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PARABOLIC PARTIAL DIFFERENTIAL
EQUATIONS WITH MEMORY

MARIAN SLODICKA

Introduction

In this paper we consider the first initial-boundary value problem for the system
of quasilinear parabolic equations

(r)
M S (1) Da () D)+ 1)
ot i tex

+f(t, x, Du, f K.(t, ) Du(t) dt)=0

forr=1,...,. N
in the domain Q =Q x (0, T), where t€ {0, T) (T<®), is a bounded domain
x € Q « EM (M — dimensional Euclidean space) with a Lipschitzian boundary 3 Q.

i=(iy, ..., iv) is a multi-index

. all M
i___° . .
. D —x{'...xi’;” lll_;lp

and Du is the vector function, Du=(Du'”, ..., D'u™; i<k).

Let f K., (t, ) Du(t) dtr denote the vector function
0

( f K., (1, 1) Du® () dr, ..., f Ko o(t, 7) Du™(z) dr; i<k),
0 0

where a=(a;;; |i|<k,j=1,...,N), a; ;e E%, where d = card {i, li|<k}.
The function K, (¢, T) is absolutely integrable in (0, T).
The integral in the system (1) is in the sense of Bochner integral (see [9]). All the

functions f(t, x, €), E€ E*™, r=1, ..., N are Lipschitz continuous in ¢ and &.
Initial-boundary conditions are of the form
u(x, 0)=u$’(x) DLu"/3Q2x(0, T)=0 2)

for /I=0,1,..,k—1and r=1, ..., N



where D! is the outward normal derivate of order [ with respect to 3Q,
ul(x) e W(Q) (Sobolev space).

To solve our problem we use Rothe’s method and some techniques recently
developed in [1]—[7]. In the paper [10] a solution of this problem u ing othe
method as in the present paper is given. These reterences con ern our problems.
The present papers contribution 1s a proof of regularity, un quene s and approxi-
mation of a solution

An approximate solution u"(x, )=(u' (x,t), ., u"™ (1 t)) of he pr blem
(1), (2) is constructed in terms of functions u'’(x), s 1, .,nandr 1, .. N
which are obtained in the following way:

Let {t}" | be the uniform partition of (0, T), h —I, t, — h Successively fo
s —1, ..., n we solve the linear Dirichlet boundary value problems

u” —u'”,
Lty S (<) D(@ Du >)+ (1)
[l =k

+f<"(;, x, Du. ., ‘EK.(L ih) Duh)zO for r 1, ..,N

[

- 1 v . .
and K, (t, y)_y—(i— i J', o K.(t, ) dt in {((1—1)h, ih)

ul —u(x) D'u(x)/3Q2=0 2)

for r=1,...,Nand I=0,1, ..., k—1

where u’=u{"(x) is taken from (2). Then we construct Rothe’s functions
u e, ) =u(x)+ (=1, Yh "(w(x)=u"(x))

fort, \<t<t,s=1,....n,r=1,.., N.

We prove that u”"(x, t) converges for n— o to the weak solution u"" (x, t) where
r=1, ..., N (see Definition 3) in the norm of the space W-* '(Q )n W*(Q) for all
t€(0, T), where €’ is an arbitrary subdomain of Q with Q' < Q. If (3) is satisfied
for I = k, then our weak solution u(x, t)=(u"(x, t), ... u'~ ( . t)) satisfies (1) for
a.e. (x, t)e Q in the classical sense.

Notation and defimtions

By C, K with index we always mean positive constants By C' '(2) we denote
the space of Lipschitz continuous functions in Q C '(Q) the subset of all
v e C"'(Q) such that D've C'(2) for all i with [1] p.

4



We shall assume.
aP(x)e C™r'(Q)il, lil<k 3)
where p, ,=max (0, |i|+!—k—1} and [ is an integer satisfying 1</<k.

