, p=1in Bi2s,+5)/3(w0) and ¢ =0 in R3 \ B2s+s,)/3(0)-

For almost every t € (tg — ¢, to + € and for every © € Bs, (z¢) it is possible to write

©) Ple.t) = (P)o) = 1= [ e 50 G 0 t) dy

1 1 . vy
+—/—7>,tA dy + — Yoy Py, ) d
ar Jo |z — v (y: ) Ap(y) dy + 5 P—E e(y)P(y,t) dy
=pi(x,t) + p2(x,t) + ps3(x, ).

Using (i), (8) and the equality

o0t _ 9 1
Oz, |z — y Ay |z —y|’
we see that
6})1 1 1 6( 6’(1,1 6’U,j )
10 Pypn=—[ < P )2 (g 8) ) dy, k=1,2,3
(10) &vk( )= Tl o sﬁ(y)ayj(y )ayi(y) y

and the following conclusion can be derived from (10) and (i):
(11) Vp1 € L™®(tg — e, to + &5 L=(Bs, (20))?).
Differentiating further (10), we obtain
(12) D)p1 € L®(to — &, to + £ L(Bs, (20))*)
for every v. Using (7), (8) and the facts that

Vi =0 on Bas,16)/3(x0) U (R’ \ B(asts,)/3(20))

and 1
oy € C=(R*\ {z}),
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we get by differentiating the last two integrals in (9) that

(13) D;pz, D;p:g S La(to —&,tg+¢e; L™ (Bgl ($0))3)

It follows from (12) and (13) that
(14) D)P € L*(to — &,to + &; L(Bj, (z0))%).
Finally, using (i), (1) and (14), we conclude that

Dy

5 € L(to — 2,10+ 25 L (Bs, (20))*)

and the proof is complete.

O

Remark 3. Suppose that the assumptions of Theorem 2 are satisfied and P €
LP(ty — e,to + ; LY (Bs(20))), B € (2,00). Then the proof of Theorem 2 gives that
Dlpa, D)ps € LP(tg — e,to + &; L>°(Bs, (70))?) and consequently D)du/dt, DJP €

LP(to — e,to + &5 L°°(Bj, (x0))?).

Since D)0u/ot € L*(to — e,to + ; L°°(Bs, (0))?), we have

tote ou ¢
(15) [ esssw 1) ar
to—e xE€Bs, (z0) ot
8 «
_ g_u =c% < 0.
ot Le(to—e,to+e; L°(Bs, (20))3)

It follows from (15), (i) and (iii) that

esssup {|D7u(z, Ylwoo ro—sroe)} < € < 00.
x€Bs, (z0)

Therefore, using also the continuity of DJu in @' and the reflexivity of the space

Whe(ty — e, to +€), we get that

(16) DYu(z,-) € Wh(tg —e,tg +¢) for every x € Bs, (o)

and

sup  {[|DJu(®, )W (to—c,tore)} < € < 00
z€Bs, (zo)

Using (6) and (16), we obtain that DYu € C%'=1/*(Bjs, (z0) x (to — &,ty + €))?,

a € (1,2), where the distance in the space-time is defined as d((z,t), (z',t))
|z — 2’| + |t —t/|. Note that Ladyzhenskaya and Seregin proved a similar result in |

i
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Theorem 4. Let Q = R? and let the assumptions of Theorem 2 be satisfied.
Then D)Ou/0t, DJP € L>®(ty — €,to + &, L°°(Bs, (z0))?) for every multi-index -y,
|v] = 0 and 6; € (0,0).

Proof. Let 3 < d3 < 6. It is known (see e.g. [1]) that for almost every
t € (to — e,to +¢) and every x € Bs, (x0),
ym (y,t)
A Jgs |z —y| 9y; dyi
= (y,t) 5> (y, ) dy

A /s, (20) |2 — Yl Oy yi

+— (Y, t) = (y, 1) dy
A Jao\ By, (x0) 17 — Yl Oy; dy;

an

(17) P(x,t) = (v, 1) dy

= ﬁl(xvt) +]§2(17,t).