Ellipticity is assumed in the form
> aP(EE=C 2 & (4)
lil. lil=k li|=k

where C,>0and r=1, ..., N.

f(t, x, E) is continuous in all variables and satisfies

f°t, %, B) = f(t', x, EN<C(lt—t'| +]e—t'| |E[+]E=E'D) &)

where C>0and r=1, ..., N.
Let us consider the Sobolev space

Wi(Q)=W={ueL,(Q); D'ueL,(Q) forall |i|<k}

with the norm |lulw= ' ||D'u||, where || - || is the norm in L.(€2). The scalar
|t <k

product in L,(£2) is denoted by (., .).

Let C7(£2) be the set of all infinitely differentiable functions with support in Q.
We denote W4(Q)= C;(Q), where the closure is taken in the norm of the space
W3 ().

By means of the bilinear form

[Au, v](,)=J’ % a{’(x) D'u D'v dx
Q il [j[=k

for u,veWs(Q) and r=1,...,N

we define a linear continuous operator A, from W5(Q) into W7%(Q) (W:%(Q) is
the dual space to W5(R)).

Let X be a Banach space with a norm ||.||x and v(): (0, T)— X be an abstract
function.

Definition 1. We denote by L,({0, T), X) (1 <p <) the set of all measurable
abstract functions v(t): (0, T)— X such that

T
Il o= 1o@lx di<e 1<p<e

|vllLaco. 1y, o =sup ess [lv(t)[[x<o p=w
te(0, T)



where
sup ess= inf {
(

1e(0, T) Ac(0.T)
u(A)=0

Let C({0, T), X) be the set of all continuous functions v(t): (0, T) — X with

sup [lv()lIx}.
T)-A

0,

lv(O)lcco.m.x = ,max, lo(0)llx <o

The set of all abstract functions v(t): (0, T) — X such that x*(v(t)) e C({0, T))
for all x*e X* (X* is the dual space to X) is denoted by C,({0, T), X).

Definition 2. C.((0, T), L,(£2)) is the set of all v e C({0, T), L»(£2)) such that
= (0, W)€ C((0, THNLO, T))
for all we L,(Q) and
|5 . | <cliwl.

In this case there exists a uniquely determined

9(1) e L-({0, T), LA(2))nC.((0, T), L(K))

such that
d ,
q; (@, w)=(g(1), w)
for all
we Lz(g)
dv(t) .
and we denote by TR g(t). the weak derivate of v(t).

By (F(’)u)(t)=f(’)(t; x,du, J” K.(t, ) Du(7) d7),

r=1, ..., N, we denote the operator from (0, T) X W2(£2)— L(£).
We denote by W=[W5(2)]¥ and L,=[L,(Q)]" the Cartesian products of
Wi (), L(RQ), respectively.

Definition 3. u(t)e L.({0, T), W) is a weak solution of the problem (1), (2) if
u(t) € Cl((O, T, Lz) u(O) = (uf)l), ooy U(()N)

and

(du;’;(t)’ U) +[A,u"’(t), v]+ (FOu)(2), v)=0

holds for all veW5(R), r=1, ..., N and te(0, T).
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We shall assume

Aul’ e L,(Q) r=1,....N. (6)

A priori estimates

u, ..., u™e W5(Q) are a solution of (1'), (2) if

(uf-"— ul,

- ,v) +[AU?, v]+ (FOu. (1), v)=0 (7)
holds for all ve W4(L2), r=1, ..., N, where

(Fu™)(t) = f"(t,, x, Du, |, SI K.(t, ih) Du,h)

i—0
toa<t<t,u=(@u"" ..., u™"), u""is a Rothe’s function. By ' we denote an
arbitrary subdomain of € with QcQ.

Lemma 1. If (3)—(5) are satisfied, then there exists a unique solution u'", ...,
u™e Wi (Q)NnWi(R2") of (1'), (2')

(s=1,...,n).

Proof: Let re (1, ..., N}. From (3), (4) and due to lemma of Lions (see 8D
and inequality of Garding we obtain

(A, w1 Gl - Cllul ®)

The operator Au® +h~'u is elliptic for h<h,<C;' (see [8]).
If ul", ..., u™ e W(Q), then (F”u,_,)(t) € L,(L2) because of (5). From the

results on linear elliptic equations (see [8]) we conclude that there exists a unique
solution u¢", ..., ut™ e W5(Q).

If ul”,....u™e W5(Q) are a solution of the equation

(r) (r)

A0 = (Fu ) (=2
for r=1,...,. N
we have
sup  |(D*fi?, @)| =
9eC5(RQ)
lollws ™ <1

= sup |(f2, D@)|<|If2l
9eCi(Q)
llollws~'s1

for |a|<l—-1



Thus, from [8] we deduce u{”e W3*'(Q’) and
uWE ()< C(Q)([u[lw + [I£521]) )

holds for all A<h,and s=1,...,n, r=1, ..., N.
In the sequel we shall assume that (3)—(6) are satisfied.

Lemma 2. There exist C and h,>0 such that the estimates
luPll<C, Zhllulls<C
[N}
take place for all h<h,, s=1,...,n, r=1,...,N.

Proof: Let us put v=u'" mto (7) and then sum up for s 1,..,p where
I <p<n. We have

i(u"’—uf”., (")+hi[A ul, u)+ (10)
+ﬁ:h((F"’u\ )5, u” =

From the identity
230 (W= s, ) = 3 = ) |
(| [}
and from (8) we deduce

*+C Sl + ¢, hinu‘"

flu” (11)
~2h 3 (Fu, (1), 1)
sl
Applying Young’s inequality
a’e’ b’

we estimate

S hIFu, )(w), )< S hIEu, YOI - lu?l< (13)

s 1 s

<SS, YOI +5= 2 u

Owing to (5) we have

N s—1
[(F”u, )(t)|<K, +K22 [Du\|+K:>, > h|Du”|

r 1t 0



Therefore we obtain

l(Fu, .)(t)||2<K4+K52||u"’ (14)

KD S o,

r=1 i=0

and hence, due to (11), (13), (14) we conclude

” u(')

4 C SRl I+ C S b ludl+
ps=1
+ — |2 e_h
228 u®| +S K+

h N
+272 [K: [l [l3+ Kb S [luf|2

i=0

Applying the identity
s=1
_g ;)' u|l% = i (p = )|[u?|2
we have
(r) 2+C h gr) ™12 ( r
I+ G IRl + (ot L S e+

OGP, )+ S S 0

j=1s=

EKh2 N
— iwﬂmww

and hence summing up for r=1, ..., N we estimate
N
v eN(K;+ S,
'2_‘1”“:’)”2_*_ (Cn _ ( 52 K(,T))Z Zh ”uﬁ’)”%vS

N
<C(£ u() 9 ey us)N)) + 5:l <C2 +2_1£) z h ”ugr)llz
§= r=1

Let us choose € >0 so that

—_——



The we obtain

S |2 Cl i S |12
DI+ 5 S D hllulh<

(15)
N
<Cle, uf, . uf)+ C, 2 X h ]
s 1r 1
and in particular
P
N N
Z ||u£r>”2sC5+ Cﬁz hE ”u(()“z_
r—1 1
We denote
N
a=2 [lug’|
[IP$C5+Cbiha‘-
s 1
Now h<h,<C;' implies succesively
a, <Cs(1—-Csh) 1[1+C6h(1_C(,h) i (16)

There exists C such that a, <C for all p and h<h,<C,". The rest of the proo
follows from (15).

Lemma 3. There exist C>0 and ho>0 such that the estimates
ul” —ul?,

h

2
<C h'uP-u"|Wv<C

take place for all h<h ,s=1, ..., n, r=1, ..., N.
Proof: Let us consider (7) for s=i, s=i—1, putting v =u" — u”,. Subtract
ing these equalities we obtain

u‘»”— u("l
i 11— r
(—h'—, uf" - ufr)l) + [Ar(uf') - uf’)l)y ufr) - Ux( )l] +

+((F')ut 1)(‘1)—1:(')“:' 2)(‘1 l)’ ug’)—uf,)l)
_ (uf')n ; uf”z, u® — uf",)

from where, due to (8), we deduce

(r) (r)