It follows from (i) that p; € L®(ty — &,to + &, L°(Bs, (70))3). If we use twice
integration by parts and take into consideration that uVu, |u|? € L'(R3) we get

E *y| 3%‘
1 0

1
T Juwi(y, )u;(y, t)n;(y) dy S
ir 9Bs, (o) ay%<|$—y|> ( ) J( ) J( ) y

i 82(1)<t><t>d
— | 77— |w (Y, t)u;ly, Y,
An Jra\Bs, (20) O¥i0Y; \ |z — Y| !

19 et = [ S o) 4,8
0Bs, (z0) |z

where n = (n1,n2,n3) is the outer normal vector. Using (18), (i) and the facts that
wjuj € L®(tg—e,to+e, L*(R?)) and the functions ¥ (y) = 1/|z — y|, z € Bs, (z¢) and
all their first and second space derivatives in y are uniformly bounded in R?\ Bj, (o),
we see that po € L®(tg — &,to + €; L°(Bs, (20))?). From this and (17) one can
conclude

(19) P e L>(to — &,to + &5 L=(Bj, (z0))%).

Now the proof follows immediately from Theorem 2 and Remark 3. g

Let us remark that since D)0u/dt € L>(ty — &,to + &; L>°(Bs, (70))?), we have

esssup {|[DJu(, )llwrs(to—e,to+e)} < €< 00
z€Bs, (z0)

for every 8 € (1,00) and
(20) DYu(zx,-) € WhP(tg — e, + €) holds for every = € Bs, (x0)
provided 3 € (1, 00). Moreover, we also have u € C%*(Bs, (w0) x (to —¢&,t0 +¢))? for

every A € (0,1).
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Remark 5. Let u be a weak solution of (1)-(4) and let P be the associated
pressure. Then P € L%/3(Qr).

Proof. We use the integral representation of P (the first equation in (17)) and
apply twice integration by parts. We get for almost every ¢ € (0,7) that

1 ) 1 0” 1
t) = —~|u(z,t)]* + lim — —— (—— Jui(y, t)u;(y. t) d
Pl t) = =ghte 0l + g 57 ~/R§(z) 3yi3yj<|xy|)u(y it Y

for almost every x € R3, where R2(z) = R® \ B.(z). The conclusion of Remark 5 is
obtained by using the Calderén-Zygmund theorem (see [2] or [4]) and the fact that
u € LY93(Qr). O

2. APPLICATION OF ADDITIONAL CONDITIONS

From now on till the end of the chapter suppose that € is a bounded domain.
Our intention is to prove Theorem 2 for > 2. Unfortunately, we are not able to
prove it generally. At first, we present a few global additional conditions on u and
p, under which Theorem 2 holds for o > 2. Thus, let the assumptions of Theorem 2
be satisfied and ¢; € (0,d). Moreover, we suppose that it is possible to write

(21) (to—eto+e)=J I UG,

acl

where I' is at most countable, I, are open disjoint intervals, one-dimensional
Lebesgue measure of G is zero and u, P are smooth functions in Q x I,. These
assumptions hold, for example, for the weak solution of (1)—(4) constructed by the
Faedo-Galerkin method (see [9]) or for the weak solutions of (1)—(4) satisfying the
strong energy inequality (see [4]).

There exists an orthogonal decomposition of L?(2)? (see [9]),

(22) L*(Q)® = Hy @ Hy ® Hs,
where

Hy = {ve L*(Q)3, divv =0, y,v =0},
Hy = {v=Vp, pecW;*Q)}

and
Hs={v=Vgq, g€ Wl'Q(Q), Ag =0},
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where v, v is the restriction of v - v to 9 for every v € C°(f2) and v is the normal
vector to 99 (see [9]). Coming back to the equation (1), we can decompose all terms
in (1) on the intervals I,. Denote by P, Ps, Ps, Pia, P13, P»3, respectively, the
projections from (L2(£2))? onto the spaces Hy, Ha, Hs, H; ® Ha, Hy ® H3, Hy ® H3.
Then

ou ou
(23) E_Pl(ﬁ) € My,
(24) v-Au=P(v-Au)+ P3(v - Au) € H, @ Hs,
(25) VP = Py(VP) + P3(VP) € Hy @ H
and
(26) uVu = Pi(uVu) + Py(uVu) + P3(uVu) € Hy @ Hy & Hs.