U "—u -

h

2
+Ch M u? = =
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" _ 0 u®—u® |2
h

Ui " — Ui-1

h

—u®,
h

(r) (r)

+ Cih +

r) (r)

W) ) P, (1)~ ()

+

By virtue of (5) we estimate

IFOur-)(6) = (Fua) i) < (8)
<l r Sl 3 - w2l

Applying (12) we estimate

_us'j;uf"l [%‘Gh ]*C' Hlu? - w2 <
s%+; % ChZZ“u"’
+2_€2 i 4 — w3
let €= @
2G,
B 3 cn-SE e -ui s

U = u|? Ch Cih
< [+ S

-1 N
+C= D2y - w2y
r=1

CN

1
We denote CS_E(C‘:+ZE) 2C,=K

Summing up for r=1, ..., N we obtain

(’) uff)‘

(l—Csh)Z(

+Kh™ [|uf - uf’.’.ll%v)s (19)

A_)_ (')

A +

<Kh+KhE||u"’ +Z(
r=1

+ Kh~ |uf, — u®yl3 )
11



We denote

(') — usr)l

o= 3 (5

+Kh Hu? = u?i|

q=1—-Csh b= 2 )%

From (19) we have
qa, $a,- 1 + Kh + Khb,—l
From this recurrent relation we obtain successively

g 'a<Kh(l1+q+...+q" )+ Kh(b,+gb,+...+q"' *b, )+ a,
Since 1=2q’=(1—Csh)Y=e <" for all j and h<h,<Cs' we have

i—1
e “"a,<a,+KT+KhD,b, (20)
=1
Applying Lemma 2 we obtain

hS b =h3 S ufli<cN

Now we must show that a, is bounded.

Putting v = u{’

—u§” we have from (7)
ud —
(T, u( - U(()')) + [A u(') ' - u(()’)] + ((F’)u))(t) u(,) - u(()')) = 0

Owing to (6) we estimate

" _ (0 (n
Uiy — Uo Uy — Uo
[A,u(‘{’, —h—] ‘ <||Au§ p
Then
ul” — uQ|?

. +[A (U = ud’), ul”? —u’l<

o _ (N _ ("
ul ul” — uy
N "
<C(uf’, ..., ui®) _h— +1lAudll h

Applying (8), (12) we have

( — uf)"

P (1-cn=5)+n clue —uls

<Cul",..., uf®, €) (21)

12



2
Since h<h,<Cs' we can choose €>0 so that 1 — C,h —%—>a>0. From (21) it
follows that a, is bounded. The proof of Lemma 3 follows from (20).

Lemma 4. There exists C and h,>0 such that ||u{”||.<C for all h<h,
i=1,....,n,r=1,...,N.
Proof: Frem (8) and (7) with v=u{" we obtain

" _ (0
C w3 < %’

10+ - )OI ]+ Gl

Owing to (5) we estimate

N N s—1
I(FPu )W <K+ K2 luli|l+ K 2 Sk [lul”|].
r=1

r=1 i=0

Since
0} oz L h
h”ul ”wsh“u, ”w+z
we have
s—1 s—1 sh
2 hu?ll <> hlluPlf+
i=0 i=0 4
Due to Lemma 2 we obtain
s—1
> h|uf|l. <K,
i=0
It holds
N
IFu Y@ <K(1+ 2] @)

Due to Lemma 3 we have
N2l <lull + ful? = w2l <|ful|l. + Ks
and thus the estimate

N
Cl “ug') €v$ K(, + K7 E ” uﬁ')
r=1

Summing up for r=1, ..., N yields

N N
2 Clu?li<c+CX|lull.
r=1 r=1

13



= C NC?
> (Ve - =) <c+—
i 2 4

for all h<h,and s—1, ,n.

The proof of Lemma 4 follows from the last inequality.

Lemma 5. There exist C(Q') and h,>0 such that

lu|lwe e < C(Q)

for all h<h,, s—-1, ..., n, r=1, .., N.
Proof: We denote

2 h W = u?)+ (Fu (1)
Due to Lemma 3, Lemma 4, (22) we have ||fi?|| < C. Thus, the result follows from
(9) and Lemma 4.
ME 20 018

Proof: Let re{l,. ., N}. Lemma 4 implies the estimate

” u' n(t)”w (Q)<

for all n and te (0, T).

From the compactne s of the imbedding W5(Q)— L.(Q) we conclude that for
fixed t € (0, T) it is possible to choose a subsequence of {u""(t)} convergent in th
norm of the space L,(Q). By the diagonal method we choo e a subsequence

{uf2(t)} such that {u%)(t)} is convergent in L,() for each rational pont
te (0, T).

From Lemma 3 and the triangle inequality we deduce

lu () —u ()| <Clt—r'] (23)

for all n and ¢, t'€ (0, T). For an arbitrary point t' € (0, T) 1t holds
ull(e) — w2l < (24)

<[lui2(¢) = u(ON + N u2() — wid(0) + lu)() — w2

where t is a rational point.
Owing to (23) we have that u{—u in L.(Q) for all te (0 T). It holds

u(0) = u (< (@) = w O + u™"(6) = w ()] +
+Ju"(t") = u@)|
where with (23) we can see that u’(t)e C({0, T) L (L2))

14



From (24) passing to the limit for [ — o, we conclude that u$)(t)— u(t) locally
uniformly, i.e.

Ve>03K>06,(e)>0Vt' |t—t'|<d(e): [[ul(t) —u®(@)|| <e

Thus, the rest of the proof follows from the Borel covering theorem.
We denote the sequence {u%’(¢)} from Lemma 6 by {u{’(t)} forr=1, ..., N.

Lemma 7. Letre {1, ..., N}, u”(t)e C({0, T), L,(2)) be thesame as in Lem-
ma 6. The following assertions hold:

a) u”(t) is Lipschitz continuous from (0, T) into L,()

b) u(t)e L.({8, T), Ws(Q)nW.(R")) for all 0<8<T
if ui’e W3*'(Q), then 6 =0.

¢) u’(t)—>u”(t) in the norm of the space W5*'~'(Q2")nW;™'(Q)
for all te (0, T)

d) u”(t)e C({5, T), Wi (Q)nWs*'~(Q"))
if u’e Wi*'(Q), then 6 =0.

Proof: Assertion a) follows from Lemma 6 and (23).

b) The space H = W5(Q)nW5*(Q') is a separable Hilbert space with respect to
the scalar product

()a=0,)wha + (5 dwkian

From Lemma 4 and Lemma 5 we deduce that

max |[uP(@)|ln<C forall n (25)

te(EF-T)

Thus, if 0< 8 < T then there exists w e L.({8, T), H) and a subsequence {u)} of
{u’} such that ul’—w (the symbol — denotes the weak convergence) in
L.({5, T), H). From this fact it follows also that u{>—w in L,((8, T), L,()) o
L.({5, T), H) and hence due to Lemma 6, we have u” = w. If u§’ € W5*(Q) then
we can put 6 =0.

Since ||u(¢)|| <lim ||u}’(¢)|| and due to (25) we obtain
Sup [u”(@O||la<C forall >0 (26)

c¢) From (25) and the compactness of the imbedding W5(Q)— W3~ '(Q) we
obtain that u$;)— w in W3™'(Q). Due to Lemma 6 we have u’—u in L(Q), i.e.

u”=w since L,()> W3 '(R2). Similarly we can show that u{’—u® in
W§+I I(QI)‘

15



d) From (26) and the compactness of the imbedding W5(Q)— w '() and
WEH(Q)— Wi {(Q") for t,—t (t.€(5, T)) we obtain that u”(t,)—w, in

57 ()N W5 TY(Q'). From assertion a) we have u”(t,)— u'”(¢) in L,(£2). Since
LA(R2)> W5 () n W5*'~'(Q") we have u(t,)— u(t) in the norm of the space

5TN(RQ)NWETT(Q). If ul’ e W3T'(Q), then we can put § =0.