Lemma 6. Ifu is a weak solution of the system (1)—(4) and P is an associated
pressure then

(27) (u-V)u € L= (tg — €, to + &; (W>2(Q)*)*),
_9ui Dy

28 AP =
( ) 5'%’ yi

€ LQ(to —¢&,t0 + ¢ (W3’2(Q))*)

Proof. Lety € W32(Q)3. Then

[ way == [ a3y

Jy;
i
wju; — d

and (27) follows. Similarly, if ¢ € W32(€), then

8u18ujwdy:_/ 8ujc’)_wd

We estimate

< clull 72 ¥ lwsz s

wi—2
a Oy; Oy o 0y; Oy
and
aui (9’(/1
[ 52 28y < el |Vl ¥l
Therefore (28) holds. Lemma 6 is proved. O
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Let us show now that there exists a function 7, = n,(y) from W32(Q)3 N
Wy2(2)>NC>(Q)? for every & € Bs, (o) such that for almost every ¢ € (to—¢, to+¢)

(20) pa(,t) + p(est) = — / VP, 1) - 0 (y) dy

(the functions ps, p3 were defined in (9)) and therefore

(30) Pa,t) = pPla.t) = plant) = [ TPOt) malo) .
Moreover, we will show that there exists K > 0 such that

(31) 72| wrs.2()3 < K

for every = € Bs, (z).
Let us recall the following lemma (see [9]).

Lemma 7. Let D C R be an open bounded domain, 9D € C?, where =
max(m + 2,2) and assume that m > —1 is an integer. Let ® € W™T12(D) and
Jp ®dx = 0. Then there exist n € W™+22(D)3 and ¢ € W™ +12(D) such that

(32) —An+Vqg=0 in D,
divp=® in D,
n=0 on 0D.

Moreover,

|‘77|‘Wm+2v2(D) < C||(I)||Wm+1v2(D),
where ¢ = ¢(D, m).
Take ¢ defined in (8). Denote for every x € By, (xo)

1 1 1 1

_ = . - _ —1
Valy) = P Ap(y) +5-Vy P Ve(y) —m(Q)~,

where m(£2) denotes the Lebesgue measure of Q. Then [, ¥,(y)dy = 0 and
|Tsll2,2 < K < oo for every © € Bs, (z0) and for some K > 0. Using Lemma 7, we
obtain a function 7, € W32(Q)3NW, *(Q)3, divy, = ¥, and 112]lws.20) < cK < oo
for every @ € Bs, (z9). Obviously, n, € C*(Q)3, since ¥, € C°°(Q)3. Therefore,
using the equality [, P(y,t)dy = 0, we can write

(33) pale,t) +ps(a.t) = /

(Wa(y) +m(Q) " )P(y, 1) dy = —/ VP(y,t) - 1.(y) dy.
Q Q
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Thus, (29)—(31) are verified. We know from the proof of Theorem 2 that p; €
L>(tg —e,to + &; L(Bs, (x0))). Due to (30) this means that to prove

(34) P e LP(to —&,to + & L™(Bs, (x0)))

for some 8 € (2,00), it is sufficient to show that [, VP(y,t) - n.(y) dy as a function
of (z,t) is from the space L”(to —e,to+e; L=(Bs, (20))). We use this idea in the the
proof of the two next lemmas, where we present two examples of global conditions
imposed on » under which (34) is satisfied. Recall that (34) then implies (according
to Remark 3) that Theorem 2 holds for & = 3 > 2. For the sake of simplicity, we
omit in the proof of Lemma 8 and Lemma 9 the dependence of functions on y and t.

Lemma 8. Let g be a function for which Vg = P3(vAu) and suppose that
gloa € LP(ty — e, to +¢; L' (09)), B € (2,00). Then (34) holds.

Proof. Let z € Bs,(x0). Suppose that 7, is the function from (29). Using (1)
and (23)—(25) we get for almost every ¢ € (tg — &,to + ¢) that

Obviously, fQ Ou/OtPa3(n,)dy = 0 and fQ vAuPs3(n,) dy = fQ vP3(Au)Ps(n,) dy.
Thus,

(35) /QVP% dy = — /Q(u - V)uPss(n,) dy + /Q vP3(Au)Ps(n,) dy.