Existence and uniqueness of the solution

Let us define step functions w(’(t): (0, T)—>H for r=1, .., N by
wP(®=u"” ot <t<t
wP()=u  te < —%, 0>

where H= W5"(Q)nW4(Q).
The identity (7) can be rewritten into the form

(B0 o)+ (AWP(0), 9]+ (FOu)(0), v) 0 27)

for all veW4(Q),te(0,T), r=1,...,N

where %—t is the lefthand derivative. By integrating (27) over (0, t) we obtan

wW(1), v)+ Jﬂ [Aw(T), v]dT+ Jﬁ ((F”u,)(1), v) dt - (28)
- (uf)'), U) =0

for all veWs(Q),r=1,...,N.
Lemma 3 implies

W) - uP IS forall re (0, T). (29)

From Lemma 4 and Lemma 5 we have

lulla<K
and due to (25) we obtain
Iw®l,.<C forall r=1,...,N. (30)
From (29), (30) we deduce that
w(t)— u(t) 31

in the norm of space W3*' (')~ W57'(Q) for all te (0, T).
16



Lemma 8. a) if ve W5(Q), then
((F”u,)(t), v)—> ((F”u)(t), v) for n—> and r=1,...,N
b) ((F”u)(®), v) e C((0, T))NL({0, T))
and the estimate
I((F”u)(®), v)|<C|lvl|
takes place for all te(0, T) and ve L,(Q), r=1, ..., N.

Proof: a) First we prove

EI K.(t, ih)h Du.-—»jl K.(t, ) Du(t) dt (32)

i=(
in the norm of the space L,(R2), where

1 y
y—(i— Dh (i—-1)h

Iw(0) = u(O) | wh -1 @rnwha = | WP () = uP (Dl wh 1oy =

= I () - w0l

K.(t,y) = K.(t,t)dr in {((i—1)h, ih)

From (31) we have that
D'wP(t)-»Du”(t) in Ly(Q'") for |i|<k-1

l‘iKa(h ih)h Du; —L' K.(t, ©) Du(r) dt“:

i=0

s—1

- Z " Ku(t, D[Du, - Du(2)] dr“ -

(i-1)h
1=0

- u j K.(t, ¥)[Du — Du(z)] dr"s

sJ: |K.(t, 7))| |Du; — Du(7)|| d=

From the properties of the Bochner’s integral and applying the Bochner’s
theorem we conclude that (32) holds. (32) is true for function K,(t, t) as well. The
rest of the proof follows from (5).

b) From Lemma 7 and (5) we have ((F"u)(t), v) € C((0, T)). (26) and (5)
imply

[(FPu)(®), V)| < [(FPw) @O [Ivl<Clvll
17



Lemma9. a) Au"()eL-(Q) tor all te{0,T) and r—1,....N with
lAu”(D||<C

b) [Au(1), v]e C(0, T)) tor all ve W5(Q) and r—1, . ., N.

Proof: Due to Lemma 3, Lemma 4 and (5) we deduce

(r)
d“d—.t(f)”S Cl[F”u)(n|lsC

Since
[Aw (1), vI=[Au"(1). v],
we obtain trom (27)
[[Au”(t), v]]<C|[1 ]| forall veCH(2)r 1, ...N. (33)

The rest of the proof follows from the den ity of C (L) in L.(Q).

b) The required result tollows from the continuity of the operator A and from
Lemma 7.

Remark: In virtue of (26) and Lemma7a we prove easily that
u”)eC.((6, T), H). If ui’eW: (), then 6=0. Indeed, 1t t—
te(t., toe (8, T)) then ui)—w in the reflexive space H, because of (26). But,
owing to Lemma 7a we have w u"'(t)). Thus, u"’(¢t,)—=u"(t) in H.