It follows from Lemma 6, (31) and the fact that || Pasgs|lws2)ps < cll@zws2 )
that

(36) / (- V)uPa(n) dy < €

for some C > 0, every = € By, (x0) and almost every t € (to — &,t9 + €).
Denote by h the function for which VA = P3(n,). Then Ah =0 and

(37) /QP3<uAu>-P3<nx>dy: /thqwdy

oh oh
= g—d S—/gAhdy:/ g—d,S.
/c’m on Y Q an  On Y
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From 7, € Wy?(Q)? we get that dh/dn = —Pa(n,) - n on dQ and this implies
HBh/@nHLm(ag) < C||77$||W32(Q)3 Therefore,

[ oG] <lalwon [Ge| < claluonlin sy < Kl

95-d gliLr (o9 S gLt INellws2(Q)3 S CAGI L1 (0Q)-
o on @ 3 e om 09 (©) 09)
From this inequality and from (33), (35), (36) and (37) we get (34) and Lemma 8 is
proved. (I

Lemma 9. Suppose that du/On € LP(ty — e,to + ; LY(0Q)3), B € (2,00).
Then (34) holds.

Proof. First, we proceed similarly as we did in Lemma 8. Instead of (37) we
estimate (Vh = P3(1,))

ou ou; 0%h
Au - Py(n,)dy = hd,S — i
”/Q u- Ps(ne) dy oo 0N vV /axj axzaxj

ou 0h 0
= o 90 -VhdyS — / Ui 5o o dyS + 8 —(Ah)dy
Ju
= — - Vhd,S.
a0 On Y

By virtue of Lemma 6, we have

ou

-Vhd,S| < 172 [lwe.2 ()2
o0 6?7, L1(69)3 @)

on

|5

and we obtain (34). Lemma 9 is proved. O

Now let us formulate one local condition (see Theorem 10) under which (34) is
satisfied. The following considerations can be done for an arbitrary weak solution of
(1)-(4). Let 2r < § and = € B,(xp). Let further ( € C*°({0,0)), ¢ =1 in (0,7/2)
and ¢ = 01in (3r/4,00). Thus, ¢ is independent of ¢t € (tg—¢,to+¢) and x € B, (o).
Put . (y) = ((|z — y|) for every z € B,(zo) and every y € R®. For almost every
t € (to — &,t0 +¢) and for every x € B,(x¢) it is possible to write

1 1 ou; ou;
38 P(z,t) = — / y)—(y,t)=—L(y,t)d
(38) @0 =5 [, o T Wy, B0 5w dy

1/ 1
+ = —— Ay, (y)P(y,t) dy
rel) PR ey b (y)P(y,t)

1 (z—y)
2n Jp, (@) |z —yI?

Ve (y)P(y,t) dy.
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It is possible to show that

1 1
(39) L/ L————A pa(y) +2V (————)-V7wIW)—-—}dy=(l
B,(x) lz —yl Y Y |z -y Y 3
Lemma 7 yields that there exist 1, € C®(B,(z))> N W, (B, (z))® such that

(40)  Vonuly) = Aysox<y>+2vy( )-vymy)—% on B,()

1 1
[z =yl |z =y
and [[7z||wm+1.2(B, (2))s are bounded on B;(zo) for every m € N. Decompose 7, on
L*(B,(x))* as Pr(ne)+ P2(n2) +P3(12) and let VQs 5 = P3(n;) and V Q3,5 = P3(ny).

Then |Q2..(y)| < ¢, where ¢ is a positive constant independent of x € B, (x) and
y € By(x). This follows from (40) and the fact that Qs , is a solution of the system

AQp =V -1, in B (),
Qo =0 on 0B, (x).