Theorem 1. There exists a solution u(t)=(u'"(¢t), ..., u™~(t)) of the problem
(1), (2) with the tollowing propertt s: (let re{1,. , N})

a) u”(t): (0, TY—> L (Q) 1 Lipschitz continuous
b) u”(t)e C((0, T). L-(Q)) and there exists u! ’(t) (strong derivative) for a.e.
O

(e (0. T) with u* =3 and w0 L.((0. T). L(Q)

c) u”(t)eL.({0, T), Wé“(Q’)m WA R)NC, ((0, T, WH'(Q)NWA(Q)) if
u’e W5*'(Q) then we can put (0, T) nstead of (0, T)

d) u”(1)e C((8, T). W' () n Wh (Q)) tor 0<O<T if u”e W4 (Q).
then 6 =0

e) Au”(t)eL.({0, T), L (2))nC.((0, T), L (Q)).

Proof: b) Let ve Cy(Q) in (28) Owing to Lemma 6, Lemma 8, (33) and
Lebesque’s theorem, by the limiting process n— « in (28) we deduce

(u"(1) u)+f [Au"(2). u]dr+j'((F“>u)(r), vy dr (0 0)=0 (34)

for all e (0, T), ve C;(L2) and hence also for v e W4(Q). From (34), Lemma 8,
Lemma 9 we conclude u”(t)e C.((0, T), L-(£2)). Differentiating in (34) we
obtain that u'’(+) i a solution of (1), (2) r—1,..,N.

18



The identity

W =(u{"(t), w)

for all te(0, T) and w e L,(Q) implies

[[wow, wawy ai= - [ (25D, yiow) a

0

for all we L,(2) and vy(t)e C5({0, T)). Thus (see [5]) u”(t)e Wi({0, T),

(r)
L,(Q)) and there exists the strong derivative dt( ) and the equality u(”(¢t)=
du”(t) .
g s true for t€ (0, T). From (34), Lemma 7, Lemma 8 we deduce

410, )i

for all te(0, T) and v € L,(R).
du(t) )
dt °

The continuity of ( w) implies the measurability of the abstract function

du(t)

dt
previous lemmas and remark.

Now, we shall be concerned with the dependence of the solution (1), (2) on
u,=uf’, r=1, ..., N and on the operators (F”u)(t), r=1, ..., N.

Let u,(t)= (u‘.”(t) r=1,...,N) and uz(t) (u(”(t); r=1, ..., N) be the solu-
tions of (1), (2) correspondmg to up =l r=1, ..., N), uno=Wl, r=1, ..., N)
and ((Fu)(t); r=1,...,N), (FPu)(t); r= 1, ..., N), respectively.

. Thus, assertion b) is proved. The rest of the proof is contained in the

Theorem 2. If
IR0 - Fw Ol <b.0) + S an (Ol ()l (35)

for allue W5(Q) and r=1, ..., N, where a,(t), b,(t) are continuous nonnegative
functions in (0, T), then the estimate

3 a0~ w0l < e (3 e - il + (36)

N t N
+2 | () dT+3 max, [ ()% 2 f (1) dr
r=1 Jo i—11e(0,
takes place for all te (0, T).
19



Proof: From Definition 3 we deduce

(d(u( )(t)d: “(r)(t))’ ul(t) — u(g')(t)) +

+[A (@) = ul’ (1), u’()— ul’ (O] +
(FPu)(1), uf”() —us’(1)) =0

+((FPu)(1)—
for all t € (0. T). Hence, integrating this equality over {0, t) and using (8), (12) we

obtain
O = @I+ C [ @)= u @ dr<
0

J ”u‘."(r)—u‘z"(r)”zdff%J [ui”(r) — u®(D)|]* dz +
0

t(rrl) - uor)”

= [ IFw)@ - FPw) @I der 2 fu

Owing to (5) and (35) we conclude
|(FPu)(7) = (Fu) ()| < | (Fu)(7) — (Fu)()|| +

HIEPu)(@) ~ (FOw)Dl < b0+ 5, a0l (D] +

+C2 ||u(0) — u® (@) + cE f : lu$(E) — u®(E)||.. dE

and hence

I(Fw)(0) ~ (FOw)@IP < Kb + Ko 3 ai(o) i (o)l +

+CK S @) - uf @I+ KT [ (@) - w0 (@l ag

owing to (37) and summing up for r=1 N we have

327 uf ()~ u (o) +
+ (0 -GN [* S w0 - u ()l ar<
;g};f "Olui@|3 dr+55 Ej bi(t)dr+
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N 82 ' , ,
S - uigl+27 (€ 5) | NP @ - ue@) dr
ro1 r=

Let us choose € >0, so that

CK.N CKiT’N_. Ki_,
C-=g 7 28 =0 2 2 <27

2
We denote by K = C..N+%, then
N t
Sl - O, | b ar+
r=1Jo

+ Z ”u(n - un'z)llz + 2 max ||u. (t)“z 2 (l,,('l') dr+

(0. T)

+ KI' i [|u$”(7) — u®’(7)||* dt (38)

Thus, (36) is a consequence of Gronwall’s lemma.

Consequence: The solution of (1), (2) is unique.
Proof: In the proof of Theorem 2 we can put

(F(lr)u)(t) = (Fg’))(t% br(t) = 0, a,-,(t) = 0, ul(),l) = ut(»’z)

forall r=1,..,N,i=1,...,te(0, T).
Let u, =(u?’, r=1, ..., N) be a solution of (1), (2) correspoding to uo, = (u);
r=1,..,N) and to the operators (FPu,)(t) =[O, x,du,,

j K.(t, ©) Du,(v) d1) for r=1, ., N, n=1, ....
0

We shall assume that
[f(t, x, )= £, x, &)< C(|e—t'| + |t —t'| |E| + |E-E'])
holds for all t,t'€(0, T); &, &' € E*M p = 1,2,...,r=1, .., N and
N
ICF0)(O) = FOW(t) | < b (1) + S, am(®) |1l
i=1

As a consequence of Theorem 2 we gbtain:

Theorem 3. If ||ug)—ui’||—0, Ia.,n(t) dt—0 f b7.(t) dt—0 for n—co,

r=1,..,N and i=1,..,N, then u,(t)->u(t) in the norm of the space
Cco, T) L,), where Lz—(Lz(Q))"'

Lemma 6 and Lemma 7 imply
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Theorem 4. For all r=1, .., N it takes place u\ (t)>u"(t)
C({0, T), Ly(Q)) u’(1)>u(t) in W5 () n W5*' '(Q") for all te (0, T).

Theorem 5. If the assumption (3) is satisfied for | =k, then the solution
u(W)=u'(x,t), ..., u™(@) = u™(x, t) of (1), (2) satisfies (1) in the classical
sense for a.e. (x, t)e Q, where Q=Q x(0, T).

Proof: Owing to Theorem 1c. it suffices to prove that there exists the

(r)
distribution derivate WGLZ(Q) (see [8]) for all r—1, .., N.
Let 9(t) e C5({0, T)) and @(x)e C7(L2), we have

LTL u(x, Y (He(x) dx dt -f L g(x, DY(D@(x) dx dt

where g(x, t)e L (Q) is generated by the abstract function dud—t(t)eL «o, T,

L,(2)) = L,(Q). Since linear combinations of all ¥ (¢) @(x) are dence in C*(Q),
Theorem 5 is proved.
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I[TAPABOJIMYECKHUE YACTHBIE NU®PEPEHUIUAJIbHBIE YPABHEHHWA
C MAMSTBIO

Marian Slodicka
Pesome

B pa6oTte paccMaTpuBaeTcsi cucTeMa NapaGoaMYecKUX YpaBHEHHUIH

Qu'” !
?+ Au"=f"@, x, Du, f K. (t, T) Du(t) dr)
0
s r=1, ..., N B obnactu X (0, T), kae A, 0603HayacT anaunTHieckui oneparop. [lokasniBaeTcs

CYLECTBOBAHHUE, €JMHCTBEHHOCTb U HEKOTOpPbIE CBOMCTBA peleHust. [TocTpoeHo npubaunkeHHoe pelie-
HMe 3a/1a44 U MCCIIEJOBAHA €ro CXOJUMOCTb B OTBEYAIOWHUX (PYHKUMOHANLHBIX MPOCTPAHCTBAX.
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