We can see from (40) that V - 7, is spherically symmetric around z and the same
must be true for Qs ,. Consequently, 9Qs ,/On = const. on 0B, (z) (n is a normal
vector on 0B, (z)) and since

0Q2
Drg5= [ AQdy=[ Vondy= D - ndyS =0,
0
OB, (z) n B(z) B, (z) OB, (x)

one gets that 0Qs ,/0n = 0 on 0B, (z). Further, Qs , is a solution of the system

AQ3. =0 in By(x),
6Q37LE _ 6Q27LE _
e e 0 on 0B.(x),

which gives Q3 , = const. and therefore VQ3 , = 0 on B, (z). Thus, we can write

@ [ VnwPwol=-[  Pm)w) VP
B, (x) B, (z)
02 (usu;)
- SAP(y, t)dy = — 2 (Y) = (y, t) dy.
/;A$)92,(y) (y,t)dy /;AI)Q2,(y)iﬁh3yj(y ) dy

Now it follows from (38), (40) and (41) that

_ 1 1 _ Oui (2
@) Pen-g [ e - 0] FEe G w0

3

Py, t)dy,
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which can be written as

1 1 ou; ou;
43 0= — T ¥z _Q x — 7t —L at d
(43) p Brm{lxyl(p (y) — Q2.2(y) ayj(y )3% (y,t)dy

3
* o [, (PP 0)

The first integral on the right-hand side of (43) is from L*(tg—¢, to+¢; L°(B,(x0))).
Let a™ = max(a,0) and a~ = max(—a,0) for every a € R. We can conclude:

Theorem 10. Let the assumptions of Theorem 2 be fulfilled. Let further 2r < ¢
and x € B,(x). If (P —P(x,t))* or (P —P(x,t))” is from the space LP(to —e,to +
g, LY (B, (x))) for some 3 € (2,00), then P — P(x,t) € LP(ty — ¢,to + €, L' (B, (x))).
Consequently, there exists a sufficiently small 6 such that P—P(x,t) € LP(tg—e, to+
g, L1 (By(w))). Considering now the pressure P — P(z,t) instead of the pressure P,
we obtain, using Remark 3, that D)}0u/0t € LP(ty — ,to + &, L> (B, (z0))?) and
D)P € LP(to—e,to+e, L>(By, (70))) for every multi-index -, |y| > 1 and 6, € (0,6).

Let us now present two consequences of Theorem 10. First, let the assumptions of
Theorem 2 be satisfied. If 2r < ¢ and there exists © € B,(z¢) such that P — P(z,t)
is bounded from below (above) in B,.(z) x (to — €,to + €) then P — P(x,t) and all
space derivatives of P are in the space L in a space-time neighbourhood of (2o, t).

Secondly, suppose that Q = Bg(zg), where 7o € R® and R > 0, and ¢ is a
regular point of u. We will show that if P+ or P~ is from the space L°(ty —
g,to + &, L' (Bs, (20))) for some 3 € (2,00), 61 € (0,9), then P € LB(tg — e,to +
e; L' (Bs, (z0))). We can suppose that [, P(y,t)dy = 0. It is possible to write

1 1 ou; ou;
t)=— a0 (Y) 7 (y, 1) =2 (y, ) d

1 1
+—/ Ay 0u, (y)P(y,t) dy
4TE Br(mo) |x07y| Yy 0( ) ( )

1 (0 — y)
+ —/ -— 22 .V o Py, t)dy.
21 /B, (20) [0 —yI? P20 (Y)P(y,t) dy

Consequently,

1 1 Ou; ou;
44 Pw,t:—/ 0 () —(y,t) =L (y, 1) d
(44) (o,t) = . P (y)ayj(y )ayi(y ) dy

1 ou; ou;
it - oy, t)—L(y,t)d
47‘[ /Q QQ, O(y) ay] (ya ) 6yz (ya ) Y,
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where Qy,, € C®(Q) N W, ?(Q) is constructed on Q in the same way as in the
paragraph preceding Theorem 10. Since

(9’11,]'

1 Ou; 1 0295,
4 —_— —_— pr— 7’ 0
(45) ™ /Q Q2,20 () a9, (y,1) i (y,t)dy

an Jg 0y;0Yy;

(y)uz (ya t)u_] (ya t) dya

(44) gives immediately that P(xo,-) € L (to — ¢, to +¢). Using now Theorem 10 we
can conclude that if P+ or P~ is from the space L?(to—¢, to+e, L' (Bs, (x0))) for some
B € (2,00), then P € LP(ty —e,to + ¢, L'(Bs, (70))) and therefore D)P, DY0u/0t €
LP(ty — ,to + €; L=(Bs, (20))?) as follows from Remark 3.
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